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FIPESHACNOBHE AN YYUHTENA

Mapatenscteo «MHEMO3MHA» NOAroTOBMNO YYeGHLIH
KOMMNEKT ANA M3yyeuns Kypca anreGpel B 9-m knacce
C YrAyONeHHbIM MIYYeHMeM MATeMATHHM, COCTOSWMH M3
ABYX KHHr:

A. . Mopgxosww, H. . Hwwonaes. Anrefpa. YuebHuk.

JI. M. 3sasnu, A. P. Pazanoscunii, 1. B. Cemenon. An-
rebpa. 3apauHuK.

Y Bac e pyxax nepBan Yacte — yuebHuk. On agpecoBaH
HE CTOMBKO CMELMAMMAHPOBAHHDBIM MATEMATUUECKUM LKOMAM
MM KNAcCam, OBYHAIOWMMES MO ABTOPCKMM NPOTPaMMAaM,
CHOMbKO KNACCAM C NOBLILEHHBIM YPOBHEM MATEMATHIECKON
noarotToBkM B obuweobpa3oBaTenLHbIX KNaccax.

Stor yuebHUK B 3HAUMTENBHON Mepe COOTBETCTBYET Ha-
wemy yuebuuky ans oBweobpaioBaTenbHbIX YUpeAeHWH
(peve waeT o kumre A. . Moppkosuwua v Tl. B. CemeHona
«Anrebpa. 9 knace, Yacte 1. YuebHuis. MHemosnHa, 2008).
B Hem peanv208aHa Ta e NPOTPAMMA, 3 OTMHUHE COCTOMT
B Gonee rnyBoKOM M3YUEHMM COOTBETCTBYIOWMX BOMPOCOB
KYPCa: CAMLLKOM MPOCTBIE MPHMEPBI U PACCYAEHHA 3ame-
HeHbl Bonee cnoMHbIMH U uHTepecHsimMu, JloGasneH u HoBbLIH
MATepHan: COBOKYNHOCTH HEPABEHCTE, HEPABEHCTBA C MO~
AYMAMM, MPPALMOHANEHBIE HEPABEHCTEBA, 330344 C NApamer-
PamH, OOHOPODHBLIE, CMMMETPHUECKHE, MPPALUMOHANbHbIE Ch-
CTeMbl YPBBHEHWH, CMCTEMBI € MORYMAMM, METOJ, MaTema-
TMUECKOM MHOYKLMM,

B yuebisike JOCTATONHO MHOO MPHMEPOB € NOAPOEHBIMH
peweHmammn {MHorpa HeckonsKkMmK cnocoBamu). Ha oxonua-
H4e pellieHM YKa3biBaeT nvGo cnoso «oTeeTs, nvbo avax I
Ha ckoHuyaHWMe AOKa3aTenLCcTBa TOrC MNM MHOTO paccympe-
HHA B HEOBXOOMMBIX CRyyasx yKasbisaeT suak @,

B nexoTopbix Naparpadiax BETPEYADTCH TEKCTLI, Habpan-
Hble LWPKPTOM MEHbWEro pasmepa. 310 martepwman, He-
CHONBKO BLIXORAWMA 33 PaMKn Nporpammbl. Msyuars ero unm
HeT — ONpepenser y4qTeno.



B panbHeiuesm M3IOaTENLCTBO NNAHAPYET BLINYCTUTL Me-
Troppueckoe nocobue ans ywtenel, pabotaowmx B Knaccax
€ YyrAyGneHHbimM M3yHeHHeM MaTeMaTHM NG NPeOnaraemeiM
yueSHMY 1 330 aUHUKY U AHANOTUMYHBIN Y4eBHLIM KoMnekT ann
7-ro xnacca.

Homnnekt us psyx yuebhukos ana 8 u 9-ro knaccos
< yrnyGnestibim M3yueHMem matemam (atopei: A. I, Mopn-
koany, H. M. Hukonaes) u cooTBeTCTBYIOUMX ABYX 33na4HH-
koa (aBTopei: J1. K. 3saeny, A. P. Pasanoaciuif, M. B. Ceme-
HOB)} NOMOMET YUMTENIO OpPraHM3osaTts NpeanpodgunbHoe
obyuyeHHe Tex WKONLHMKOE, KOTOPLI® B CTAPWMX KNAccax
BLIGEPYT MATEMATHKY B KAYECTBE MDERMETA, H3YHAeMOro Ha

npothMnBHOM YPOBHE.,
AsTopsi



FIIABA

1 HEPABEHCTBA C OfJHOW MEPEMEHHOM.
CUCTEMbl M COBOKYNMHOCTM HEPABEHCTB

PaynoHansHble HOPIBEHCTBS
MHOMBCTBE M OnepaumH HAL HHMHM
CHCTOMBI HEPABEHCTD
COBOKYNIHOCTH HOPABEHCTB
Hepasencraa ¢ moAynsmm
Hppaumnonanstsie HepanseHCTba
3anaum ¢ napameTpasmn

un o otn un o un un
e R NN

§ 1. PAUMOHANBHLIE HEPABEHCTBA

B rypce aarefpu 8-ro xaacca BE BCTDEYAAMCE C YACTHRI-
MH CAVYAAMH pP&IHOHAALHBIX HEDA&BEHCTB — JIHHeHHHMH H KBaJ-
PATEEIMHA HEPABEHCTBAMH ¢ oaHOH NnepeMeHHOH (HM:Ke, B npuMepax
1—4, M HAIOMHUM, KaK pelIaroT TaKue HepapeHcTBa). BooGme pa-
IMOHAISHEIM HEPABEHCTBOM ¢ ONHOH NepeMeHHON HA3HIBAIT HEp&-
BeHCTBO BHAA R(x) > g(x), rae h{x) m g{x) — pauucHarbHue 6bipa-
MHeeHus, T.€. BHPDAXEHUH, COCTABJACHHHE H3 YHCEeJ M NepeMeEHOH x
¢ TIOMOIIEIO ONEPANA CAGKCHNA, YMHOKSHIA, AIeHUA U BOIBECHUA
B HATYDPAJILHYIO CTENeHb (pasyMeeTcHs, DepeMeHHAA MoxkeT OHTL 0bo-
sHAueHA JM000i apyroil GyxBoi).

IIpexne ueM rOBODHTL O NPHEMAX pelleHHS pPAlHOHEABHEIX He-
PABEHCTE, HAMOMHHM HEKOTOPHE TEPMHHEL

3HaYeHAE DePEeMEHHOIT X, KOTOpve ofpalngeT HepaBeHETBO AX) > g(x)
B BEPpHOE UHCAOBOE HEDABEHCTBO, HASHIBAIOT PeIICHHEM HEPABEHCTRA
(¥nHu yacTHHIM penieEHeM). MHOXeECTBO BeeX HACTHHX pelleHMit
HEPGBEHCTEA HASHIBAIOT 00IMMM pemeHEHeM (HJH ODPOCTO peImeHHeM)
HEPABRHCTEA.

Kax supute, TepMHEH «peleHae» ynorpeGagiorT H B CMuIcTe ofe-
ro, ¥ B CMEICAE YACTHOI'O PEIDeHHA HepaBeHCTBA. Bonee Toro, caM
Tpollece MOHCKA DelleHHii HEDABEHCTBA TOXE HAJZKRIBAKIT DENICHHEM
nepaseHeTsa. OOLIMHO HO TEKCTY OLIBAET ACHO, KAKOH CMBICA BHJ&-
ABIBAETCH B CIOBO <«DELINIEHHES .

HepaserceTsa f(x) < g(x) 1 n(x) < s(x) HazLBAIOT PABHOCHJILEBIMH,
€CJIN OHH MMEIOT OJHHAKOBEIE pelleHnd (MaH ofa He HMelOT pelernii).
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1. HEPABEHCTBA. CHUCTEMB! M COBOKYMHOCTH HEPABEHCTB

OORIYHO HpH peIleEHH CTAPAITCH 3aMeHHTh HepaBeHCTBo Gojlee
MpOCTHM DABHOCHJBHBIM €MV HepaBeHCTBOM. TaKyio 3aMeHy Ha3H-
BAIOT PABHOCHIBERIM HpeofpasoBaHHeM HepaBeHCTEa, llpaBira, mo
KOTODRIM STQ MOMKHO CAEIATH, YKAZAHEI HHMeE.

Iipasnao 1. Jwboil unen nepasericmens MONCHO neperec-
mu u3 odnol wacmu nepasencmsa 6 Jpyzyio c nPpOoMUBO-
NONONHBLM IHAKOM, He MeH AR NPU IMOM 3HAKA Hepa-
GeRCMEa.

Hanpumep, sepaseHCTBO 3x + § < x? DABHOCMNLHO HEPABEHCTBY
—x? + 8x + 5 < 0; uner x® nepenecyim U3 NpaBoii YACTH HEPABEHCTBA
B JICBYK) ¢ HPOTHBOHOJIOKHRIM ZHAKOM,

Npaeuno 2. O6e wacmu HepaeeRCMEa MONRO JMRONUINL
unw pazdesume Ha 0RO U MmO We NOAOKUMeERLHOE
RUCRO, HE MER KA RPU IMOM 3RAKA HEPRBEHCNER.

Hanpusep, HepapeHeTBO 8x — 4 > 12x% paBHOCHIBHO HEPABEHCTBY
2x — 1 > 3x% obe UACTH DEPBOrC HEPABEHCTBA PA3ACTUIN HA HOJOMH-
TeJbHoe YHeno 4.

IIpasuno 3. Ofe wacmu Hepasencmen MONHO YMHONCUMD
unw pazdeaums HE 0GHO U MO He OmpuyamenvHoe
YUCRO, WIMEN UGS RPU IMOM 3HAK Hepasencmsa HE& Npo-
MUGOROAONCHWE (< KA >, & Ha »).

Hanpumep, repaBercrso —2x% ~ 3x + 1 € () paPHOCHABHO Hepa-
seHCTBY 222 + 3x — 1 2 0: offic waCTH HEPABEHCTBA YMHOMIIH HA OT-
pHIATENARHOEe YHCAO —], H3IMEHHE OpDH STOM 3HAK HEDABEHCTBA Ha
NPOTHBONOOMKHEIH,

3amevanue 1. CnoBo «MoxkHO» B $OpMYJIHpOBKAX NMpapua 1—3
03HAYEET, UTO HOCHEe BHIOONHEHMS YKA3AHHEKX NpeclpazoBgHAM mo-
JYYHUTCA HEePABEHCTBO, PABHOCHJIbHOE NAHHOMY.

IIpaeuaa 2 u 3 pgonyckalor ciaeayiomue ofo6meHEua (cooTBeT-
CTBYIOIIAE YTRBEDKACHAA TPEICTABIAIOT COG0it TEOPEMEl, KOTOPRE ME
ang yaoberea oopMHUM B BAAE IDABHI).

Hpasuno 2%. Ecau obe wacmu Kepagéencmea ¢ nepemex-
Hot x YyMHONUMYL UAY PA3denums KA 00KO U Mo e awpa-
Henue p(x), RORONHUMERLHOE APL 6CEX IRALCHURX X,
U COXPANUMY 3K 4K UCXOTHO20 HepaseHCcmea, Mo RoLy-
QUMER HEPABCHCMBO, PASHOCUILHOE UCXO0THOMY.




1. HEPABEHCTBA. CHUCTEMbI U COBCKYINHOCTA HEPABEHCTB

Npasuno 3% Ecau ofe wacmu Hepaeencmea ¢ nepemen-
HOU X YMHONCUMY UYL PA3deAUMms Ha 60RO 1 MO e sbipaixe-
RHue p(x), empuyameavroe npu dcex IRALEHURAX X, U
EIMERUMD IHEK UCXOOKOZ0 HEPAGEHCMMSA K4 NPOMILAO-
RORONHMYE, MO ROAYUUMCRA HEePREEHCME0, PAEROCURBNOE
ucxodnomy.

Hanpumep, mHepasescereo (2x + 1} x% + 2) > 0 pasEOCHILHO He-
paseseTsY 2x + 1 > 0: ofie 4acTH HCXOZHOTO HEPABEHCTBA PaseNdNIH
HA BRIpaskeHHe X + 2, NOJIORHTEAbHOS HpH MIO05IX BHAYCHNAX X} OpH
BTOM BHAK HCXONHOTIC HEDABEHCTBA COXDAHAETCH.

3
HepaseHCTBO ﬁ >  paBHOCHABEO HepaseHCTBY 3x — 4 < O:

ofie YACTY HCXCAHOIO HepaABeHCTEA YMHOMKHJIH HA BHIpayKeHHe —x* — 1,
OTPHLATEJLHOE MPHA JIOOLIX 3HAYEHNAX X; OPH 3TOM 3HAK HCXOZHOLO
HEPABEHCTBA H3MEHEMJH Hi IPOTHBOMCJI0MHBIN.

JokaxeM TeopeMy, COCTABIAIMYIO cONep:KAHNE OpapHia 2%,
JaHo HepaBeHCTBO
h(x) > g(x); 1)

YMEOKEM 08¢ ero 4acTH Ha BHIpaXeHHe p(X), MOJOMKHTEILHOE OpH
BCEX SHAYCHMAX ¥, A PACCMOTPHM HEPABEHCTBO

h(x)p(x) > ¢(x)p(x). (2)

JoxaxkeM, uro HepaseHCTEA (1) ® (2) pAaBHOCHABHEI.

IIyetes ¥ = @ — wacTHoe pemenne HepaseHcTBA (1), ToTAa fi(a) >
> g(a) — BepHOEe YHCJIOBOe HEPABEHCTBO.

IIo ycaosmio BHIpaxeHHe p(X) NOJOXKHTEJALHO HPDH BCeX 3HAYE-
HHAX X, caegoBaTensHo, p(a) > (. Ecan ofe 9acTE 4Hca0BOro Hepa-
pencTea h{a) > ¢(e) yMHOMHUTE HA NOJOKHUTENbHOE YHCAO p(d), TO no-
ayunres hia)p(a) > g(a)p(a) — BepHOe YHUCIOBOE HEPABEHCTBO. JTO 3HA-
YAT, UTO X = § — 4YACTHOE pellleHHe HepabBeHCTBA (2).

IIycte Teneps x = b — YacTHOe pellleHne HepapBeHcTBa (2), Toraa
hDp(b) > q(b)p(b) — peprOE unciaosoe EepasercTBe. Ho p(b) > 0, 3Ha-
ynT, obe uaCcTH HHcIOBOro HepameHcTsa A(b)p(b) > q(b)p(b) MomuO
pasaenuTs Ha p(b), COXpAHME 3HAK HepaBeHcTBA. B peayawTare moay-
yurea h(b) > g(b) — BepHOe YNCIOBOE HEPABEHCTBO, T. €. X = b — YacT-
HOe pemneHMe HepaseHcTB& (1).

Hrax, aioboe yacTHoe pellleHHe HepapeHCTEa (1) ABadeTcd B To XKe
BpEMA 4acTHBIM pelleHueM HepapeHcTBa (2) W, Hacbopor, — maioboe
YACTHOE pelleEHMe HepaBeHCTBE (2) ABAAETCH YACTHHIM pelIeHHeM
HepaBeHeTEa (1). 9To 02HauAeT, WTC MHOMKECTEA YACTHEIX DelIeHHI,
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1. HEPABEHCTBA. CHCTEMbI U COBOKYMHOCTU HEPABEHCTDB

7. e. obmne pemenns o0OHX HepABGHCTB, coBmagaiT. CleoBaTeNbHO,
mepaseHeTBa (1) ¥ (2) PABHOCHILHEL. ®

Bce ocrankHEIE TIPABAJIA NOKA3RBAKTCA AHAJNOIHYHO.

IIpumep 1. PelIuTL HepaBeHCTBO %+ 2x5— L Y %

Pemenne. Bocnoabsyemea npapmaomM 2: yMHOxuMM ofe gacTa
HEDABEHCTBA HA TOJOXHTEIbEOS YHCa0 15, 0CTABHE 3HAK HePABEHCTBEA
0e3 H3MeHeHNA. 70 MpeofpasoBaAKe MO3BOJANT HAM OCBOOOAHTBCA OT
BHAMeHATEeeH;

x 2¢ -1 113,
15(§+ : )>15(2x—ﬁ).
Sx + 8(2x — 1) > 80x - 1;

11% - 8 > 30x ~ 1.

IocnegHee HePaBEHCTBO PABHOCHJILHG MCXOIHOMY.
BocnoasaosaBmmuch npaBHaoM 1 pellleHHA HeDABEHCTB, NEPeHECeM
gned 3(x #3 mpaBoil wacTH HEPABEHCTBA B JEBYK), A WieH —3 —
3 nepofi 4acTH B HDABYIO, HOMeHAB NPH STOM HX 3HAKH H& NpOTHBO-
HONOMKHBIE!
11x - 30x > -1 + 3;
~19x > 2.

Hakouen, npaMeHHB npasnao 3, mojayauM: x < —%.
2
Oreer: x < ~1g» MM {00 —=|.

Npamep 2, Pemure HepaBeHeTso 3x + 9 < 2x%,

Pemenue. Bocooas3opaBiinchk OpaswiaoM 1, mpeofpasyeM He-
pABEHCTBO K BHAY ~2x% + 8x + 9 < 0,
HaiineM KopHH KBafgparsEoro tpex<aena —2x% + 3x + 9, pewns
KBajgpaTHOe ypasHeHne —2x2 + 3x + 9=0: x, =8, x, = -1,5.
TTapaGoaa, cays;xamaa rpabuxoM GyHKoug y = —2x® + 3x + 9,
nepeceKksaeT ochb X B Toukax 3 H —1,5, & BeTBH napaloskl HANPABIEHE
BHH3, NOCKOJNBKY CTA&PINNIA KOoMPPHUAESHT KBAAPATHOIO TPEXWIECHA
pPaBeH —2, T. e. ABNSETCA OTPHLOATENBHEIM IHCIOM,
Ha puc. 1 cxemaTHuecKH H300paeH
rpabur dbyuxkouu. Kak suaure, ochb ¥

~1,5 3 ¥ He o003HAYEHA, IOCKOJLKY [JJIH OTBETA
HE BOIIPOC 3a/I6YHN HAM He HAJ0 3HATH TOY-
Pue, 1 HOIO ee pacHoaokeHnsa, Mu socmosas-



1. “ HEPABEHCTBA. CHUCTEMBI M COBOKYNMHOCTHA HEPABEHCTB

3yeMCH JAIDL TeM, 4T0 ¥ < 0 B HIHe#l NOAyHI0CKOCTH OTHOCHTEIb-
HO OCH X.

Hrak, ¥ < 0 Ea oTKpEITOM jgy7e (—oo; —1,5) WIM Ha OTKDRITOM AyUe
(3; +o0).

Orper: x <-1,5; x> 3.

Tlone3Ho BCIOMHWTE ABA YTBEPKICHMA, KOTODHe OBIIN JOKA3AHE
B Kypee anrebpu 8-ro knacca.

1. Ecau xeadpamuuiit mpexuren ax® + bx + ¢ ne umeem xKopreit
(m.e. ezo JUCKPUMURAGHM — OMPURAMERLHOE VUCRO) U APU IMOM
a > 0, mo npu scex 3HAYECHUAX X SHINOJIHAEMCA HEPAGEHCME0

ax+bx+c>0.

HuriMua cnosamu, ecan D < 0, a > 0, To HepaseHeTsO ax® + bx +
+ ¢ > () BHIOAHAETCSA NPH BeeX SHAYEHHAX X, & HepapeHeTBo ax? + bx +
+ ¢ « 0 B 2TOM cayuae He HMeeT permeHni.

2. Ecau weadpamubtii mpexunen ax® + bx + ¢ ne umeem xopueil
(m. e, ez0 JUCKPUMURAHM — OMPUYAMERLHOE HUCAO) U RPU IMOM
2 < 0, no npu 8cex FHOYLHUAX X GLROLHACICRE HEPAGEHCIME0

ax +bx+e<0.

Hurmwn cnosamn, ecax D < 0, ¢ < 0, To HepaseHeTBO ax® + bx +
+ ¢ < () BRIOONHACTCA NIPH BCEX 3HAYCHMAAX X, 8 HepaBeHCTBo ax? + bx +
+ ¢ = 0 B 9TOM CAyUAe He HMeeT peleHuil.

OTH yTBepKACHNA — YKCTHHE CIYYAH CHEAYIOIEH TeopeMEL.

Teopema. Keadpamnwiid mpexuren ax® + bx + ¢ ¢ ompuya-
MeALRLM JUCKPUMUNAHIMOM APU 6CEX FRAYCHURAX X UMEem IRAK
cmaputezo Koapguyienma a.

Hpamep 3. PermuTs HEpaBeHCTBO:

a2x®-x+4>0; 6)-x*+3x-8:3>0.

Pemenue. a) Juckpumunant ) kBagpaTHOro TpexwreHa 2x% —
-x+4pasen (-1 -4-2-4=-81, r. e. D < 0. Crapmmit koadipuu-
eHT TpexwieHa (wEeno 2) DoaokETeNneH. SHATAT, NG TEOPEMe NPH BCEX
SHEYEHNAX X BEINOJHACTCA HepaseHeTBo 2x2 — x + 4 > 0, 1. ¢, peme-
HMEM 38JAHHOTO HEDABEHCTBA CYIKAT BCH YMCA0BAA pAMan (—oo; +00),

6) Mackpumunanr D kpaapaTHOro rpexwiena —x? + 3x — 8 pasen
3*-4.(-1)  (-8) = -28, 1. e. D < 0. Crapmnaii xoshpduLEEHT
Tpexdiena (umcao —1) orpauarenen. CaegoBaTeNbHO, IO TEOPEME NIPH
BCEX FHAUEHHMAX X BRINOJHAETCA HepaBeHCTBO —x2 + 3x — 8 < 0. Bro
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1. l| HEPABEHCTBA. CUCTEMB! M COBOKYMHOCTHM HEPABEHCTE

3HAYNT, UTO 3AMAHHOE HePaBeHCTEO ~x2 + 3x — 8 > 0 me BunNOTHACTCH
HH OpDH KAKOM 3HAYEHHH X, T.¢. 0HO H¢ MMEeT PerueHMil,

OTeer: a) (~oo; +00); 6) HEeT peleHni.
Creayromuii npEMep HANOMHHT eme OXHH crocol paccymaeHmit
OpH pelleHHN HepaBeHCTB.

Npamep 4, Pemmurs nepasencreo x2 — 62 + 8 > 0,

Pemenue. PaznmoxaM xsagpaTHe TpexudeH xX — 6x + 8 Ha
mMHOox¢uTenn. KopHaMn Tpexunena spagiorea uncaa 2 u 4. Bocmoas-
soBaBIINCE opMyaolt ax® + bx + ¢ = a(x — x,)(x — x;), moayuHM:

x2—6x + 8 =(x - 2)x ~ 4).
+ - + OrMeTnM HA YMCJAOBOH NpAMON Kop-
g i *  HE TpexwreHa (puc. 2). BracaaM, xoraa
Puc. 2 npouzeegerne (x — 2}(x — 4) noaoxu-
TENEBHO, & KOTJA — OTPHUATEALHO.

Ecnmx >4, 70x—2>0mx—4>0, sgpaaur, (x ~ 2 x — 4) > 0.

Ecm2<x<4,m0x-2>0,ax—-4<0, aaaumr, (x - 2} x—4) < 0.

Ecmmx<2,rox-2<0nx~-4<0, anoromy(x —2Kx-4)>0.

HaM HYXXHO OTBETHTD Ha BONPOC: OIpH KaKNX 3HAYEHHAX NepeMen-
HO!M X KBAApPATHBIL TpexuwieH x2 — 6x + 8 NpUEAMaeT DONOKHTENLERIC
sHaYeHNA. C DOMOMBIO MNOMETPHYECKOH HIIIOCTPALLNH, NIPEACTABIeH-
HOM Ha puc. 2, AejaeM BHIBOJ[: YKABAHHEIHN KBAADATHHE TpeXdJaeH
NPUHEMAET OJOMHUTEALHLIE 3HAYEEHA HA ABYX OTKDHITHX JYYaX
(—oo; 2) m (4; +o0).

OTreT: x < 2; x> 4.

Metoa paccymaerni, KoTophll MEl OpHMEHMJIH B npuMepe 4, Ha-
SGHBAIOT O0OHMYHO MemodoM uHmMepéaros (MAN Memodom npome-
acymiog). OH aKTHBHEO HCOOJb3YeTCA B MATEMATHKE IPH DelIeEHH
PANMOHAJILHEHX HEpPABEHCTS.

Hcnoassysa ero, ofHuHO mpeolpasyioT 3afaHHOE DALMOHANBHOE
HepaBeHCTBO K BHAY f(x) > 0, roe f(x) — anrefpawveckana Apols HIM
mHorouMeH. Jlanee PacKJIAAKBAIT YHCAHTEN:L W SHAMCHATEAL ApOGH
HA MHOKHATENH BHAA X — ¢ (eclH, KOHEYHO, 9TO BOIMOMKHO) M pac-
CY;KAAN0T, KAK B mpuMepe 4.

IIpamep 5. PemuTh HEepaBeHCTBO
{(x—1)x+ 1}x - 2)> 0.
Pemenne. PaccMOTpAM MHOMOWICH
fix)=(x — 1Hx + 1)(x — 2).



1. “ HEPABEHCTBA. CHMCTEMB! M COBOKYIHOCTHM HEPABEHCTB

-1 1 2
Pue. 3 Puc. 4

=Y

1
iy
-0
[ -]
"

¥

-1 1x 2 x
Puc. 5

Or ofpamaerca B 0 B8 Toukax 1, —1, 2; oTMeTHM »TH TOYKH Ha
ypcaoBoil npaMoil (puc. 3). UYncaopad NpaMan pasousaeTcd YKABaH-
HEIMH TOUKAMH HA YeTRIpe MPOMEKYTKA, HA KASKIOM H3 KOTOPHX f(x)
COXpaHfAeT DoCcTOAHHLIN 3HAK. [IpoBepHM aTO yTRepKAeHNe (A1A KaMXK-
AOre M3 YHA3AHHBIX IPOMEMKYTKOB B OTAENBHOCTH).

BozpMeM NPOHBBOABLHYID TOUKY X U3 OpoMemyTra (2; +00). OHa
PacnoJIodensa He YHCI0BOH OpAMOM mpaBee TOUKM 2. JTO SHAYHT, YTO
x>-1,x>1,x>2(puc. 4). Hororma x + 1> 0, x—-1>0,x-2> 0
" f(x)} > 0 (rax npoHsBefeHHe TPEX MONOMKHTENBHEX uncen). Hraw,
Ha BceM mpoMeXkyTKe (2; +oc) BuINOJNHSAeTcA HepaseHcreo f(x) > 0.

IIycTh Temeph NPON3BOABHAA TOUKA X JAeKHT B maATepmaie (1; 2),
T, e, PACIOOAONEHA Ha YHCJOBOH NpaAMoH mpasee Toukm 1, HO JebBee
ToukH 2. 3HaunT, x > -1, x> 1 u x < 2 (puc. 5), amoromy x +1 > 0,
x~-1>0,x-2<0n f(x) <0 (xak nponseegeHne ABYX MOJOMH-
TEALHLIX M OZHOTO OTpAOATENBEOrO ymcea). Hrar, Ha BeceM nmpoMe-
syTRe (1; 2) BuInonHAeTcA HepaseseTBo f(x) < 0.

AHajgormyHo Ha BeeM npomexyTre (—1; 1) BmMnoaHAeTea Hepa-
BeHcTBO f(x) > O (puc. 6), a Ha npoMemxyTre (—oo; —1) — HepABEHCTBO
fix) > 0 (pue. 7).

IToaseneM mrroru. 3HAKH MHOTOWIEHA f(X) B BEICNEHHBIX TPOMEKYT-
KaX TAKOBHL, KAK NMOKAa3aHo Ha puc. 8. Hac HETepecyioT Te HPOMEXYTKH,

iy > Cr O - - O O e e
-1 x 1 2 x x -1 1 2 x
Puc. 6 Puc. 7
- + - 4+
S /1111111117 W 1111

-1 1 2 x
Puc. 8

11



1. || HEPABEHCTBA. CHUCTEMBI MU COBOKYMHOCTU HEPABEHCTB

HA KOTODHIX BLRIMOAHAETCA HepaseHcTBO f(x) > (. OO BHIMOamsercs
Ha HHTEpBANe (—1; 1) K Ha OTKPHITOM Jayde (2; +oo).

Orper-1<x<1; x> 2.
Npumep 6. Pemiurs HepaseHCTBO
(x-1)x+Dx~-2)< 0.
Pemenune. BocnosapsyeMca reOMeTpHUECKOH MILAIOCTpAUMEN mpe-

ABIAYIOETO OpHMeps {(CM. puc. 8), HO BHeceM B Hee ABA HaMeHeHHA. Bo-
OEPBHEIX, DOCKOABKY HEC MHTEPECYET, OPH KAKAX SHAYEHHAX X BHIION-

_ + _ - HAEeTCA HepaseHCTBO f(x) < 0, HaM npn-
St Sl Aerca BMOpATE mMpoMexyTKH (—oo; —1)
-1 1 2 x @ (1; 2). Bo-BroprIx, Hat yCTPAMBAKOT

Pue. 9 ¥ Te TOMKH, B KOTODHIX BHIOANHAETCH

paBescTBRO f(x) = 0. I10 TOUKHK -1, 1, 2,
OTMETHM HX HA DHCYHKe TeMHEIMH Kpy:xouxkamu. Ha pme. 9 npea-
CTABJEeHA TEOMETPHUCCKAH MIUTIOCTDAIESA PEIIeHAA, 0T KOTODOH He-
TPYAHO HEepeiiTH K AHANHTHYECKOH 3aIMCH,

Oreermx s -1; 15 x 2.

NMpamep 7. PemATE HEDABEHCTBO P 2ox 0.

-5x -6
PemeHue. PasaoxuM Ha MHOKHTEIH YHCIHTEAb H 3HAMEHATETD
anrebpawyeckoll apobu. B uncauTene moaydaeMm

22 —x=x(x—-1).
Yrofsl DAIOKATE HA MHOAUTEIN KBANDATHEIH Tpexwrien xZ —
— bx — 6, copepxalnmiica B 3HAMeHaTene ApolH, HANAEM er¢ KOpHH:
2, =-1, 2, = 6. 3gaunT,
x2-5x—-6=(x+ 1)x - 6).
TaxnmM ofipazoM, ME mpeolipasoBa/id 33AAHHOS HEPABEHCTEO K BHAY
x{x - 1)
F+z-6 <0
PaccMoTpiM BHpaeHHe
_ x(x - 1)
)= GinE -6
Yucantenas 1ol apobu obpamaerca B ) B roukax 0 m 1, a 3AMe-
HaTens ofpamaerca B ¢ B Toukax ~1 u 6. OTMeTHM HX HA UNCAOBO
opaMoii (puc. 10), KoTopad pasbupaeTcA YKA3AHHBIMH TOUKAMH Ha
MATE MPOME;KYTKOB, IPHMYEM Ha KaKJ0M [IPOMEeXYTES Brpaskenne f(x)

12



1. u HEPABEHCTBA. CHCTEMBI U COBOKYITHOCTHU HEPABEHCTB

Puec. 10

coXpaHaeT cBoll aHaK. 3HAKH YKASAHRI Ha puc. 10, oHE ompeaeaaloTCA
AHAJIOTHYHO TOMY, KAk aTo Osli10 caenano B npumepe 5. Hac mHTepe-
cyeT, rlie BLIDOAHAETCA HepaseHcTBo f(x) < 0. C moMompo moayyueH-
EO# HJLIIOCTDALIMH YCTAHABAUBAEM, 4To f(x) < O Ha urTepnane (—1; 0)
# Ha uHTepsate (1; 6).

OrBerT:-1<x<0;1<x<6.

IIpumep 8. Pemars HepaBeHCTEO

2 _
S Sxid g
PemeHnne,
ey C120
6x‘—5:;;4_—x6_x’2+x+2 > 0;
xS o

Kar moxaanlBaeT ONOBIT, €CAHM B NPABOH YACTH HEPABEHCTBA CO-
ZePHUTCA TOABKO uHcao O, yaobHee DPOBOAWUTE PECCY:KACHUA B CAY-
Yyae, KOT[a B JICBOHl €ro 4acTH M UHCJATE]b, W JHAMEH&TENb Apodn
EMEIOT NOJAOKHUTEALHBIE cTapmAe KodPdpHnEeHTH. YMEOKHAE o0e qa-
CTH HEPABEHCTB& HA —1 M HSMeHMB IDH 3TOM 3HAK HEpPABEHCTBA HA
NPOTABOICAQKHRI, MOJIYyYAM DABHOCHJBLHOE €My HEDABCHCTBRO

4x — 6
Gx2 —x-2 <0.
Hdanee pasnoxuM THCAUTENb H 3HAMEHaTeab anrebpamuecrol

4r — 6
Apoiin B2t — x _ o 1A MEOMXUTEJH. Uucarressh 30IHAIIIEM TAK: 4(x - %)
Hrobnl pasMomUThE HAa MHOMHTENN cOmepRalIHiicd B sHAMeHATENe
" 2
OpobH KBAADATHEIN TpexuiaeH Gx® — x — 2, HAIEM ero KOpHH: X; = 3

X = —%—. 3HAYHT,

ﬁxz—-x—2=6(x—§)(x+-;-)

(MBI CHOBA, KAK W B NpHMepe 7, BOCOOAb3OBAJHCEH GopMYoi paaio-
AeHAA HA MHOJKHTEIM KBAZDATHOTO TPEX4JeHa).

13



1. HEPABEHCTBA. CUCTEMbI M COBOKYIHOCTU HEPABEHCTE

TeM caMBIM 3afaHHOe HEPABSHCTBO HpHOOpEAo BHA

PaccMoTpunM BRIpasse=Eue
1fx-3)

e

Ymcourens aT0# apobu ofpamaerca B 0 B TOUKe g, A aHAMEeHA-

TeJb — B TOYKAX % H —-;-. OrMeTEM MX Ha YMCAOBOH DpamMoil (puc. 11),

KOoTOpas pasfHBaCTCA YKASAHHLIMA TOYKAMH HA YeTHIDe MPOMEKYTHE,
-+ _ + MpHYeM HA KaXI0M IDOMEKYTKE BRIpA-
sxeEMe f(x) coxpaEser anak. Hac ueTe-
pecyloT Te NpPOMEMXYTKH, HA KOTODHIX
BHIOOJHAETCA HepaseHcTBo f(x) < 0,
Pume. 11 OHH BAINTPUXOBGHEI Ha puc. 12. ITo ye-
JIOBHIO HAC WHTEDECYIOT H Te TOYKH X,

il A B KOTOPHIX BBRIODOJHACTCH PABEHCTEBO

x f(x) = 0. Tagaa TouKa TOJBKO OOHA —

1 2 3
2 3 2 STO TOUKA X = g (oHa OTMEYEHA TEMHELIM
Puc. 12

KPYHOYKOM), HOCKOALKY JHIIL NP
9TOM 3HAYEHNM qAcIATeNL apobm f{x) obpamaerca B Hyab. Takum
ofpasoM, Ha pme. 12 npeacTaBaeHE DOMHEAA HIIICTPAOMA pellleHud
B8JAHHOT'O HEDABEHCTBA, OT KOTODPOH HETPYAHO HepeidTH K AHAJIMTH-
YECKOH 3anncH.

2 3

O-rne-r:x<—-1- < x5 3

2’ 3
Bo BCEX paCCMOTPEHHEIX OPHMEpPaxX Mul OpeobpasoBHBANY 38JAH-
HO¢ HepABEHCTBO B PABHOCHJIBLHOE €My HepaseHCTBO Buja f(x) > 0 wan
f(x) < 0, rae
Lx-ox—b)
) = o —a
(KOJIMYECTBO MAOKHETEIEH B YHCANTENE A 3HAMEeHaTene ApobH MoxeT
6uITh moGLIM). 3aTeM OTMEUANH HA YHCIOBON OPAMOIL TOYKHM 4, b, ¢, d

14



1. HEPABEHCTBA. CHCTEMBI U COBOKYMHOCTH HEPABEHCTB

a0
> P
L]

=
=Y

N, TN .
N N £

Pue. 14

¥ OIpejeANH 3HAKHM BRIDAKEHHAA f(x) HA BEIIENCHHRIX IPOMEKYTKAX.
OOpaTHTe BHUMAHEE, UTO SHAKK BHpDaKeENd f{x) yepeayiorca (puc. 13).
910 uepegoBAHHE YACGHO HIIIOCTPHPOBATE C NOMOMIBIO BOJIHOOOPAGHOH
Kpupoil, oHA mokasaHa Ha puc. 14. Ha Tex mpoMemyTKax, Ie aTa
KpHBag (ee HHOTNA HASHBAIOT KPUGOl 3HAKO08) P&CIOAC:KeHA BLIIIE
OCH X, BHIOOMHAeTcA HepapeHcTBO f{x) > 0; HA Tex mpoMexyTKax,
rae 9Ta KPHBAA PACIOIOMKEHA HIMKe OCH X, BHIOOMHAETCA HEPABEHCTEO
flx) <0.

Hpamep 9. Pemmurh HepaBeRCTBO

X -Tx
@x + 3)%3x - 8)

> 0.
Pemerue. IipeofpasyeM AaEHOEe HEDABEHCTBO K BHAY
2 _
o Eall Y

R

H Aajlee YMHO:KHM ofe wacTm HepapeHeTBa Ha 6:

2z -+ VT) o o

=+ 2=~ 3)

Yrobsl BOCHONBLIOBATECH METOAOM MHTEPBAJIOB, OTMETHM Ha YHCIO-
BOil mpsamMoit Touru 0, \ﬁ ’ —«ﬁ (B 3THX TOUYK&X YHCJAHTESb ApobH

obpaitiaeTcH B HYJAB) H TOUKH *'2% n % (p 3THX TOUKAX 3HAMEHATEIb

Apobu ofpamgercda B Eyab). OOKYHO TOYKH OTMEYAIOT CXeMATHYECKH,
VUNTHIBAA NODALCK MX CIefoBaHNA (KAKAA — OpaBee, KaKaa — Je-
Bee) U He ocofenHO ofpamaroT BHHMAaHNEe Ha cofmiogeHwe mMacmTaba.

15



1. HEPABEHCTBA. CHUCTEMB! U COBOKYNHOCTU HEPABEMCTB

Heno, TTO 74—g<0.'{mxacaercawcenﬁng,m T = 2,65,

a % = 2,67, sHaunrt, JT < %

me,—ﬁ<—g<0<ﬁ<g.

OTMeTHM 3TH TOYKM B YKA3AHHOM MODARKE HA YHCIOBOH ODpAMOH
{puc. 15). PaccTaBUM 3HAKH BHDAXKEHHA

o = Ha = + 1)

=

HA OOAYIEHHHIX IPOMEXKYTHKAX: HA CAaMOM IPABOM CTABHMM 3HAK +,
a ganee sHAKH yepeayiores (puc. 16). Bugeaam mTpuxoskeil Te opo-
MEKYTKH, Hi KOTOPRX BEIIOJHACTCA HHTCPECYIONIEe HAC HEPABEHCTBO
f(x) > 0 (puc, 17). Vurem, HaKoHeL, YTO pedys MAELT O HECMPOZOM
Hepasencmae f(x) 2 0, 3EAYNT, HAC AHTEPECYIOT U TE TOYKH, B KOTOPEIX
BrIpaxcenue f(x) ofpamaerea B HyJdb, JTO KOPHH YNCAUTENA APO-

6u f(x), T. e. Touxm 0, J’? H —\ﬁ } OTMETHM KX Ha YHCA0BON mpamMo
{cM. prc. 17) TeMEEIMU Kpy:XoukaMmu, Bor Teneps puc. 17 gaer moa-
HOe NPeACTABICHHAe O DOIICHHN 33AAHHOIO HEPABEHCTBA.,

OTeeT: -ﬁ<x<—%;0€x€\ﬁ;x>%.

» p— —
—~7 -3 T3
Pre. 15
- + - + - +
7 _3 0 = 8 x
—~7 -3 T3
Puc. 16
- + - + - +
— ~—— S *
_ _e 0 S
T-3 T3
Pre. 17

ié



1. HEPABEHCTBA. CHUCTEMbI U COBOKYMHOCTM HEPABEHCTB

OGpaiaeM pame BHHME&HHE HA TO, YTO BCTPEIAOTCH DADHOHAND-
Ebi¢ HEPABEHCTBA, OPH PEIlleHHH KOTOPHIX METO] HHTEDBAJIOB CIERY-
eT NpPHMEHATH C OCTOPOJKHOCTBIO M HEKOTOPHIMH mompaskaMmm. Ilpo-

WLIOCTPAPYEM 5TO 3aKIIOUATEILHMMA OpHMepaMu naparpada.

Npumep 10. Pemuare HepaBeHCTEO
x-1x+2)<0.
PemeHue. Paccmorpum Brpaxenue f(x) = (x — 1)}(x + 2),
oTMeTHM TOUKH 1 K —2 Ha uHcaoBoit NpAMOIl B ompene/®NM 3HAKH f(x)

HA KAXKA0M H3 TPeX HOJYUeHHEIX NpPOMEe;KYTKOB.
Eecmmx €(1; 1), r.e. x > 1, TO

x-1¥>0,x+2>0.

3naunr, BHIOIHAeTCA HepaseHeTBo f{x) > 0.
Ecmu x € (-2; +o0), Toe. -2 < x <1, TO

x-1)»>0,x+2>0.

3HaYAT, BRIOOJHAETCA HEpaBeHCTBO f(x) > 0.
Ecmma x € (—o0; -2), T.€. £ < -2, TO

x-12>0,x+2<0.
3HAYNT, BRINQJIHAETCA HepabeHeTBO f(x) < 0.
HsMeHeHne aHaKoB BHRIpAKeHHNA f(x) moxasaHo Ha puc, 18. Hac
HHTepecyer cayudaill, xorga f{x) < 0; peibupaeM OoTKPRITELA ayd (~oo; ~2).
OTpeT: x < -2.

Bameyanue 2. Ecin 6 3agaHHoe B npnMepe 10 HepaBereTBo 6BLIO
HECTPOTHM, T. e. UMerno BuA (x — 1)°(x + 2) < 0, To reoMeTpuuecKas
MOZAeJb pellleHHA M3MeHHIach Onl: Toukn 1 ¥ —2 caemosano 6wl OT-
MEeTHATE 3aKDAIICHARIMN KDYKOUKaMH M BKJIKYHTE B oTBeT (pHc. 19).
Peinenve HepapeHCTEBA MMeJI0 OB TOTAS CAeNyIOIMAL BEA: X < —25 x = 1.

B roneko uro pasofpanmom mpumepe 10 me Guuao Toro wepesona-
HUA BHEKOB, HA KOTOpOe ME O0pAINanN BHUMAHAE PaHee, & NOTOMY H

¢KPDHBYIO 3HAKOB» 37€Ch YeDTHTL He _ + +
cront. [IpHBsIYEAY KADTHHA HADYINEHA  JIIIIL o -
H3-3a TOTO, UTC B BHPpAKeHEHH [f(x) -2 1 x
burypupyer MHoxNcTeNb (x ~ 1)%, nas-3a Puec. 18

EEro NpH Tepexoje depes Touky x = 1

SHAK BHPE)KeHHEA He MeHAercd. Tax ke MMM ° -
00CTORUT JleJIe € JIOOKIME MEOMATEIAME -2 1 x
Buga {x — a)’, TAe n — 4ETHOE THUCIIO. Puc. 19

17



1. ” HEPABEHCTBA. CMCTEMbBI U COBOKYNMHOCTHM HEPABEHCTB

Ecan ke B BHIDAYKCHHHM COACPIKMTCHA MHOKHTENE BuAa (x — a)°, rae
n — HeYEeTHOY YHCJIO, TO HPH HepeXole Yepes TOUKY X = 4 3HAK
BRIpAXKeHNA MeHAeTCA. CoOBeTyYeM BaM B NOACOHEIX CAy4YAAX HE
9epTHATh «KPDHBYK 3HAKOB», 4 OOPEACJATH BO BCEeX HOJYIEHHBIX
ONPOMEXyTKAX SHAKH BEIDAYKEHMA.

Z8x + 49 (x -
(x-5Cx-7°

ODpumep 11. Pemars HEpABEHCTBO = 0.

Peumenune. OTMernM HA YHCIOBON MPAMOR KOpPHH YHCAHTENd —

Touxn O, —5, 2, n xopEM aHameHarenaAa — ToukH 5 m 3,5 (pme. 20).

3
+ - - - - 4+
Lliig * * o Sttt
_4 0 3,5 5 *
3
Puc. 20
2 4 ] -9 4
Buipasenne f(x) = x(fif ;), ()2ix_ 7),) OPHHHMAET OOICHHTEIBHEIR

JHAYEHUA OpH X > 5, & Jajlee Do OPOMEKYTKAM SHAKH f(Xx) MeHSIOTCA
TaK, KaK moKa3aHo Ha pac. 20 (oOpaTHTe BHEMARNE, UTO CJ1€BA H CIOPABA

or touek 0, 2 u 3,5 3HaKH OAHHAKOBEIL, & CJI€BA H CIPABA OT TOYEK —%

¥ 5 — pasnuWdHEI; 5TO KAK pa3 W CBABAHO ¢ YeTHOCTHI) AJH HEUeTHO-
CTBHIO COOTBETCTBYIOIIUX NoKaaaTeael). 3alITpPUXyeM NIPOMEXKYTKH, Ha
KOTOPHX f(x) > 0, U 3aKpacuM TOYKH, B KOTOPHKX f(x) ofpamaerca B 0
(xopaH yncauTens). [TomyueHHAA TreOMETPHIECKASA MIAIOCTPAIINSA peme-
BHMA 34fAHHOr0 HEpPABEHCTBA IOSBOJIAET COCTABHTDL AHAJMTHYECKYIO
JAIHCL PeIIeHHsd.

OTpeT: x < -%; x=0x=2; x> 5.

19 - x? - 4x < 3
49 — x? T+x"

Opumep 12. PelnuTs HEPABEHCTBO

Pemesnue. IIpeobpasyeM HepaBeHCTBO K BHAY

19—x*-4x 3
49 — x? T+x

<0,



1. HEPABEHCTBA. CUCTEMBI M COBOKYINMHOCTH HEPABEHCTB

IIpeobpasyeM BHIDAMCEHME, CTOAINEE B JIEBOHE 9acTH HEDABEHCTEA:

19-x-4xr 8 _19-x*-4x 8% _

49 — x® T4+x (T-xNT+x}) T+x
_19—{’—43:—3(7—.:)__—::”—:542 _ X+ x+2
- (T— 2T+ x) T{T-xH T+  x-TNx+D

TaxuM ofpasoM, 38I&94 CBOAUTCA K PEINIEHHUIO HEpABEHCTBA

x2+x+ 2

G-n=+n <0

Huckpunmaasar D kBagpaTHOro Tpexwiesa x2 + x + 2 orpunarenen:
D=1-4.1.-2=-1T.

BmaunT, KOpREH ¥ TpeXwieHa HeT, a MoToMy dopMyna ax® + bx + ¢ =
= a{x — x,)(x — X2} axecs HempaMenaMa. Kax e OnrTn?

OTeer Ha 3TOT BOOpOC AaeT chOPMYJIHPOBAHHAA BhIIIE TEOpeMa:
ec/IE ¥ KBAADATHOTO TpeXwieHa ax® + bx + ¢ oTpHUATEIBHHN Anc-
KDHMHHAHT H TOJOMHATEAHNH cTapmuill KoadbHIHEeHT, TO TPEXUIeH
OPMHAMAST ODOJOXHTEJbHB ¢ JHAYCHAA MDA BCOX 3HAYCHNAX X,
Ho roraa Ha Hero MOMKHO pasfel]HTE 00¢ YACTH HEDABCeHCTEA, He Me-
HAA 3HAKS HOPABCHCTBA: T0 IDPHBLJET K HEPABEHCTBY, PABHOCHILHOMY

x*+x+2
mamaoMy. Hrar, oT HepapeHCTBA G-+ D < () MEl DEpeXOAAM K

1
PABHOCANBHOMY €My H Goiree IpocTOMY HEDABEHCTBY G-NE+D < Q.
BocnoapzoBaBmIUCE METOROM HHTepBanoB (puc. 21), smbnpaeM B
KAYEeCTEE peleHHd HepaBeHcTsBa WHTepBan (—7; 7).
OrBer: -7 <x <.

3amevarue 3. TIpn permmeHUM KBAIPATHHIX HEPABEHCTB COBETYeM
He 3MI0yHoTpe(IATh MeToA0M HHTepBaacB. IIycTb, HAIPDHMED, HYKHO
pemuTh HepapeHcTso 3x2 — 2x — 2 < 0. KopuaMH KBaJpaTHOTO TpeX-

1++7 1-7

3 > %= 3 . Tloapao-

ynepa 3x2 — 2x ~ 2 ABAAIOTCA YUCHA X, =

BATECH 3fecE (hopMyyolt 3x2 — 2x - 2 =

= 3(x — x){x — x;) ofpeMeHATEIBLHO. + - +
Hpome orMeTHTs: HaligeHHBle KOPHH

HA 4HeJIoBOl npamol, yuTA OpH 9TOM, -7 7 x
qTO Xp < X, H CXeMATHYECKH NIOCTPOMTE Prec. 21



1. IJ HEPABEHCTBA. CHMCTEMBI M1 COBCKYIMTHOCTHM HEPABEHCTB

IPOXOAAIIYIO Yepes 9TH TOUKH napabory
¥ = 3x2 — 2x — 2 c BeTBAMH BBepX
(puc. 22), a 3aTeM BRIpaTh TPOMEIKYTOK,
Ha KOTOpPOM napafona pacnoiosens Hne
YHCAOBOA OPAMON — HAHTEPBAX (Xz; X1).
910 H ecTh PellleHAe HEPABEHCTEA.

§ 2. MHOMECTBA M ONEPALMM HAZL HUMH

B oroM maparpadie MR paccMOTpEM npocTeimme ODOHATHA
u oG0RHAYCHNA AIBIKG MEOPLL MHONCECME, KOTOPHIL BoT yxe Bojee
CTA JIET COCTABIAAET CBOEOOpA3HEIN (YHAAMeHT, §a3HC COBPEMEHHOIO
MATEMATUYECKOrO A3HKA.

MHo:KecTBO COCTOMT H3 PJIeMeHTOB. Ecan aTHX 2JIEMeHTOB HEMHO-
ro, To yaobHO BCe SJMEMEHTHI MpOCTO NEPEYHCIHTE B KaKOM-HEOYAH
nopazke. YTobsl He 3a6HTH, YTO NePeYMCAAEMEE 3/IeMEHTH O0BEIH-
HEHRI BMECTE€ B HEKOTOPOE MHOMKECTBO, TAK(E NepeYHCICHHE IpoAs-
BOAAT BHYTpH bErypHEX cKofoK { , }. Bor HekoTOpREe OpAMEDH,

3ajaHEHe MHOMKECTBA

Cnosecmoe onHcamHe
MEOKACTBA

oanemenTHOE
OIMCcABNE MEOAtCCTRA

nepeHCaeHN &M
ero JACMEBTOR

1Indpu gecATHYHOR
CHCTeMEl CYMCIIeHHS

MuoMecTBO COCTOUT
ns undp 0, 1, 2, 3, 4,
5, 6,7,8,9

{0, 1’ 2, 3, 4, 5! 6! 7’
8, 9}

T'nacusie 6yRBH

MuomecTBO cOCTONT

{A,E, E, H,0,¥, Bl,

x+ 10x-39=0

13 uncen 3 1 -13

pyeeroro andasmTa m3 Gyxs A, E, E, H, 3, o, A}
O: y, Bl [ 3; K), H
KopaM ypaBHeERA MuoxecTBO COCTOHT {-13; 3}

¥

DAeMeHTH MHOMKECTB& MOMKHO NEDeYHCAATh B NPOHIBOABHOM MO~
paake. OT H3MeHeHUA TOPALKA IEDEUHCICHNA SJEMEHTOB CAGMO MHO-
*ecTBO He MeHserca. Hanpumep, (A, E, E, H, 0, ¥, A, 3, 10, A} u
{4, H, EI, 3, IO, E, O, ¥, A, E} — 210 0fHO U TO %€ MHOXECTEO,
COCTOAIEE M3 BCEX IVIACHHIX GYKB PYCCKOrO aldaBHTA.

EcAyu MHOMECTBO He COASpIKHT Hi OZHOTO aJeMEeHTa, €10 HAaBHIBAIOT
nycmuiM mHoxecmsom H oboznavarTt .
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1. HEPABEHCTBA. CHUCTEMbI M COBOKYHOCTHU HEPABEHCTB

Yame Bcero M OyaeM SAHUMATBCS YUCAOBLIMI MHOMKECTBAMH,
T. €. MHOKECTBAMH, SIeMEETAMH KOTODHX ABAAIOTCA YnCaa. Hd uue-
JOBHIX MHOMECTB €CTh ECTeCTBeHHEIN MODAOK mepedHcAeHHA X
BIEMEHTOB OT MEHBLIIEro Yacaa K BoapmeMy.

Ecan 3/1eMeHTOB BO MHOMKECTBE MHOI'O (HADPHUMED, HECKOIBKO Ie-
CATKOB, COTEH H T, 4.) AJIHM €CIM MHOMECTBEO (eCKOHEYHO (HAIPHMED,
MHOKECTBO BCEX HATYPAJIBHEIX HJIM MHOMKECTEO BCeX ILEBIX YHCed), TO
fAiBHOE HepedHcJeHHe 3JIeMEHTOB TAKOIO MHOMECTBE HEBO3IMOJKHO.
Croocofiul 3a1aHAa, ONHACAHAS TAKHX MHOMKECTB BeckbMa pazHcodpas-
Hhl. BoT EEeKoTODHE H3 HHX.

SasaEmNe MEOKECTER I CaoBecHOS ODNHCRHNEG MHOEECTRA

1) {10, 15, 20, ..., 90, 95} | MEOKecTBO BCeX ABYIHAYHBIX YHCEJ, KDAT-
HEIX 5

2) {1, 4, 9, 186, 25, 49, ...} | MHO:KecTRO BceX KBAZDATOB HATYDANABHHX

qYHCEA
3) N MHOMKECTRO HATYPAJNBHHX MHCE]
4) Q MuomecTBo PAITHOHANBHLIX YHCEN
5) xl2<x<T) MuOXeCTBO BCEX YHCEN, KOTOphIe Gosbime

2 1 Mepme T

6) 2:0 MHoMecTBO BCEX YHCeJ, KOTODEIe G0JhiDe
2 m mesblte 7

B cayuaax 1) u 2) mo HecKOALKHM NpeIbABICHHHM 9JIeMeHTaM
MHOKECTBA MEI 0 AHANOIARA JdozadvieaeMes 0 TOM, KAK YCTPDOEHO BCE
MHOMKECTBO MeJIHKOM, JTOT cnocod B TOM HJIM HHOM BHAE HCNOJL3YeT
cnopecHER# 060pOT ¢..H TAK Aajees,

Heroropble THCAOBLIE MHOKECTBA CTOJNE Y4CTO BCTPEYAIOTCH B Pas-
JHYHRIX PaA3REeaax MATEMATHKH, YTO AJAA HHX BBEJH CHEIHANBLHLIS
cGosrauennda. HMerHo Takx 0OCTOMT Aedo B cayuadx 3) u 4), Wi, Ha-
npAMep, JJAS MHOMKECTBA NEJRX uucel], Koropoe obosmagawnr Z.

B cayuae 5) MHOMKECTBO 3aAHO ¢ IOMOIILIO €Q0 Xapakmepucmit
YeCcK020 C80iicmea, ITo ONAH H3 CAMEIX PACHDOCTPAHEHHKX cnocoboB
3aJAHAS MHOXKECTBA. CHMBOJ ¢ | » BEYTDH DUTYPHEIX cKoGOK ABIA-
eTCA COKpAINEHNeM CHOB <..TAKHX, UTO...».

Haxonen, B cayudae 6), xax ¥ B cayuaax 3) u 4), MHOMEeCTBO
{x|2 < x < T} 3apaHO c MOMOIIBIO CIEHANBHOIO 0DOZHAYEHUA. Baech
MBI HMeeM JejI0 ¢ OAHNM H3 Haubojee THONYHHX NPUMEpOB YHCI0BBIX
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1. HEPABEHCTBA. CHCTEMbl U COBCKYMNHOCTM HEPABEHCTB

MHO3KECTB — C HETepBasoM. Hapaay ¢ HHTEPBAJIAME MBI OUEHL YACTO
BCTpEYAEMca H ¢ ADYTHMH ¥ucAogbiMu npomexcymramu. Hanpumep,
{x|la < x < b} = [a; b] — orpesor ¢ xoHmamMu a u b; {x|x < b} =
= (—09; b} — OTKDHITHII AVY C KOHIOM B ToUKe b.

IIpamep 1. Ilo yrasanHOMY SANAHAK MEHOMKECTBA AATE €0 CJIO-
BECHOE OIHCAHHE:

ay{0, 2, 4, 6, 8); 6){2, 4, 6, ... 18, 20}; =B) {12, 22, 32, ... 92};

r) {1, 8, 27, 64, 125, ...}.

P e m e 5 1 e. CroBecHEIC OMHCAHAA OAHOTO U TOTO Y€ MHOMKECTBA
MOryT BRINIAACTE NO-pasHOMY. BeAb B eCTECTBEEHOM, PA3rOBODHOM, A3ZEI-
K¢ OHY H TY e MEICJb, MACK N T. I, MOXXHO BRIPA3NTh NO-PASHOMY.
Tlosromy B cKoOKAX OPHBEAEM N JDYTHE BOIMOKHEIC BADMAHTRI OTBETOB.

a) Mao:kecTB0o BeeX ueTHRIX nndp (Bece mudprr, KpoMe nugp 1, 3,
5, 7, 9);

0) MHOMKECTEO BCeX YETHHIX HATYPAJIILHBIX YHCEN, KOTOPLIE MEHb-
me 21 (Bee ymena, DOMyYeHERE B3 gacena 1, 2, ... 9, 10 yMaOmeEHEM
"4 2);

B) MHOMECTBO BCEX ABYSHAYHHX UHCEJ, OKAHIABAIOIMXCA HA 2
(Bce urcaa Buga 10x + 2, roe x — mobaa ungpa, Kpome 0);

I') MAOXKECTBO BCEX KyOOB HATYDANBHEIX dHce] (MHOMKECTBO 3Ha-
yeHnt QYEKOUH y = x* 118 HATYpaNLHHIX aHageHn# aprymenta x). B

II pa M e p 2. Peluns coOTBETCTBYIOIEEe HEPAREHCTBO, COCTABATD
Go/Mee IPHBRIYHYE 38HNCH YACTOBOTO MHOMECTBE:

a) {x 2+ 1> 0} B){x%>0};

6) {x |22 +1 < 0,5} r) {x |35x% < 24x + 35).

Pe m e B u e. a) [Ipourem aamuck {x |x% + 1 > 0} mar sa marom.
Cnegyer HANTH MHOMKECTBO BCeX X TaKmEX, uro x* + 1 > 0. 3ro mepa-
BEeHCTBO BepHO AAA BCeX AeHCTEMTeNbHBIX umcen. IloxyuaeM OTBeT:
BCA YHCAOBAA OpAMAad; B CHMBONBHOH sanwem: {(—20; +°0) mwr R.

6) CnenyeT HAlfTH MHOMECTBO BCeX X Takux, wro x2 + 1 < 0,5, 1. e.
x* < —0,5. ¥ sroro HepaBeHCTBA HeT pemreHuii. BupoyeM, B DogoGHEIX
CJHY4AdX TOBODAT TAK: PEeIIeHNe — IYCTOe MHOMKECTBO, MJIH, B CHM-
BOJBHOR 3amucu, &,

B) CneayeT HATH MHOKECTBO PeIeHHI HEPABCHCTBA % > 1, Hneem:

1 450l=2x,9, 221,09
X X X
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HEPABEHCTBA, CHUCTEMBI M COBOKYMHOCTA HEPABEHCTB

“_.

Puc. 23 Puc. 24

BocnonezoBapmAch MeTOACM BATepBANOB (pue. 23), moayyaeM HH-
repeax (0; 1).
r) 35x® < 24x + 35; 3522 -24x - 35 < 0

% = J12* + 35 = 1369 = 37;

g =28 __5 =4 _7

=y Xp = .
1 !2355

_ 12437
’ 35 7

X2 35
Bersu napafiosut g = 35x2 — 24x — 35 manpasaesw seepX. Ioarto-
MY MHEOMKeCTBO DemeHni HepaBeHerea 35x% — 24x — 35 < 0 — 310

5 7
OTPE3oK MeMIY KOPHAMH X, =~ H X3 = ¢ (pmc. 24).

OrseT: a)R; 6);8)0; 1); 1) I:—%; %]

Taxue ciaoBecHEIe 0GOPOTHI, KAK +3JEMEHT X OPHHANICHKHT MHO-
MMECTBY A» WIH «X ABIAETCA 31eMEHTOM MHOMKECTBG A», ZOCTATOYHO
JAMHHEIE B He BCerga yOoOHEI B SanmucH pelileHA# KOHKPeTHHIX 38-
npad. B MaTeMaTnke 3TH BHpameHds 5ojee KDATKO 34INCHIBAIOT TAK:
x €A, CMHCA 3HAKE NPUHAOAEHNHOCTRU € JIETKO BANOMHHTE: € — 3TO
nepeBepHEyTan GykBa «3», T. e. OyxBa, ¢ KOTOPOI HAK PA3 U HAYMHA-
€TCHA CJHOBO +3jeMeHT». Hapafgy co 3HAKOM IDHHAANEIKHOCTH € HC-
HOMb3YIOT H €T0 «OTpHUAHMe» — 3HAK ¢. 3amuck x ¢ A ABAAeTCA CO-
KpAIlleHAeM {Ppaskl ¢X He ABIAETCHA DJIEMEeETOM MEOXecTEa A». Ha-
nmpHMEp,

3¢{1,3,57,9,a13¢1{1,3,5, 7, 9);

Ve{A,E, E, H,0,¥,bI,3,10 A, 50b¢ A, E, E, H,0,V,
bl, 3, IO, A};

2007 € N, rorga rax 200,7 ¢ N;

0 ¢ {x |35x? < 24x + 35}, a 2 ¢ {x |35x2 < 24x + 35} (cM. mpHMep
2, rh



1. || HEPABEHCTBA, CUCTEMbBI M COBOKYIMHOCTH HEPABEHCTB

daMeTHM, UTO €CAM HEBEDHO, UYTO X € A, TO BepHO, uTo x ¢ A, Ha-
ofiopoT, eclId BepHO, YTO X €A, TO HEBEDHO, UTO X ¢ A,

Ipumep 3. Bepso au, uro:
a)0eN; 6)0eZ; mlel{xlx"-6x+3x+1<0)

rle {x|Jx2_—_§ > 30}?

Pemen ue. a) Her. 0 He AsndeTca HATYPATbHBIM YHCJIOM. 3HA-
unt, 0 ¢ N.

6) Oa. Boaee Toro, camo obozHavesWe Z MHOMKECTBA IEJIBIX HHCE
OOJy4eHo OT mepeoit GyKBH ciopa «Zero» — HYIb.

p) HJa. TlogcTapuM x = 1 B HepapeHCTBO X° ~ 628 + 323 + 1 < 0,
{lonyuuM BepHOE YHCAOBOE HepaseHcTBo: —1 < 0.

r) Her, Ilpu x = 1 He ompefesneHa JEEAH YacTh HEePaBeHCTEA

Jx% - 2 > 30, r. e. HCBEPHO H CAMO HEDABEHCTEO. [ |
Onpedenenpe 1. Bcayu ramanil sJeMeHT MEOKeCTBA B apnaercs

BIEMEHTOM MHOMECTBA A, TO MHOXKECTBO B HA3HKBAIOT HOSMHOKE-
cTBOM MHAOXecTBa A. ObosHAvenne: B € A. 3HAK C HasEIBAIOT 3HAKOM
BEJIIOYCHHA,

3amevanue 1. 3HEKH OpAHAJIEKHOCTH € H BKJIKYEHHA C He-
CKOJNBKO OOXOMH APYr Ha apyra. OgHAKO 3T0 NPHHIAOWAJNGHO pas-
HEle 3HAKH U UX He caexveT oyraTh. Hanpamep, sanucek 1 < {1, 2, 3}
ommGovyHA, TAK KAK B ee JIeBoH HacTH HAXOAMTCHA He MHOMECTBO, &
3JleMEHT MHOMecTBA. B TO e BpeMda ¢ sanmcwio 1 € {1, 2, 3} Bce B
TIOpAAKe: OH& O3HAYAET, 4YTO YHca0 1 ABAAETCA 3TEMEHTOM MHOMNE-
ersa {1, 2, 8}. Bee B nopaake u ¢ aanmcwio {1} c {1, 2, 8}, xoropas
03HAYAET, UTO OFHO3JNEMEHTHOE MHOMKECTEO {1} ABNSeTCA DOAMHOMKECT-
BOM TpexajieMeHTHOTO MHomecTsa {1, 2, 3}, uro, pasyMmeercs, sepHo.
Banmer [1; 2] € (0; 3) ommbouna, Tak KaKk B ee AEBOK YACTY HAXOJHT-
€A He aneMeHT, & MEOecTBO. A Bor 3anmes [1; 2] < (0; 3), kax ropo-
pAT, KOppEeKTHA, H TeOMETPHYECKH O3HAYAET, YTO HA HMCAOROH mpd-
moit otpesok [1; 2] nesmuroM comep:rutca B mATepBane (0; 3). Brmio-
yenne [1; 2] c (0; 3) MoxHO OpoBepHTh U aarefpaHYecKH: OHO 03HA-
YyaeT, UYTC BCAKOS pellleHHe HepapeHCTBa 1 &« x = 2 Oyner pemerHeM
mepapeHeTBR 0 < x < 3.

JOna BarnagHOroe o0BACHeHNSA DA3NMYHLIX Onepayuil Had Muo-
acecmeamu oueHb yNobHo H3olpaseHHe MHOMECTB B BHAE INIOCKHX
duryp. OOKIYHO MHOMeCTBA NPH 3TOM H300pPAYKAIOT B BHAE HEKOTO-
peixX Kpyros. Tarue Kpyru H&SLIBAIOT KpyzaMu Jilaepa B YeCTh BeJH-
Koro meeiinapcroro MareMarnxa Jleomapaa Jdiaepa (1707—1783),

24



1. HEPABEHCTBA. CHUCTEMBI U COBOKYMHOCTH HEPABEHCTB

KOTODEIR AoJroe BpeMsa pafoTan B 4

Poccrm. HauseM ¢ omepamau nepe-
ceveruR MAMKecTs, F3 Kypca reo-
METPHH 9T3 CIEPANAS XCOPOImo Ua- ANB
BeCTHA B OpPUMEHEHUH K OpocTeii-
MM ILIOCKHEM JARAAM H Grrypam.

Onpedenenue 2. IlepeceuenneM

MHGKeCTB A 1 B Ha3KBAIOT MHOKE-
CTBO, COCTOAINEE M3 BCEX oDmIuX
3JeMEeRTOB MHOXecTB A m B, T. e, Pue. 25
H3 BCEX SJIEMEeHTOB, KOTODhIE NDH-
HANUIESKAT H MHOMECTBY A, m MuHOxecTBy B (pue. 25). Ilepeceuenne
MHOXKecTs A U B ofoanaualor Tak: A N B,
Henonbsysa yike HIBECTHHIE Criocobnl 3aJaHNA MHOMKECTE, 9TO OI-
peZesieHNe MOXKHO <«IE€PEBECTH» M3 CJIOBeCHON 3aHcH B GOPMYALHYIO:

(AnB={x|xeAnxeB}.)

Il pamep 4. Hairru nepecevenne A N B mEexkeeTB A 11 B:

a)A={11, 22, ..., 88,99}, B={8,6, 9, ...};;

6) A — MHOMKECTBO PA3NHYHEIX OYKB, ACIOAb3YEMBX B CJI0OBE <IIe-
pepacnpeaeneHaes, B — MHOKECTEC PagJaAYHEIX GYKB, MCIIOJABE3YEMEIX
B caoBe «pedOpMHUpPOBAHAES.

B)A=(1; V10), B =N;
r) A — MHOMECTBO TOUEK OKDYMXHOCTH paguycoM 1 ¢ meHTpOM
B HEYANE KOODAHHAT, B — MHOXKeCTBO TOUEK mpamoi y = 3x — 5.

Peme 5 ue a)A— 5T0 MHOMKECTBO BCEX ABYIHAYHHKX YHCEN,
KpaTHHX 11, B — 5T0 MHOKeCTBO BCeX HATYPANBHBIX YHCEN, KpaT-
HuX 3. Yaeao X npUESANEKAT 0 MHOXXECTEY A, H MHOMXecCTBY B, ecom
OHO ABY3HAYHO M KpaTHCO KakK 11, Tak u 3, T.e. KpatHo 33. Takux
upcesl MMeeTcs POBHO Tpu: 33, 66 m 99,

Hrar, A N B = {33, 66, 99},

6) BunumeM Bce BCTDEYAIOIIHECA B YKASAHHKIX CJIOBAX GYKBE O
oxHoMy pasy: A= {u, e, p, 8, ¢, A, 1, H, n}, B={p, e, }, 0, M, 1, B, a, B}.
PaccMOTpHM TIO 0UEpeAN BCE HJEMEHTEI HEPBOT) MHOMEeCTBa, TaKk Kak
O €A, 5o 0 ¢ B, To OVKBa «<O» He ABAAeTcA obmed Iad MHOMECTB
An B, 3aaunt, 1 ¢ AN B. Tax Kax € €A H e € B, To 6YKBa «&» sBAA-
erca obmeit ana MaokecTs A B B. 3mauur, e € A N B, IepeGupas Bce
Syupnl MEOXecTs A m B, nonyuaen: A N B = {e, p, a, H, "}.
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1. || HEPABEHCTBA. CHMCTEMbI M COBOKYMHOCTM HEPABEHCTB

B} Urcno 1 npuBagmexuT MEOKeCTBY B = N, Ho He IpHHALIEKAT
MHOMNecTBY A = (1; JI_O ): KOHe MHTEepBAJA He BXOJHAT B CAM HHTEp-

BaJi. 3HaUHT, 1 ¢ A N B, Tak Kax 3 < Ji—O < 4, 7o ypeaa 2 w 3 npu-
HAAMEKAT H MHOMNECTBY A, m MEoMecTBY B. Bmauut, 2 €A N B u
3 €A N B. Bee HaTYpadbHHE YHCAA, HAUHHAA ¢ 4, JeMXAT BHE HH-

Tepeana (1; JI_O ). 3EAYNT, BCE STH YHCAA He OPHAHAMJIEHKAT Iepece-
qemuic A N B.

Hrax, A N B = {2; 3.

r} JomycTim, uto TouKa (X; y) KOODAWHATHON IJIOCKOCTH IDHHAA-
JeskAT nepecevennio A N B. Taxk Kax oHA JEXKHT H& €AHHHYHON OK-
pyxHOCTH, T0 X% + y? = 1 (nogpofmee off ORpPY:KHOCTAX Ha KOODAH-
HATHOI MIOCKOCTH ME norosopnM B § 8). Tar xax oHA JeXKUT HA 3a-
AaHHON npamoit, To ¥y = 3x — 5. 3uauwur,

2+ @Bx-5¢=1;
10x% — 30x + 24 = 0;
52— 15x+12=0.

HalieM qHCKDHMHHAHT NOJYYEHHOI'O KBAAPATHOTO YPABHEHHS:
D=15%2~-4-5+12 =225 — 240 < 0. [IucKpHMHHAET OTPHALATENECH,
3HAYAT, KOpDHell ¥y KeaaparHoro ypapHerna 5x® — 15x + 12 = 0 ner.
Ilearomy y MEOkeeTB 4 1 B Her 0bmux Touek. Takue MHON(ECTBA HA-
SRIBAKOT Henepecerawujumics (puc. 26). Mumyr: A N B =&, N

MomxE0 pACCMATDUBATE MEPECEUEHAR HE TOABKO IBYX, HO H TPEX,
YeTeIpeX ! T. . MHOXeCTB. HanpuMmep, nepeceveHueM MHOMECTB A,
B u C HARRBAKT MHOKECTBO, COCTOdAINee U3 BCeX 3JeMEeHTOB, KOTO-
pHE NPHEANIEKAT U MHOMECTBY A, H MHOecTBY B, H MHOxecTBY C
(pac. 27). [lepeceueHne MHOMecTB A, B K C obosmauator rax: AN B N C.

C mepeceueHHeM MHOMKECTB MBI BCTpEuaeMcs, KOIAa pedn mger ob
OAHOBPEMEHHOM BHIIIOJHEHHH HECKOMLEHX yeaopmid. B anrrefpe Tanmg-
HEIM IPHMEDPOM HABIACTCA ClucmeMad ypaeHeduil ¢ ogHoll nepemeHHOMK

{f(x) =0,
g(x) = 0.
MH, & B — MHOMXecCTBO KopHe# BTOpOID YPABHCHHUA CHCTEMH, TO
IIEpEeCEYeHHE A N B cocToRT H3 BCEX YHCE, KOTODHE ABJIAIOTCH OAHO-

BpPEMEHHO KODHAMH H NEpBOTO, H BTOPOTO YPABHEHHH CHCTeMbI. 3HA-
9AT, nepecedenne A N B npepcrasndeT cofoil peliesye CHCTEME YPaB-

flx) = 0,
g(x) = 0.

Ecma A — MHOAECTBO KOpHeil nepBoro ypasHEHHS CHCTE-

—

26



HEPABEHCTBA. CUCTEMbI Y COBCHKYTHOCTM HEPABEHCTB

7

Puc. 27

Henonarzosanmne ONepallH nepecedYeHUd MHOMECTE B MATeMAaTHKE
COOTEBETCTBYET HCHOALBIOBAHHIO COIO3H «H» B PYCCKOM HA3LIKE. Poxa-

CTEEHHBIE €My COI03 «MNH» CBABAH C APYroil omepanvell Hany MHOMKe-
CTBAMH — onepauuell ofzedunenut.

Onpedeaenue 3, O6veqnEennemM MHOMNECTE A n B HasuBaioT MHO-

JKECTBO, COCTOAINEE M3 BCEX IEMEHTOB, KOTODHE NPHHAAJIEHKAT XOTH
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1. HEPABEHCTBA. CUCTEMbI M COBOKYHOCTHM HEPABEHCTE

OBl OAHOMY M3 PTHX MHOMGECTE — WIN MHOMKECTBY A, WiIH MHOXeCTBY B
(puc. 28). OfreanEeHne MEGKecTE A H B obosHaualoT Tak: A U B.

Kak ¥ B ciyuae nepecedeHnA, aTo onpeleleHHe MOMKHO «IepeBec-
TH* H3 CAOBECHOHN 3amuEcH B QODMYALHYIO:

(AUB={x|xeAmmxeB}.)

I pumep 5. Hailrn obbeaunenue A U B MmEomecTs A u B:

a) A — MHOMeCTBO zennTereil ynena 106, B — MHOXKecTBO Jemm-
Tejaei wmcaa 55;

6) A — MHOmecTBO Iudp sanucH wmchaa 3°, B — MHOmecTBO IHdp
s3anncH yuciaa 2%

B) A =(1; V10), B={2; 4;

r) A — MHOMECTBO TOYeK KOODIHHATHON IIOCKOCTH, ¥ KOTODHIX
abcoucea Goaplne 3, B — MHOMKeCTBO TOYEK KOODAHMHATHON IVIOCKO-
CTH, ¥ KOTODHIX ODAHHATA He GoJble 2.

Pemenne.

a) PasmoxuM Ha mpocThie MHOMHTeAn ynceaa 105 u 55, Tax kak
106=3-5-7,a55= 511,704 =1{1, 3, 5, 7, 15, 21, 85, 105},
a B=1{1, 5, 11, 55}. Ko BceM aJleMeHTaM MHOecTBa A noBaBuM BCe
aJIeMeHTH MHOXKECTBA B, KoTophie eme He BCTpedasuch B A, T. e. 40-
OapumM 11 u 55. 3uauur,

AUB={1,3,5,7, 11, 15, 21, 35, 55, 105}.
6) 3° = 243, 2'® = 1024, 3maunt, A = {2, 3, 4}, B={0, 1, 2, 4}.
Ioerynum xak 1 B sananu: a). [oryumm: A U B={0, 1, 2, 3, 4}.
B) Tyr ynobree paGoraTs ¢ wmcaoBeoit mpamoi. Jamamie MHOXKE-

¢TBA (YUCNIOBHIE HMpoMexXyTKH) A = (1; JE ), B =[2; 4] nepecekaloT-
¢, 50 HM OfHO U3 HHX He COOEepMHTCH LUeAHKOoM B aApyroM (pmc. 29).
HenmonbayeM ANA 3THX MHOMKECTB PA3JTHYHEIE INITPHXOBKH M 3aTeM
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1. HEPABEHCTBA. CHCTEMBI M COBOKMIHOCTA

HEPABEHCTE

-1 0
-1 0
HE A
()| x
x=3|
Pue. 30

|7}

b

+
ot

b

Pue. 31

OIOCMOTDHM, KAKO0OE YHCIO0BCES MEHOMECTBO B HTOIe ME 3AINITPHXOBANH.

Homyunrea, aro A U B =(1; 4].

r) Tyr Toxe ygpofHee HCTIONB30BATE uepTex. MHOmecTBO A — aTO
MHOQMECTBO BCEX TOUEK, JeXAMUX Opasee BepTHKANbHOE npaMol

x = 3. HemoabayeM IS HETO Bep-
THKANBHYIO IITPHXOBKY (pHC. 30).
MnoxecTB0 B — 370 MHOMKECTEO
BCEX TOUEH, ASMAINUX HIKE MOpH-
SOHTANBHOH MpaMoit ¥y = 2 uiu Ha
caMoii 9Tolt mpaMoil. HenmomsayeM
AJA Herc ropuaoHTAJMBHYIQ IITPH-
xoBKY (puc. 31).

Torna A U B — 310 MEOMXKECTBO
BCEX TeX TOYEK ILIOCKOCTH, HOTO-
PHIE MEI 3AIITPDHXOBANH TEPBREIM
HIH BTOpSIM chnocobom (pue. 32).

71

Q

Puc. 32
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1. HEPABEHCTBA. CMCTEMbB! M COBOKYMHOCTHM HEPABEHCTB

OT™MeTHM AnA ODpHMepa, 4To Touka (3; 2) mpuEagne:xur obneinme-
HEWD A U B, a Touka (2; 3) eMy He DDHHALJICMNHT, [ ]

Kak u pna oepecedennit, MOXXEC PACCMATPHBATEL O0beANHEHHA He
TOABKO ABYX, HO U TpeX, YeTHPEX U T. 4. MEOKecTs. Hampumep, o6s-
edunenuem MHOXECTE A, B m C HAZEIBAIOT MHOMKECTBO, COCTOALIIeE H3
BCEX QJIEMEETOB, KOTOPLIE IPHHANJIEMKAT AIH MHOMECTBY A, IWIHA MHO-
s#teersy B, win mmoxectsy C (pue. 33). OfbeamHeHne MHEOMKECTB A,
B u C ofosuauator Tax: 4 U B U C.

3amevanue 2. 3HaKN nepecedeHUdA N H obdBeAHHEHUA U ygamnye-
cd 4ACTO OyTaloT. BoT HeckoALKO COBETOB IO AX 3ANCMHUHAHHIO. SHAK
obseguEeHna U ODOXOM HA mepBy0 OYKBY aHrAMNCKOIQ CJAOBa
«Union» — ofbeanrenne. HHorga noMoraeT u Takas MojeJb: OOepa-
und obbegHeHHA U — 2T0 OTKPHITHIH MEmoOK, B KOTOPHIE CChINAIOT-
CH 9JIeMEeHTH 00beJHHACMEX MEOMECTE. JHaunT, A U B cogepmuT B
cefie Bce aJeMeHTH 000MX MHOMECTB A M B U He COAep:KUT HUKAKKX
APYMHX 9JeMeHTOB. EciA BWM XODOINC 3aN0MHHIA 3HaK ofbeinHeHAA
U, To 3HaK mepecedeHUdA (| — 3TO HpOCTO APYTOi#, OCTABIIHIICA 3HAK.
MoOxHO TaKM¥e 3AMETHThL, 9TO (| HECKOJALKO HAIOMHHAET PYCCKYIO
GykBy «II», ¢ KoTOpOE HAYHHAETCA CIOBQ «OEPECEYCHHES.

§ 3. CHCTEMBI HEPABEHCTB

ITepBoe 3HAKOMCTEOQ ¢ CHCTEMAMH HEPABEHCTB COCTOAIOCH
B Kypce ‘anredps 8-ro Kiaacca, rie ML DACCMOTDENIH HECKOJAbKO
OpPAMEPOB DEIeHAA CHCTEM JUHeHHEX HepaBeHCTB. 3AeCh pedb moii-
ZeT o Gonee CAOKHEIX CHCTEMAX HeDaBeHCTB. A B KoRIe maparpada
ME! PACCMOTPHM HECKOJBKO TEXKCTOBHX 38[a4, Tie COCTABJACHHE MATE-
MATHYECKOH MOAeAH NPHBOANT K CHCTEMe HEPABEHCTB.
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1. || HEPABEHCTBA. CHCTEMBI M COBOKYMHOCTHM HEPABEHCTB

HaggeM ¢ ompefeseHEA OCHOBHLEIX MOHATHIA.

Onpedenenue 1, Hecronbko HepaBeHCTB ¢ OZHOH nmepeMeHHOH
06pasyioT cHcTeMY HepaBeHCTE, €C/IM CTABHTCA 3ajavua HaliTH Takue
3naveHMA HepeMeHHOH, KOTOphle ABJAITCH YACTHRIMH DEINeHMSIME
BCEX B3afAHHLIX HEPABCHCTB.

Onpedeaenue 2. 3HAYCHAS MEPEMEHHOH, IDH KOTODOM KANI0E H3
HEPABEHCTB CHCTEMEI O0pamaeTcA B BepHOe YUCAOBOE HEPaBeHCTBO,
HA3LIBAIOT YACTHHM pelleANeM (HJH pemeHHeM) CHCTeMBl He-
paBeBcTB. MHOMECTBO BCEX YACTHHIX DELIEHHH CHCTeMBI HepaBeHCTB
HASHLIBAIOT OGIIHM pemieNMeM CHCTeMEI HepaBeHCTE (KJAH NPOCTO
pellleHHeM CHCTeMEl HEePABEHCTR).

HepaseHcTBa, 06pasylomue cHCTEMY, 00beAHHAIOT GUTYpHOH CKOD-
Koif (Tar e ofcTONT Ne/0 M B CHCTEMAX ypaBEeHHH). Heoraa mcnons-
3VIOT H 30OHCh CHCTeMB HEDABEHCTE B BHAE F80iH020 HEPABEHCMER.
Hanpumep, CHCTEMY HEepaBEHCTB

2x -1 > 3,
2x-1<11

MOXHO 3a0UCATH B BHAE ABOIHOrO HepaseHeTa 3 < 2x — 1 < 11,
IIycTs Hy:XHO pPEIINTEL CHCTEMY HEDABEHCTB

{fl(x) > &(x),
h{x) > gi(x).

IIpeanonoxuM, YTO pellleHHeM IepBOre HEPABEHCTBA CHCTEMBI B~
AfgeTca mATepBan {a; b), & pemeHAeM BTOpPOre HEePABeHCTBA —
rETEpBan {(¢; d). OrMerHM 9TH HpPOMEKYTKH Ha OZHON uyHCIOBOH
npaMoii, ECONb3OBAB AJA OEPBOrC BEPXHIOK LITPUXOBKY, 8 ANA
BTOPOTO — HIDKHIOW WTpuXOBKY (puc. 34). PelnenneM cHCTEME He-
PABEHCTB ABJIACTCA NEPECEYEHUE PEWLeHUll HEeDABEHCINE CUCMeMbi;
B AAHHOM CAYYae 3Te MHTEDBAX (¢; ) — mpoMexyToK, KOTOPAIH, KAK
BHAHO HA PMCYHKE, SAIITPHXOBAH B CBEPXY, H CHHAY.

KpoMe ykasaHHOrO MeTOAd IITPHXOBOK OPH pelleHMH CHCTEM
HEPABCHCTB HCNOJL3YVIOT M TAK HA3BIBAEMEI MeTox <«Kpemm». Coor-
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1. || HEPABEHCTBA. CHMCTEMBI M COBOKYMHOCTHM HEPABEHCTE

Pue. 35

BETCTBYIOIIAA HITIOCTpALMA npeAcTasileHa Ha puc. 35. MomHo Hc-
HOJAB3OBAThL M TOT M APYroif MeTox.

x2 -920,
52 — x2 > 0.

Pemenue. lIpeobpaszoeas Hepa-
peHCTBO X° — 9 2 0 & BHAY (x — 3)Nx +
+ 3) > 0 1 TpUMeHHB MeTO]] AHTEPBAJIOB
Puc. 36 {(puc. 36), moayauM: x < —3; x > 3. TIpe-
ofipazoBas HepapeHCTBO Hx — ¥2 > 0 K BH-

IIpamep 1. PemruTs cHCTEMY HepPABEHCTB {

- WEI£+WIW - ay x(5 — x) > 0 ¥ npEMeHHB MeTON MH-
0 5 x TeppasnoB (puc. 37), moayunm: 0 < x < 5,
Puc. 37 Tenepr oTMeTHM HalifeHHEIE perme-

HHA HA OZHOHN KHoOpAMHATHON mpAMoi,
ACOOABIOBAB AJIA PEeIICHMI MepBOro HEPABEHCTBA BEPXHIOW IITDH-
XOBKY, & AAA PEIIeHMil BTOPOre — HHMHIOK NITPHXOBKY (pnc. 38).
PelleineM cHeTeMEbl HepABEHCTB OyaeT mepeceyeHHe pelmeHHHd Hepa-
BEHCTB CHCTeMEI, T. €. oTpeaok [3; 5].

-3 0 3 b

Oreem: 3< x4 5.

IIpumep 2. PemmaTk cucreMy HEPABEHCTB:

a){zx-1>3, 6){2x—1>3,

X2 +x+2<0; 2+x+2>0.

Pemenue. a) i3 nepporo HepapeHCTBA HAXOAMM, YTO X > 2,
KragpatHeiil Tpexuaen x2 + x + 2, croamuii B AeBoit yacTH BTOPOIO
HepaBeHCTBA, HMEeT OTPHUATEAbHNH ANCKPUMHHEAHT, & €r0 CTAPIINH
KoabhnnueET DOTOKHUTENIEH. 3HEUNT, TPH BCEX 3HAYEHHMAX X BHI-
nojgHAerca Hepapenerso x2 + x + 2 > 0, a DoToMy Bropoe HepaBeHCT-
BO CACTEMEI He MMeeT pemendili, Ho Torga M cHcTeMa He HMEeT
PeIneHHId.
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1. !I HEPABEHCTBA. CHUCTEMBI M COBOKYINHOCTA HEPABEHCTB

6) PemreEne nepBoro Hepa&BeHCTBA HMeeT BUA X > 2, a BTO-
poe HEpABEHCTBO BHIOJAHACTCA NPH JIOOKIX 3HAYEHHAX X, SHAUMT,
PEIcHHE CHCTEMHE COBNAJAET C pellleHUeM HepEOre HepaBeHCTBA CH-
CTEMEL,

OTBeT: 8) HeT pemennii; ©6) x > 2.

DTOT IpHMED — XOpOINaf WILIOCTPAlNA ANd CAeAYIOMMX IoJea-
HHX YTEEp:aeHHit.

1, Ecru 8 cucmeme ud HeckoabKUX Hepaeencme ¢ odnoit nepe-
Nennoii 00HC Hepasercmaeo He UMeem peuleuil, mo u cucmema He
uMeen peuleniil.

2. Ecau 6 cucmenme ua 0syx nepaasencme ¢ o0Hoi nepemennolt 60HG
HePABEHCMNBO BUNOCAHACMCA NPU AWOBLX 3HAYECHUAX NEPEeMEeHHOR,
MO pelieHueM CUCMEMbl CRYNUM pelwsenue dpyz0z0 Hepaeencmea
CUCTREMBL,

NDpemep 3. PemuTh cHCTEMY HePDABEHCTB
{Jle —x? — 45 - (2 - 10) > 0,

2 -2x-24<0,

Pemenne. 3agaua CBOAUTCS K PEIIEHHK CAEKYVIOINEH CHCTEMH
HePABEHCTB:
18x — x* - 45> 0,
x*-1020,
x? - 2x - 24 €0.
BrinoJHUM NOHATHEIE NpeoSpascBAHAA HEDABEECTB TOH CHCTEMLI:
(x - 3x ~15) <0,
(x - v10)(x + V10) > 0,
(x -6Bjx+4)<0.
Pemenne nepeoro HePABEHCTBA CHCTéME — orpesok [3; 15];

pemeHme BTOPOTO HepapeHCTBA — ofbefHHEeHHe Jaydeit: (—co; -J10 | 1%
U [JI_O; +o00); pemenHe TPeTLEre HEPABEHCTEBA -— oTpeack [—4; 6].

33



1. " HEPABEHCTBA. CUCTEMBEI M COBOKYNMHOCTHM HEPABEHCTB

&St !
-4 -J10 310 6 15

Prc. 39

Ha puc. 39 npegcrapiera reoMeTpHYeCKad HAMIOCTPALINA NMOMCKa Ie-
peceueHNA VKa3AHHHX TpeX MHOMKECTB (MeTOAOM «<«KpHINI»); 3THUM

HePeceueEneM ABIAETCA OTPEIOH [Jl_O ; 6]

Orser x=3; V10 € x < 6.

B saxkmawuenne naparpada, Kax 0o ofelaHe BRIE, DPaCCMOT-
PHEM OpUMEDH pPeIIeHus 38JaY, MATEMATHYIECKHE MOZEIH KOTOPHX
OpeACTABAAIOT CoGoit cHCTeMBI HepaBeHCTB.

Npumep 4. IIpucrans B HaxoauTes B 45 KM oT NpHCTARHE A BEH3
1o TedenHo. Katep TpaTtnT Ha nyTth oT A 10 B Gomee 1,5 4, a Ha
obparEHii nyTe — MeHee 2 u, Uemy paBHA cOGCTBEHHAA CHOPOCTE
KaTepa, eclnH M3BeCTHO, UTO OH& BHIpAKAETCA LEeARIM YHCAOM H HTO
CKOPOCTb TeUeHMA PeKH 3 KM/4?

Pemenue, [lepenit sran, CocmasacHue Mamemamuyuecxoil mo-
denu.

IIyers x kM/4y — cofiCTEeHHAA CKODPOCTE KATEPA; €CTECTBEHHO, UTO
AOJGKHO BHIOOAHATHCA yeaosue x = 3. Torxa (x + 3) xM/4 — cropocTb
KaTepa 0o TedeHHIO; (¥ — 3) KM/4 — CKOpPOCTH K&TEpa IDOTHE Tede-

HHA ;5-4?—3 4 — BpeMA ABMKEeHNA u3 A B B (0oHO no ycnosaw Boiw-

me g q); x;!_sg Yy — BpeMHA ABHXeHHA M3 B B A (0HO mO yC/IoBHIO

MeHBIIE 2 ).
MaTeMaTHdecKana MOZENb 380a4UA OpeAcTABAAeT coboil cucreMy
HEpABEHCTB
x > 3,

45 3
x+ 3 2

45
< 2.
x -3
Bropoii atan, Pafoma ¢ cocmasaennoil modeavio.
Tak xak x > 3, Tox + 3 >0u x — 3 > 0, a mMoTOMY BO BTODOM H
TpeTheM HepPABEHCTBAX CHCTEMLI MBI MOX(eM OCBOOOZMTHCA OT 3HA-
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1. " HEPABEHCTBA, CHMCTEMBI M COBOKYNMHOCTHU HEPABEHCTB

MeHaTenedl, He MeHAA BHAKOB HepaBeHCTB. Kpome Toro, monesHo ofe
YACTH BTOPOre HEPABEHCTBA PAsfeNHTh Ha 3. B MTOre mpujeM x Gonee
npocToil CHCTEMe HEDABEHCTB!

x> 3,
30 > x+ 3,

Pemndse aty cucTeMYy, moJyddM
25,5 < x < 27.

Tpetufi_stag, Omsem na aonpoc aadavii.
B sapnage cnpamuBaeTes, QeMy DPABHA CKOPOCTB KaTepa, obosHA-

genEaA Gyxeolt x. Mu noayamnn qeoiH0e HepaseHCTBO 25,5 < x < 27,
B ycmoBHEN CKA3aHO, UYTO ACKOMAA CKOPOCThH BEIDAKAETCA LEJRM YHC-
JoM, DTOMY ABOMHOMY HEDABEHCTBY VHOBJIETBODAET JHIIEL OAHO Le-
Joe YucaAo — yucao 26.

OreeT: 26 KM/y.

Hpumep 5. ¥ MATPUHKE €CTh HEKOTOpOEe KOAHYECTBO MAPOK.
Emy pnoaspuan aisboM AAa Mapok. EciH Manpumy Haxjgent mo 20
MapOK Ha JHCT, eMY He XBATHT aasboMa, & €CjM OH HakaenT mo 23
MApDKH Ha JHCT, TO N0 Kpafigell Mepe oAWH JAHNCT anbboMa OCTAHETCH
oycrsiM. ECIH MANRYHKY MOAAPAT eIRe OAMH Taxoll e aisboM, Ha
KA IOM JHCTE KOTOPOrO y»e HAKIeeHo nmo 21 Mapxe, TO BCEr0 ¥ HETO
Gyaer 500 Mapor. CrolbKO NECTOE B ankboMe?

Pemenue. [lepriii aran, Cocmasaexue mamemamuieckoii Mo
deau.

BeeneM ABe mepeMeHHEIE: X — YHCIIO JACTOB B AM660Me, ¥ ~— UHCAQ
MADOK, KOTOPDRIE €CThE ¥ MAIbYHKA.

Ecmn oH makaenar no 20 MapoK Ha JIMCT, TO PACKJICEHHEIMH OKa-
myrca 20 MApOK, YTO IO YCJIQOBHEK) MEHBIIE WHC/E MADPOK, MMEK-
mMUXcA ¥ MAIBIUKa, sHa4IuTr, 20x < y.

Ecau oH HakJeAT mo 23 MapKH HA JHCT, TG N0 YCIOBHIK AJIA
packaefikn XpaTnT (x — 1) IHCTOB, HA KOTODRIX moMecTHTeA 23(x — 1)
MapOK; 9TO COTVIGCHO YCIOBMIO HE MEHBLIIE UHCIA HMEIOMHXCHA MAapOK,
Hrak, 23(x - 1) = y.

HaxoBew, B 3afa7e CKAB4HO, UTO €CMH MAJLIHARY IOAEPAT TAKOH
#e ansfomM, B KoTOpOM HarimeeHo 21x Mapok, To Beero noiyaurca 500
MAPOK, T. €. 21x + y = 500. Takum ofpasoM, N0aAyIaeM CMEIIAEHYIO
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1. " HEPABEHCTBA. CUCTEMBI 1 COBOKYTHOCTHM HEPABEHCTB

cHcTeMy (TEDMHH cMELLAHHAR 03HAYAET, YTO B CHCTEME €CTh HE TOJIb-
KO HEpPaBeECTBA, HO M YPABHEHHE):

20x < y,
23(x - 1} > y,
21x + y = 500,

Bropoi#t atan, Pafoma ¢ cocmasiennoii Moderv1o.
BrIpasdus y H3 yPABHEHUA CHCTEMEI M MOACTABHB De3yALTAT B 0fa
HEPABEHCTBA CHCTEMEI, IOJIYUYHM

20x < 500 - 21x,
23(x — 1) > 500 - 21x.
Pemenne To#l cHCTeME HEDABEHCTE HMeeT CASNVIOIHIE BHA;

39 8
ll-ﬁ L x< 1274-1-.

Tpetuil aran, Omaem Ha aonpoc 3adavu.
B zafgave cOpaIIHBAETCA, CKOJILKO JHCTOB B ainbfoMe. DT0 YHCIO

ME o003HAYAIM GYKBOK X H IMONYIHIH: 11% & x < 12%- aroMy

ABOHHOMY HEpPABEHCTBY YAOBJETBODAET JHMINEL OJHO Ueace uymcao 12,
OrpeT: 12 mncros,

§4. COBOKYNMHOCTM HEPABEHCTB

KpoMe cHCTeM HepaBeECTB, BCTDEYAIOTCA M MATEMaTHYe-
CKHEe MOIeJU ADYTOTO DO — COGOKYRHOCMU HepaseHeme (M Oaxe
COBOKYNHOCIMU CUCMeM HePaseHCma).

Onpedenenue 1, Heckoabko HepaBeHCTB ¢ OfHOH NEepPeMeHHOI
0fpas’yiT COBOKYIHOCTE HCPABEHCTR, €CJIA CTABATCA 38448494 HAHTH BCe
TaKHE SHAYEHHA HepeMeHHOH, KaXA0e N3 KOTODHX ABJIAETCH pe-
mMeHneM Xoma 0bi 001020 N3 33AAHHEIX HePABCHCTE.

Onpedejenye 2, 3uaueHne nepeMeHHON, YACBASTBODAICIIEEe XOTA
651 OfHOMY H3 HEDABEHCTB COBOKYIHOCTH, HASEIBAKT YACTHEIM
pemenseM (NI pelIeHMeM) COBOKYMHOCTH HepaseHcTB. MHOMecTBO
BCEX UACTHHIX pemeHHit npeacrapafer cofold ofmee pemenne
COBOKYIEOCTH HEPABEHCTE (ODUIGTATEABHOE oflWee OGEIUAG Omy-
CKalT),
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1. u HEPABEHCTBA. CHUCTEMbl M COBOKYNHOCTHA HEPABEHCTB

W3 onpezeneHns COBOKYIHOCTA HEDABEHCTB CARRYET, 4TO &¢ pe-
WiEHUEM CYydcum o6sedunenue peulenill HepABEHCME COBOKYNHOCIIL.

HepaeercTea, 06pasyoiue COBOKYIHOCTEL, O0BEIHHAIOT K6ad-
pamuoii cxobxoii. Hanpumep, sanuck

22 -1> 3,

3x-2211
03HAUAET, UTO HepaBeHcTBa 2x — 1 > 3 m 3x — 2 > 11 obpasyior co-
BOKYITHOCTE HEPABEHCTB.

BropoueM, ysige coelMANLHEINR 3HAK HE HCIOABIYIOT, & 3AMNCRIBA-
0T HEPABEHCTBA B CTPOUKY, OTREAAA HX APYT OT APYra TOUYKOH ¢ 3a-
naToii, HO NpeABApPAA STY 3aHNCh TEPMHHOM COGOKYRHOCHMD
HepaseHcms.

Hpumep 1. PeluTh COBOKYOHOCTE HEPABEHCTB

2¢x -1> 3,
3xr - 2>11.

Pemenue, Ha nepeoro HepaseH-
cTBa MoAyYaeM x > 2, ma BrOpOrec —

x = % OTMeTHB 3TH peleHAa Ha ob-

meti ymcaoBoil npaMoit (puc. 40), Ha-
XOJHM X ofpeauHeHHNE: ¥ > 2.
Orper: x> 2.

Npumep 2. PemraTh COBOKYNHOCTE HEPABEHCTH
x2-920; sx—x*20.

PemeHune. B mpeasigyiueM oaparpade Mul pELIHIR CHCTEMY 3THX
e HepapeHCTB. I'eoMeTpHYECKAd WIIIOCTPALHA PEIICHHS CHCTEMEI
Owura npeacrasiness Ha puc. 38. [lonbayack TeM ke PHCYHKOM, MOKHO
OONYIATH NHGDOPMAIHIO O PELIEHNH COBOKYIHOCTH HEPABEHCTE, TOMb-
KO HA 9TOT Pa3 cleAyeT BHIODATL He mepecedyeHne, & oObeguHeHUe
pelennii — Te MPOMEeRYTHH, KOTOphIE OTMEYeHR INTPHMXOBKOM XOTS
65l 0aME pas. B aanBoM caydae moryuaeM: x = —3; x = 0. B

B 3axmouende pacCMOTPHEM AOCTATOYHO CJHOMHBIR, HO BAMCHBIH
npuMep. BaxHERI, BO-OEePBHEIX, HOTOMY, YTO NPH €ro pelmeEHH Ml
yuTeM NDAKTHYLCKH BCE CAMOE TJABHOE, YTO TNOBOPHMJH B HDEARITY-
muX maparpadax ¢ pelIeHHH HepaBeHCTB, W, BO-BTOPHIX, HOTOMY YTO
aro Oyaer nepBuit OpuUMep peIlleHHMA COGCKYNHOCMU cucmem He-
pasencma. CAOMHOCTD €T0 COCTOMT B O0GM/INM TeXHAYECKHX HOpHEMOB
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1. HEPABEHCTBA. CMCTEMbI M COBOKYMHOCTHM HEPABEHCTB

H B TOM, 4YTO MBI PACCMATPHBAEM 34eCh CHCTEMBI M3 TDeX HEDABEHCTB
(a He M3 ABYX, KAK Hamme Bcero OBLIO A0 CHX IOp).

NNpamMep 3. PelinTk COBOKYIHOCTL CHCTEM HEDABEHCTB:
x5 — 6x' +12x% — 822 > 0,

x> 9,
1, -1—, x> 8,
xr 7
2x -9 > 0 3x_+43 < 2,
2x% + 8x + 4 ’ x+
Pemenune. epnuil aran, Pemmam nepeyo cucreMy.

1} IIpeofpasyeM mepBOe HEPABCHCTBO:

2 -6+ 12x - 8) > 0; x(x - 2)* > 0.

OTMeTHM Ha uncaoBod npaMoit Tourn 0 u 2 (puc. 41). Bupaxenue
f(x) = x*(x - 2)° npHHNMaeT Dodo)kMTEABHLE SHAUYEHWUS npH x > 2,
a Jjanee No MPOMEXYTHAM 3HAKH f(X) MEeHAOTCA TaK, KA MMOKasaHo
Ha puc. 41. BrnigenmM npoMesxyTok, Ha KoTopoMm f(x) > 0, —
OTKPHITHI J1ya (2; +00),

2) PelmrumM BTOpOE HepaBEHCTBO:

1 .11

1_1 .
x T 720

7T-x
x

7 = 0;

x—-T
P < 0.

BocOOAB30OBABIINCH METOAOM HWHTEDBANOB (puc. 42), moayumm
pellteHe HepaBeHCTBA — noiayuHTepsaa (0; 7]

3) PemaM HepaBeHCTBO

2x - 9
2x +83x+ 4
BameTuM, YTO KBANDATHRIA Tpexwurex 2x% + 3x + 4 uMeer oTpuna-
TeNbpHLIH THCHKPHUMHMHAHT M NOJNOXUTeAbHBIA crapmuii Koadxbuunenr,
SH&YMT, DTOT TPeXWieH MOJOMKHTENeH NP BceX 3HAYEHMAX X, & NOTOMY
- - + HEpaBEeHCTBO MO:KHO NMpeofpa3oBaTh K
Gosee mpocToMYy BEAY 2x — 9 = (), oTRYAa
2 *  maxomum: x 2 4,5, T. e. ayu [4,5; +0).
Pue, 41 4) UsobpasuM HaliieHHEIe peme-
+ - + HUA TpeX HepaABeHCTB HA OJHOH YHCAO-
BOIf NpsAMoil U HalineM X nepecevexnue
0 7 *  (puc. 48). IToayuuM pemeHune mepeoit
Pue. 42 CHCTeMEI HepaBeHCTB — oTpeaok [4,5; Tl

2 {.
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1. u HEPABEHCTBA. CHUCTEMbI U COBCKMTTHOCTA HEPABEHCTB

| | |
l : T .
0 2 4,5 7 *
Prc. 43

Bropoit oran. PemuaM Bropyio cucreMy. Cpasy 3aMeTHM, UTO €CIH
BEIOMHACTCA EE€PAaBeHCTBO X% > 9, To TeM Gonee BRINONHAETCH HEpa-
BEHCTBO X% 2 8, TAX 4TO BTOpOE HEPABEHCTBO CHCTEMEI HE COACPIHT
AOOONHETENLEOR HEGQOPMALIHH O €€ PellleHMA M ero MOMHO 0TOpOCHTE.

1) IlpeobpasyeM nepBoe HepABEHCTBO:

—9>0;(x-3Xx+3)>0.

Bocnoan30BaBIIACE METOAOM HHTEpPBAJIOB (puc. 44), moayymm:
x<-3;x>3.

2) PemluM TpeThe HEPABEHCTBO BTO- + - +
poil cuCTEMEI:
3x+3 3x+3 -8 3 x
x7a 5 7z —2<0 Pue. 44
8x+3-2x-8
x+4 go’:c+4 <0.
—4 [ X

Bocnoss30BaBIINCE AN PEIICHHA
HOC/IEAHETO HePABEHCTES METOAOM HHTED-
pasoB, noayunmM: —4 < x < 5 (puc. 45).

3) HaobpasuM HafifleEHbIe pellleHUA ABYX HEDABCHCTB Ha ORHOI
qyucaopoit upamMoll u Haitgem mx nepeceuenue (puc. 46). HMomyuum
pemeHne BTOpo# cAcTeMsl HepaBeHeTB: (—4; —3) U (3; 5].

Tperui srag, Pemenne COBOKYIHOCTE cHCTeM — 3T0 ofsedune-
rue HaliileHHRIX perneHH# cHereM. HaobpasuM oTh pellleHNA HA ofHOM
yncaoboi npamoit (pme. 47) u HaltaeM ux odbveamEenme. IMToayuum
naTepBan (—4; ~3) u moayuaTepnan (3; 7).

Orper: 4<x<-333<x<T.

-4 -8 3 4,5 7
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1. HEPABEHCTBA. CHMCTEMbl M COBCOKYMNHOCTA HEPABEHCTB

§ 5. HEPABEHCTBA C MOAYNAMM

B kypce anrefphl 8-r0 KJI&CCA B peIlaiH YPARHEHHA € MO-

AYAAMH ¥, HABEpHOe, NOMHHTE, YTO IJABHOE IPH PeIleHHH TAKHX
YDGBHEHHIl —— YMeTh ¢«pDacKDHBATb* MOAYJH, NOAL3YACH OIpEAEe/e-
HueM: ecnz @ 2 0, To |[a| = a; eciu a < 0, To |a| = —a.

IIpyM pelleHHHM HeDABEHCTB ¢ MOAYJAAMH, KPOMe YKa3aHHOIo
OnpeAeReHHA, HCHOJAB3YIOTCH CHEAYIOIIHE YTBEDMKACHUSA,

1. Ecau ¢ > 0, mo nepasercmeo | [(x)| < ¢ pasrocurbro deoiinomy
nepagencmey —¢ < flx) < ¢.

2. Ecau ¢ » 0, mo nepasencmeo |[f(x)} > ¢ pasnocurvro coso-
Kynnocmii wepasenems f(x) < —c; f(x) > ¢.

3. Ecau ofe wacmu xepagexcmea f(x) < g(x) npunumaom mony-
KO HEOMPUULTMERbHLE JHANCHUA, MO OHO PASHOCUALHO Hepaseremay

(F(2))* < @),

JoxkaskeM aTH yTREDMMIACHHA,

1. IIyete ¢ > 0 1 OycTh ¥ = ¢ — YACTHCE PEIICHNE HEPABCHCTEA
[f(x)| < ¢, T. e. BepHO uMCIOBOE HepaBeHcTEO (f(a)| < ¢. Ecau f(a) = 0,
ro {f(a)| = f(a), = mepaBencrBo |f(@)| < ¢ MomHEO mepenmcarh TAK:
0 < f(a) < ¢. Ecam f(a) < 0, To |f(a)| = —f(e), n mepasencTso {f(a)| < ¢
MOJKHO Oepenucars Tak: —f(a) < ¢, r. e. —¢ < fla) < 0.

Hrax, B giofioM ¢aydae BEIOOJHAETCH ZBOHEGE HEpABEHCTBO
—-¢ < f(e) < ¢. BEaunT, ¥ = @ — YLCTHOE peimeHHe HepaBeHCTEa
-¢ < f(x) < e. ’

[Iyere, 06paTao, X = b — UacTHOR peIeHNe HEPABCHCTBA —¢ < f(x) < ¢,
T, €, BEPHQ YMCJOBGE HepPaBeHCTBO —¢ < f(b) < ¢. YMHOKHAB BCe €10
yactd Ha —1, moayunm: ~¢ < ~f(b) < ¢. Ilockoabky |f(b)| pasen nubo
f(b), aubo ~f(b), noxyuyaeM, uro —¢ < |f(b)| < c¢. Jesylo uacTs aTOTO
ABORHOTO HEPABEHCTEA MOXKHO ONYCTHTb KAK OYeBHAHYIO.

Hrak, BepHo HepaseHeTBo |f(B)| < ¢, a 210 3HAYUT, 4T0 X = b —
9ACTHOE PellleHue HepaBeHCTBa |f(x)| < ¢.

Busoa: npu ¢ > 0 mepaBencTsa |f(x)| < ¢ m —¢ < f(x) < ¢ pasHO-
CHJIBHEBI.

2. [Iyete ¢ 2 0 B OyeTh ¥ = @ — YACTHOS PEIODEHHE HEPABEHCTEBA
|f(x)| > ¢, T. e. BepHO AHcIOBOE HepaBeHCTEO |f(@)| > ¢. Ecuu f(a) > 0,
to {f(x})| = f(a), n HepaBeHcTBO |f(a)} > ¢ MOKHO mepemmcaTh TaK:
fa) > ¢. Ecam f(a) < 0, To |f(a)| = —f(a), u wepasenctso |f(a)| > ¢
MOXKHO mepenucars tak: —f(a) > ¢, 1. e. fla) < —e.

40



1. |l HEPABEHCTBA. CUCTEMBI M COBOKYTIHOCTHA HEPABEHCTB

Hrax, B ofioM caryuae sHAYCHNE X = ¢ YEOBAETBOpAET Aulio Hepa-
seacTBY f(x) > ¢, 1a60 HepaBeHcTBY f(x) < —¢. 3HaUMT, X = @ — 94CT-
HOE pellleHHe COBOKYNHOCTH HepapBeHCTB: f{x) < —¢; f(x) > c.

IIyers, o0paTHO, X = b — 4YacTHOe pElIeHHe COBOKYIHOCTH He-
paseHeTB f(x) < —¢; fix) > ¢. IT0 sEaumr, w10 MMbo f(b) < —¢, mEGO
f(b) > ¢ — pepHOE wucnoBOe HepaBeHCTBO. [lepBoe HepaABEHCTBO MOMN-
Ho mepemmcats Tax: —f(b) > ¢. [lockonsRy |f(b) paser ambo f(b), ambo
—f(b), nomyaaeM, aro {f(b)| > ¢.

Hrax, sepuo mepasenereo [f(b)| > ¢, a o210 smaumT, uro £ = b —
JACTHOE pelreHHe HepaBeHcTsa |f(x)| > c.

Busoa: npm ¢ > 0 mepasencTso |f(x)} > ¢ paBHOCHIBLHO COBOKYyI-
HOCTH HepareHCTB f(x) < —¢; f(x) > ¢.

3. Ilyers g(x) > f(x) > 0 1 nycTh X = @ ~— YACTHOS PEIIEHHEe Hepa-
peHCTBA f(x) < g2(x), T. e. BepHO YMCIOROe HepaBeHCTBO f(a) < g(a).
IocKoabLKY ofe 4acTH 3TOTO HEPABEHCTBA HEOTPHIATEbHSI, BEPHO M
HepaseHcTBo (f(@))’ < (g(a))’. DTo 3HAUAT, YTO X = @ — YACTHOE pellle-
aue HepaBeHcTBa (f{x))° < (g(x)F.

IMycTs, o6paTHO, ¥ = b — 4acTHoe pelteHue HepabeHcTha (f{x)) <
< (g(x)), 1. e. (f(b))® < (g(b))’ — pepHOE uHCIOBOE HepaBeHCTEO. JTO
HEPABEHCTRO MOYKHO npecbpasosaTs K BAAY (f(b) — gN((b) + gb)) < 0.
Ho na ycnoeua ciaeayer, uro f(b) + g(b) > 0. 3HauHT, HEPABEHCTBO
{f(b) — g(LINf(B) + g(B)) < 0 Moxxuo mpeobpazosars k BuAY f(h) — g(b) < 0,
T. €. K BHAY f(b) < g(b). D10 3HAUAT, wTO X = b — waCTHOe pemeEHe
HepaBeHCTRA f(x) < 2(x).

BriBox: ecan g(x) > f(x) > 0, To mepaBencTEa f(x) < g(x) m (f(x))® <
< (2(x))° PAaBHOCIIBLHEI. ®

Iycrs Tpebyercs pemmaTh HepasexnceTso | f(x)| < g(x). OcpoboauThea
OT 3HAKA MOXY/IA MOMKHO TPEMA cnocobaMm.

Ilepsrui cnocod, Ecan f(x) 2 0, o |f(x)| = f(x), u saxanHOe
HepaBeECTBO mpHEAMAET BAA f(x) < g(x). Ecau f(x) < 0, to |f(x}| =
= ~f(x), v 3aJaARHOe HepaBeHCTBO HpHHHMAeT BHA —f(x) < g(x). Ta-
KHM 00pasoM, 361846 CBOJUTCH K DEIIeHHI0 COBOKYIHOCTH ABYX CH-
CTeM HEPABEHCTB:

{f(x) =0, {f (x) <0,
f(x) < glx);  |-f(x) < g(x).
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1. || HEPABEHCTBA. CMCTEMbI M COBOKYNMHOCTH HEPABEHCTR

Bropoit cooced, ITepenmineM saganaoe HOPABEHCTBO B BHfe g(x) >
> |f(x)|. Orcloza epasy caeayer, wro g(x) > 0. BocnoxnayeMca TeM,
uro npu g(x) > 0 mepasencrso |f(x}| < g(x) pasmocnibHO ABOAHOMY
HepaseHeTBy —2(x) < f(x) < g(x) (yreepxaenne 1). IT0 DO3BOMHT CBECTH
HepaseEeTso |f(x)] < g(x) ¥ cHcTeMe HepaBeHCTB

(x) > 0 g(x) > 0,
{f;(:l?) < ;’(x) < 2(x) unu | f(x) < g(x),
i f(x) > g(x).

Tperuil coocoh. Bocnoasgyemea Tem, uro npu g(x) > 0 obe vacTn
HepapeHcTBa |f(x)| < g(x) HeoTpUmaTeJ BHEI, & HOTOMY COIVIACHO
YTBED/KACHAID 3 UX BO3BENeHME B KBAADAT €CTh PABHOCHIBLHOE IIpe-
obpasoBaHMe HepaBeHCTBA. YuTeM, KpoMe roro, uro |[aff = @, Dro
HOSBOMMT CBECTH HEPaBeHCTBO |f{x)| < g(x) K cacTeMe HepaBeHCTB

{s(x) > 0,
(f(x))* < (g(x)).
Hpamep 1. Pemuts Hepasenerso [x2 ~ 8x + 2| < 2x — x2.
Pemennme. [Iepnriit cmocol. 3anaHH0e HePABSHCTBO DABHOCHIBHO
COBOKYIHOCTH ABYX CHCTEM HEDPABEHCTE:
x2-8x+230, 2 -8x+2<«0,
2% - 3x + 2 < 2x — x%; —(x? - 3x + 2) < 2x - x°,

Pemaa DepByO CHCTEMY, OOAYUHM
(x-Dx-2>0,
2x — 2)x - 0,5 < 0,
OTKYAa HaxomuM (puc. 48):
0,6 <x<1.
Pemias BTOpPYy10 CHCTEMY, NOJIYYHM
(xr—1}x-2) <0,
x <2
OTKyJa HaxoauM (puc. 49):
1<x <,

ObpeauuuB BafinteRALIe pelleHus CH-
CTeM HepaBeHCTB, moayunmM 0,5 < x < 2,
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1. u HEPABEHCTBA. CHCTEMbI M COBOKYNMHOCTH HEPABEHCTB

Bropoii cnocob, Basannoe mepa-
BEHCTBO PABHOCHABHO CHCTEMe He-
DABEHCTB 00,5 2 x
2x - x% > 0, Puc. 50
X —3x + 2 < 2x - x2%,
x2 - 3x + 2 > —(2x ~ x?).

Pemas Ty CHCTEMY, IMOJYIHM:

x(x-2) <0,
2x - 2}x - 0,5) < 0,
x <2

0,5 < x < 2 (puc. 50).

Tpetait coocel, 3anaHHOE HEPAREHCTBO PABHOCHILHO CHCTEMe He-
paBeHCTR

zx - xs > 0,
(x® — 3¢ + 2 < (2x — x%).

Pemas 3Ty cucTeMy, NOJTVIHM:

ru—m<m
(x? -38x+2F -(2x - x*)® < O

ru—m<m
(x2 ~8x+2)-Cx - 22> -8x+2D+Bx - 22PN < 0

x(x - 2) <0,

2x — 0,50x — 2§ > O;

0,5 < x < 2 (pme. 51).
OrBeT: 0,56 < x < 2.

IIyctn Temeps TpeGyerca peumaTs HepapeHCcTBo [f(X)| > g(x). Ocvo-
GOANTHCA OT BHAKA MOAYJA MOKHO TpeMdA cmocofamm,

Ileparit coocof. Ecam f(x) = 0, To

[f(2)| = f(x), = sapgamnoe HepaBeHCTBO

npaEmmaer sag f(x) > glx). Ecmm fix) < I I _1
< 0, ro |f(x)| = —f(x), u sagaunmoe HEpa- 00,5 2
BeHCTBO IpHAEEMAaeT Bug —f(x) > g(x). Pue. 51




1. " HEPABEHCTBA. CUCTEMBI M COBOKYTNHOCTM HEPABEHCTR

TaxkpmM ofpasoM, 33a4a CBOAATCA K DEIIEHHIO COBOKYIHOCTH ABYX CH-

CTeM HEPABLHCTB:
{f(x) >0, {f(x) < 0,
f(x) > g(x); —f(x) > g(x).

Bropoit cnocof. Paccmorpmm aABa cayuas: g(x) = 0, g(x) < 0. Ecam
£(x) < 0, To mepaBencTBO |f(x)| > 2(x) PHOOMEAETCA ANA BCeX 3Hade-
HMH x B3 00JaCTH onpejeseHEHd BupaKeHHa f(x) obosnaunm ee IXf).
Ecnu g{x) 2 0, To BOCHIOABLIYEMCH TEM, YTO COIMACHO YTBEP:KACHU 2
HepaBeHETso [f(x)| > g£(x) PABHOCHABHO COBOKYIHOCTH HEep&BEHCTB
f(x) < —g(x); f(x) > g(x). TaxkumM obpaszoM, 3afaANHOE HEPABEHCTBO CBO-
ANTCA K COBOKYITHOCTH TpPEX CHCTEM:

{g(x) <0, {g(x) 20, {S(x) =0,
x € D{f); flx) < —g(x); |f(x) > g(x).
Tpernsi cnocob. B cnyuae xoraa g(x) > 0, Hepasencrso [f(x)| > g(x)

PaBHOCHABHO HepaseneTBy (f(x))? > (2{x))?; amaumT, saganHOE HEpa-
BEHCTBO CBOZMTCA K COBOKYIHOCTH CHCTEM:

{g(x) <0, {g(x) 20,
x €D {(Ff(x)* < (X))

Opuamep 2. Pemnts HepaseHCTBO [x2 ~ 8x + 2| > 2x ~ x2.

Peme gue. Ilepauiit ¢cnocol, 3a0aHH0e HEPABRHCTEY DABHOCHIEHO
COBOKYIOHOCTH ABYX CHCTEM HEDABEHCTE:

x2-8x+220, ¥ -8x+2<0,
x2 —8x + 2> 2x — x%; —(x2 —8x + 2) 7 2x — 2%
Pemine nepsyio cucremy, moayuum: x < 0,5; x > 2. Bropasa cu-
cTeMa He NMeeT pemneHni. B peayanrare pelieHHeM COBOKYIHOCTH CH-
€TeM ABIAETCH pPEIIeHne NMepBOil CHCTEMEL.

Bropoii coocod, Ecau 2x — x2 € 0, To 2ajaRHOe HEpPABEHCTBO BEI-
nonAgeTca (ero Jepad YAacTh HEOTDHIGTENbHA, & NDABAA — HENo-
noxATensHEa). Ecan 2x — x? > 0, 7o 3a3aEHOS HEePABEHCTBO DABHO-
CHJIBHO COBOKYHOHOCTH ABYX HepaBeHCTB: X% ~ 3x + 2 2 2x — x5
xt — 8x + 2 £ ~(2x — x?). TaxkuM 06pa3oM, MOOYIAEM COBOKYIHOCTE
HEDABEHCTBA M JBYX CHCTEM HCDABEHCTB:

2x — 2 < 0;
2x — x* > 0, 2x —x2 > 0,
¥ -3x+ 2> 2x - x%; 22 - 3x + 2< —(2x - x%).
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1. u HEPABEHCTBA. CHMCTEMBI M COBOKYNHOCTH HEPABEHCTB

Pemmms mepasercTBO 2% ~ 2% £ 0, noayynm: ¢ < O; x > 2. Peme-
HHE nepBoii cacreMu — noayuaTepeax 0 < x < (0,5, Bropas cucrema
He HMEeeT DelleHni,

B wtore moayuaem: x = 0,5; x > 2,

Tperuii cniocod, Ecan 2x ~ x2 < 0, To 3afaHHOe HEPABCHCTBO BHI-
nonusaerca. Ecan 2x — x* > 0, To ofie 1acTH 33AaNHOTO HEDABEHCTBA
MOMKHO BOZBECTH B KBAJPAT. TakuM ofpa3zoM, DoayIaeM COBOKYIHOCTD
HEPABCHCTEA M CHCTEMElI HePABCHCTB:
2x — 2% > 0,

2x — x2 < 0;
* {(xg — 8% + 22 > (2x — x%)R.

Pemrennsa mepaseHcTsa 2x¢ — x2 € 0 — ayun: ¥ < 0; x = 2.

x(x-2) <0,

Permm cueremy {(.:\:2 -83x+ 2P - Cx -x¥) 20

Hveem;

0<x <2
(x? - 3x+2)-2x—2*P(x* -3 + 2D+ 2x - x*N=0

0<x <2
2x? -Bx+2x-2)<0;

{0 <x <2
2x - 0,5)(x - 2 < 0

O0<x <2
x<05x =2

0 < x < 0,5.
OfneIHHEB 9T0 PEIIEHNE ¢ HANACHHEIMA BEOIE pemreEnsaMH x & 0;
x = 2, moayuaem: x < 0,5; x = 2.
OrpeT: x < 0,5: x > 2.

Hpumep 3. Pemuare mepasencrso [x — 2| + |x + 4| < 10.

Pemenue. Ileperiii cnocof. Brupamkenne x — 2 obpamaercsa
B HYyJb B TouUKe 2, A BLIpaAXXeHHe X + 4 obpamaeTcs B HYJb B TOY-
Ke —4. ¥razasHBe ABe TOUKH pasbHBAIOT YHCAOBYIO IPAMYIO HA TDH
OpOMERYTKA: ¥ < —4; 4 < x < 2; x > 2,
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1. HEPABEHCTBA. CUCTEMB # COBOKYINHOCTA HEPABEHCTB

Ha mpoMmestyTHe x < —4 BhIpasKeRMe x — 2 DpHHWMAEeT OTpUIA-
TelbHBE SRAYCHHA, DABHO KAK H BMpaxeRne ¥ + 4, 3HauAT, HA VKa-
3AHHOM TPOMEXKYTKE BRINOJIHAITCA COOTHOILICHMS;

fx —2l=—x - 2), |x + di=~(x +4),
a NoTOMY 38JAHHOE HEpABEHCTBO NMPHHUMAaET BUL
—~(x-2)-{x+ 4)<10.
Ha opomexyrtre —d < x < 2 pripamenne x — 2 mpAHUMAeT He-
IOJIOMKHATEILHRE 3HAYCHHWHA, & BRIDAXXKeHWe ¥ + 4 — HeoTpHIATeNb-

HEIE. SHB‘IHT, H8 YHAIAHHOM HOPOMEXKYTHE BHIIOJMHAKTCA COOTHOIIE-
HHHA:

e —2l=—(x-2),ix+4|=x + 4,
a MOTOMY 3afaHHOe HepAREHCTBO NPHEUMAET BHA
—fx—-2) +(x + 4) < 10.

Haxosen Ha DpoMeXyTKe X > 2 BHIpaXKeHEHe X — 2 NpHHAMEET
OOJICKATESILHEIC 3JHAYCHHA, DABHO K4K H BHIpasKeHme X + 4. 3mauur,
HA YKA3AHHOM IPOMEXKYTHKE BRINIOIHAIOTCA COOTHOIMEHWA:

[x—2|=x-2,{x + 4] =x + 4,
& NMOTOMY 38JAHHOe HEPABEHCTBO IPHHUMAET BUX
(x~-2)+(x +4) < 10.
B urore moMyuaeM COBOKYHHOCTH TPeX CHCTEM HEepaBeHCTB:

{x<~¢ f4<x<a
~x-2)-(x+4) <10; ~(x ~2) + (x + 4) < 10;

x> 2
x-2+(x+4 <10

Wz nepeoil cucTeMul moaydasem: —6 < x < —4, ua sropodi —
-4 € x £ 2, ua Tpetheli — 2 < ¥ < 4. O6beAUHHEB BaileHHBIE pe-
IeHNd, HaXOOUM OoTBeT: —6 < x < 4.

Bropoit cnocol BaM H3BecTeH, ero NPpHMEHAAN B Kypce ANre6psl
8-ro Kaacca.

Hepapencrso |x — 2| + [x + 4| < 10 Ha reoMeTpHYECKOM A3bIKe
03HAYAET, HYTO HAM HYRHO HaliTn ma koopauEaTHOH npaMolt Takue Tou-
KU X, KOTODEIE YAOBATBODAIOT yejosmuie p(x; 2) + plx; —4) < 10, 1. e,
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1. u HEPABEHCTBA. CUCTEMbBI M COBOKYNHOCTU HEPABEHCTE

pix; 2)
_ _ f et WA _
- 1 il J X
Pue. 52

CYyMMA PARCCTOTHMI KaKAoi N3 TAKMX TOUeK OT ToueK 2 M —4 Mereme 10.
910 TOYKH, 38KTIOUCHHEIC B HETEpBate oT —6 10 4 (puc. 52),

OrBer; —6 <x < 4.

§ 6. VPPALMOHANLHLIE HEPABEHCTBA

PaceMoTpaM HepaBEHCTBO BHAA Jf(x) < g(x). Heno, uTO pe-
IMeHHA TAKOIQ HEPABEHCTEA JOMKHEI YAOBIETRODATE yCaIoBHIO f(x) = 0
" yeaosuo g(x) > 0. Ocranoes aniis 3aMeTHTE, YTO IPH OJHOBPEMEH-
EOM BRIMOJHEHMH YKEB3AHHLIX BHIIE YCAOBMH ofe YaACTH 3aJaHHOTO
HPPEOUOHANBHONO HEPABEHCTBA HEOTPHIATEALHLI, & OTOMY HX BO3BE-
AeHWe B KBAJPAT OpefcTasiader coboll papHOCHABHOE npeobpasoBaHue
HepaBeHCTEa,

Taxnam o6pasoM, HPPAHOHAJILHOE HEPABEHCTBO +/f(x) < g(x) pasHO-
CHILHO CHCTEMe HepaBeHCTB
fix) 2 0,
g(x) > 0,
f(x) < (g(x)).

Npumep 1. PemuTs HepaBeHCTBO +x2 — x — 12 < x.
Pemenue. [JaHHO®E HEPABEHCTEO PABHOCHJABHO CHCTEMe Hepa-
BEHCTB!

x2—-x-122 0,
x>0,
x2 - x - 12 < 2%

(x-4)(x+3) =0,
x>0,
x > -12,
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1. HEPABEHCTBA. CHUCTEMbEl M COBOKYMHOCTM HEPABEHCTB

12 -3 0 4 x
Pue. 53
Tonyaaem x > 4 (pue. 53). a

PaccMOTPHM TeNePE HEPABEHCTBO BMAA ./ f(x) > g(x).

fAcHo, BO-OEDBEIX, YTO e€r( PEINCHHA JOMKHLEI YEOBICTBODATE YC-
aceuio f(x) # 0. Bo-proprix, sameuaeM, 4To npH g{x} < 0 (1 opu
OTMEUEeEHOM BHINIe ycaoBHMH f(x) » 0) cOpaBefanBOCT:E HEepSABEHCTBA
\jf(x) > g(x) He BHI3LIBAET COMHEHHIl.

H naronern, B-TpeTbHUX, 3aMetIaeM, 4To ecian g(x) » 0, To MOXKHO BO3-
BECTH B KBampaT ofe JACTH 38JaHHONO APPANMOHALHOIV HEPABSHCTBA.

TakuM 06pasoM, MPDPaUMOHAJEHOE HEDABEHCTBO ./f(x) > g(x)
PABHOCHJABHO COBOKYIHOCTH CHCTEM HEDABCHCTB:

f(x) 20,
g(x) > 0,
f(x) > (g(x))*.

Ipamep 2. Pemrare HepaBeHeTBO Jx2 — x — 12 2 x.

Pemermne. Jauuoe HEPDABEHCTBO PABHOCHJIBHO COBOKYIOHOCTH
CHCTEM HEDABEHCTE:

{f(x) =0,
g(x) < 0;

. 1230 x2-x-12%>0,
{x _ox_ » le>o,
< xt - x — 12 > &t
Monyuaem:
[ {(x - 4x + 3) = 0,
X
-3 0 4 (x ~ 4)x + 3) > 0,
Pue. 54 x>0,
_x€—12.

Hz nepsBoii cucreME HaxoguM: x < —3 (puc. 54); ETOpan cacTeMa
He HMEeT penreHmi.

OrBeT: x & ~3.
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1. || HEPABEHCTBA. CHMCTEMEI M COBOKYITHOCTM HEPABEHCTB

Hpumep 3. PemmnaTh HepageHCTBO

(x + 8)x—2)+ 3,/x(x +3) >0.

Pemenune. IIpeobpasyeM HepaBeECTBO K BHAY
x*+3x-10+3Jx? + 8¢ >0

H BBEJEM HOBYIO NepeMEeHHYI0 ¥ = a2 + 3x. Torja mociegHee Hepa-
BeHeTBO npumet Bux y° + 3y — 10 > 0, oTkyaa BaxoguM, uro aubo
Yy < —H, aubo y > 2. 3aga9a CBOTUTCA K PEIIeHNI0 COBOKYIHOCTH ABYX

HEepaBeHCTB: Vx? + 8x < -5; Vx? + 8x > 2.

IlepBoe HepaBEHCTBO He HMEeT PelIeHmid, & M3 BTOPOTO HaXOXHM:
+3x>4x+4)x-1)>0; x<—-4; x> 1. [ |

Jdx? - 16x + 11
¥-x-6
Pemenue. JlanHOE HEDABEGHCTBO PABHOCHJIBLHO CHCTeMEe HEDAa-
BGHCTE

IDpamep 4. Pemmars HepaBeHECTBO = 0.

4x® — 15x + 11 > 0,
x —-x-6>0.

Pemmn ypasuenune 4x* — 15x + 11 = 0, HaxofuM ero KopEn: x,; =1,

11
Xy = JdHauNT, pellleAHe IePBOr(y HEPABEHCTEA CHCTEMEI — obwenm-
11
HeHHe Jaygeit (—oo; 1] U [T; +o0) {pac. 55).

Paccmorpim mmorounen p(x) = ¥° — x — 6. 3ameusem, aro x =2 —
KODeHb 3TOr0 MEOI'OWISHA, 3HAYNT, p{x) AeanTca OGe3 ocTaTKa HA X — 2.
Bmecro aeneEns yroaxroM MOMXKHO BHINOJHHTH caeaymmue npeobpa-
30BAHHHA:

) =x®*-x~-6=(x*~-8)~-(x-2)=
=(x -2 x*+2x +4) - (x -2 =(x - D(x*+ 2x + 3).
Ksagparauifi TpexuieH x2 + 2x + 3 umeeT OTPUUATENBEBEIN AHCKpH-
MHWHAHT M TOJIOKHUTEALHHN crapmuii Koa(gdpUIUEeHT; SHAYHT, OH IO-
JIOMKATENCH Opu A100KX aHAYEHHAX X, & DOTOMY HepabeHCTEO p{x) > O
PEBHOCHJALHO HepapeHeTBy ¥ — 2 > 0,

TakuM 06pasoM, pellieHHe BTOPOrO HEpABEHCTBA CHCTEME — OT-
KpPBITHIE ayu (2; +co).
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1. HEPABEHCTEBA. CUCTEMbl U COBOKYFIHOCTH HEPABEHCTB

OcTtastock HAATH mepeceueHHe
pelleHHit TepBoro U BTOPOTO He-

PABEHCTE CHCTEMEI; MOJOYYAEM JIyY
[% 3 +00) {cM. puc. 55). Ho (pruMa-

Huel) Touky x = 1 (reMHAA TOuK& HA pHC. 55) Tome cleayeT BRIW-
YHUTL B OTBET, XOTA OHA M He NPHHAICKNT YKASAHHOMY HOepecedeHHIo.
Jeno B roM, wro opu x = 1 uncauTens 2ananeci gpobu obpamaerca B
HyJb, 4 sHAMeHATENL OTJIMYEH OT HyJA (M He BAXHO, 4T0 OE mpa x = 1
OPHHHMAET OTPHIATENLHOE IHAYEHAE); CIENOBATENBHO, ¥ = 1 —
YACTHOE pellleHHe 36ZAHHONC HECTPOIOI0 HEPABEHCTBA.

OrpeT:x=1; x = 2%.

Hpuamep 5. PemuTh HepaBeHCTBO

Jx? - 16
¥ +8x+15+ V-x -4 > gyt

Peme Hue, O6acTE oHpelieeHHA ANA JAHHOTO HEPARCHCTBA 314~

—x-420,

eTCH CHCTEMOH HEDABEHCTB { 4_ x> ( PeIIHE KOTODYIO, NOMyyaeM

x < —4. Ilpu 5TOM yCAOBHH UmcAuMTeNb ApoSH, Haxopsameiica B Opa-
BOH YACTH 3aNAHHOIO HEDABEHCTBR, MOMHO Ipe0fpasSOBATH CJIENYIO-
muM obpasoM:

Vit —16 = J(x -~ H)(x + 4) =
=Jlx—4 - Jx+4 =Va—x x4

¥arsa sro, mopafoTaeM ¢ 3aJAHHEIM HEDABEHCTBOM:

P Br 15+ Jw_a g YA E Nx-4

Ji—x

xX+8x+15<0;
{(x +B}x+ 3)= 0;
-5« x < -3.

Baime MH® OTMETHAH, YTO ACIIKHO BHIOOJNHATHCA W HEPABEHCTBO
x = -4, Takum obpasoM, OKOHYATENLHO NOIYYEEM TEKOE DEIleHHE 3a-
AAQHHOTO HEpaBeHCTBa: —5 € x = —4, [ ]
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1. “ HEPABEHCTBA. CHMCTEMbBI M COBOKYMHOCTHM HEPABEHCTB

§7. 3A8AWM C NAPAMETPAMM

B xypce aare6pul 8-ro kjacca BaM yie BCTpedaXHCh
VPAaBHEHHH ¢ M&pAMeTpaMn. 3Zechk MBI PACCMOTPHM 3aJa4M C mApa-
MEeTpaMd, pellleHne KOTOPLIX CBOXHTCA K PElleHNI0 HepaBeHCTE.

IIpumep 1. HasecTHO, ure ypabHeHHe ax® — (da + 4)x + 3a +
+ 13 = 0 umeeT AeiicTENTENbHHE KOPEH (0ANE Man gpa). IIpH Kakux
SHAUEHHAK [MapaMeTpa &:

a) KAyl 13 KopHell Goasime 1;

6) kaXxAR W3 KopHeH MeHbIme 1;

B) OZMH KOpeHb Gojnine, a Apyroi mesme 17

Pemernnme, Ecan ¢ = (), T0 ypaBHeHHe NDAHUMAEST BHA ~4x +
+ 13 = 0, oTKYaa HAXOAUM: X = 14§
Ecau g # 0, To 3aJaHHOR YPAaBHEHME MOMKHO MepPelIMCATh B BHAE
4a + 4 3a +13
x? - x+ =0.

a a

+
ﬁmwmummmmy=xL-“:4 8a+13

x + p fABJIAETCA TA-
paboJsa ¢ BEeTEAMHM, HADPABJNCHHBIMA BEEPX.
a) Cnyuaii ¢ = 0 Hac BHOJIHEe YCTPAHBAET, MOCKOABKY mpi a = 0

KOpEHb YDABHEHHA X = % YAOBIETBOPALT 3AA4HHCOMY YCJAGBHK) — OH

foneme 1.
Kopanu ssaaguoro ypasHeHHda npH a # O 6yayr 6oasie 1 Torza m
TONEKO TOTHA, Korga napabosa mepeceraer och X (HLIM B KpaiiEeM cxy-
4yae KACBRETCA OCH X) B TOUKAX, Jeamux mpasee Toukm (1; 0);
reoMeTpHYECKAaA MOJeib OpeACTaABIeHA
Ea puc. 56. CocraBHM COOTBETCTBYIO- | | Uk \ {
Myl aHAJIMTHIECKYID MOJEb. \ f
Bo-mepBRIX, HOIKHO BHIIOIHATHECA
yenosue D > 0, rpe D — qacKpAMMHEAHT () = -
KBAADATHOTO VDABHEHHA (B MDOTHBHOM
caydae ypapHeHHe He OyaeT HMeTh
KopHeit). Bo-BTOpHX, och mapadbosIk Q 1
HOXHE IPOXOAUTH npasee Toukn (1; 0).
Hakomeu, B-TpeTBHUX, AGAKHO BH-
nonHATheA yeaoeue f(1) > 0, roe

4a + 4 3a +13
flx)=a? ~ ——x + =~ Puc. 56

)
¥

y"—‘-f(x

T
ol
Fey 4
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1. “ HEPABEHCTBA. CMCTEMbI M COBOKYNHOCTM HEPABEHCTB

Hrak, HaC HETeDECYIOT ANCKPHMHHART [}, YDABHEHNE OCH Iapa-
6o u sHayeHme f(1).
_ (4a+4Y _ Sa+13 _ 40 - 20a + 16

DD= () -4 T8 R D

-
2) Ypasnerue ocu napafons y = gx? + bx + ¢ uMeer Bag X = %’

2a +2
3HAYMT, AN PACCMATPUBAEMON JYRKIUH NONYYaeM X = ——-
sry=-1- Lt 2013 3

VYIUTHBAA YKA3AHHLIC BRINE TPH YCIOBHA, NPHEXOIUM K CHCTEME
HepaBeHCTB
a2
4a 2?(1 + 16 >0,
a

L — I
a >
9

=>0.
La
BHIIOMHHE NpecOpDA0BRHNA KAMKAOIO HEPABEHCTBS CHCTEMHI, IO-
JIYIM
4(a—1)’(a—4) >0,
a

‘a+2>0,

la > 0

0<ag=li;asd.
Jo6aBNB yRasagHOe BEIIE 3Ha4YeHne ODapaMeTpa ¢ = 0, noayduMm:
0<a<l;a>4,
6) BRIACHNM, OpPY KAKMX 3HaYCHHWAX NAPAMETpPA @ KODHH 3ajaH-
HOTO ypaBHeHHA Mesnme 1. Ecnua a = 0, To, KAk MBI BUAEJH BHIIIE,

x= E; aro sH&YeHAHe Goabmme 1, a mMoToMy caydaii 4 = 0 Hac Temeps

4
He YCTDAMBAET.
da + 4 3a + 13
Ecnu a # 0, To KROpEE ypaBREeHMa x* — —_—x + —— =0

Gyayr MeHpme 1 rorga m TONBKO TOTAa, KOTHA napabolia OepPeceraeT
och ¥ (MAN B KpaiimeM cioydae RaCAeTCA OCH X} B TOUKAX, JERAIIHX
nesee TourH (1; 0); reoMeTpuveckas Mofiellb UpeACTABIEHA Ha puc. 57.
COCTABNM COOTBETCTEVIQIRYED SHANHTHICCKYIS MOAENb,
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1. HEPABEHCTBA. CUCTEMB!I M COBOKYMHOCTU HEPABEHCTB

\ [% B |
W, ADF == 1 B
AL, / \ L
[}
ke /
|
2 ABNE o] [\ 7 E
/
AN P4 fu)---\'L
Puc. 57 Puc. 58

Bo-nepBuix, kaK H B OYHKTE &), OJKHO BEINQAHATHCA YCIOEHE
D 2 0, Bo-eroprix, ock mapafossl JO/MKHE OPOXCAHTE JeBee TOYKH
(1; 0). Haxomel], B-TPeTEHX, ZOJIKHEC BEIIOJHATECA yejaopue f(1) = 0.
VYUNTHBAA VKABAHHKE BHINE TPH YCAOBHSA, NPHXOINM K CHCTEMe
HEDABEHCTB
4gt — 20¢ + 16
— =0,
20 +2 <1,
a
9s0.
a
Brinoauns npecbpasoBaHNA KadA0TO HEDABEHCTBA CHCTEMH, NO-
JYIHM:
da - 1ia-4)
— =0,

a+2<0’

a > 0.

974 CHCTEMS He HMEET pelieHHi.

B) l'eoMeTpHuecKas MozeNb CATYAITMH, KOTZa 1 HaXoauTea Mex-
Ay KOpDHAMH ypDaBHEEMHA, OpeacTaBieHa Ha pue. 58. Hocraroumo
norpefoBaTe BmmoaseHnas yexosaa f(l) < 0. TakrMm obpasom,

9
IPHXOAAM K HEPABEHCTBY _ < 0, oTrypa BaxoguM a < Q.

Orpem:a)0<a<l;a=>4;
6) TAaKHX 3HAYEHHII mapaMeTpa HeT;
B a <0,
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1. HEPABEHCTBA. CHCTEMBI M COROKYNHOCTHU HEPABEHCTB

INpumep 2. CroabKo KopHedl NMeeT YpaBHeHUe
x—2l=ax+1

OpHA PA3NUYHEIX 3HAYEHHAX HapameTpa a?

Pemenue. [leppblit cnocof. Ecnmm x 2 2, 10 |x - 2|=x-2,
YpaBHeHNE OpHANMAET BUE x — 2 =ax + 1, T.e. (1 — a) = 3. Ecou xe
x < 2, 10 |x - 2| =—(x — 2), u ypaBEenne npEAUMaeT Bug —(x — 2) =
=ax + 1, 1.e. {1 +2)=1.

Hrax, nonyuynnach COBOKYOHOCTE ABYX CHCTEM:

{xs—z, {x<2,
x(l —a) =3 x(1 +a) = 1.

PaceMOTPHM OEPBYKO CHCTeMY COBOKyHmHoCTH. Eeom 2 = 1, 10
YPABHEENE CACTEMEBI HE NMEET DEIMEeBHil (HOCKOABKY IDAHHMAST BAJ

0 =3). Ecan a # 1, To us ypaBHeHHA CHCTEMH HAXOAUM X = i—a
9ro sHaveHHe OyAeT KOpHEM 3aJaHHOTO YpaBHEHHNA, ECAH YAOBJET-
BOpAET HEPABEHCTBY X = 2, M He ABAAECTCA KODHEM, €CIH HE YHOB-

JIETBOPAET YVKASAHHOMY HEDABEHCTBY.

Pemms mepaBeHCTEO lf # 2, moayyum —0,5 € g <1,

a
Hrak, ecax —0,5 < a < 1, To cHCTEMA NMeeT eAUHCTECHHOS pelte-

HHE — X = 3 ecm ¢ < 0,5 wm a > 1, To cCHCTeMa He MMeeT DelllenH i,

1-a

PaccMoTpEM BTOpDYI0 CHCTEMY COBOKYOHOCTH, Ecam ¢ = —1, To
VPABHEHHE CHCTEMEI HE HMEET DEIIeHHH (IoCKOJABKY HDHHHAMAET BHJ

0 =1). Ecaa @ # —1, To N3 YpaBHeHNSA CHCTEMH HAXOAHM X = i+a

D10 sHAUECHHE ABNAETCA KOPDHEM 3AJaHHOIO YDABHEHHUS, €C/AH VIOBJe-
TBODAET HEPABEHCTBY X < 2, H He ABJAAETCA KOpPHEM, €CIH He YEOBJIe-
TBODAET VKASAHAOMY HEDABEHCTBY.

Pemme HEpaBeHCTEO < 2, noayunm: ¢ < —1; a > —0,5.

l+a
Hraxr, ecmn 4 < -1 wan a > -0,5, To cACTEMA HMeET eIHHCTECHHOE

pemIeHue X = ﬁ; ecmm —1 < a < 0,5, To cacTeMa He AMeeT pertreHmii.
OfpeqAANM MOJYIEHHBIE BHIBOBI.
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1. || HEPABEHCTBA. CHCTEMbBI M COBOKYMHOCTH HEPABEHCTB

1) Ecam ¢ < —1, To BTOpAA CHCTEMA HMeeT €IMHCTBEHHOE pelle-
HHe, A O€pBAad — HE HMeeT pelneHEi. 3EAYNT, B STOM CJOIYUae JaJaH-

HO® ypABHEHHE HMEeT €AWHCTBEHEEHIH KOPeHE: X = i+a

2) Ecax -1 < a < —0,5, To obe cuCcTeMB HEe MMET PelleHnii, 3HAa-
9HT, sAfaHHOEe YDABHEHHE He HMeeT KopHeli.

3} Ecam ¢ = —0,5, To nepeasa cHCTeMa HMeeT pelIeHHe, A BTO-
pas — HeT, 3HAYHT, 34ZAHHOe YPABHEHHE MMEET eAHHCTBeHHHIH KO-

N _g
PeHB: X = 7_ o, T. €. X =2,
4) Ecom —0,5 < @ < 1, To ofie CHCTeMEl HMEIOT penieHnd, BHAYHT,

3 1
3a/aHHEOe YPABHEHAE MMEET ABA KODHA: X, = T_ o> %2 = {3 4°

5) Ecau @ > 1, To BTOpDAA CHUCTEMA HMEET pell¢HAEe, & DePBafA CHC-
TeMa He¢ AMEeT peIIeHHii. 3HAYAT, B 9TOM CAVIAS 3AAaHHOE YDABHCHHAE

1
HMEET eIWHCTBeHHEIH KODeHB: X = iTa

Bropog croco6. Ha puc. 59 usobpasken rpadmk dyaxnun y = |x — 21.
Yyeno kopHelt ypasueHud |x — 2| = ax + 1 paBHO uMeNay Touexr
nepecedeHESA DOCTPOeHHOTO rpadhaka i rpadura byaxoun y=ax + 1 —
npamoii, npoxopameit uepea Touky (0; 1). [Ipu @ = —1 3718 opamas
napajiieibHa JeBoH peTBH rpadura ¢yEkmuMm y = |x — 2|; opm
a = —0,5 ara npaMad DpOXOZUT uYepes BepmmuMHY rpadmea ¢yHxmmm
¥ =ix— 2|; opu a = 1 ara npaMas NapaineabHa opaBod BeTBH rpadmuka
byarnpY ¥ = {x — 2|. FiMeRHO yKa3aHHLIE TPH 3HAYCHAA A ABAAKYICH [71AB-
HBEIMM ANS OONCAHMA Beeit cHTyammn.

IIpn a = -1 ypasHeHHe He HMeeT 7k
KopHeti, 4 OpE ¢ < —1 — OIHH KOpeHb
(cM. pme. 59). IIpu a = —0,5 ypasHeHHe
HMeeT OfiHH KopeHs, opa —1 < ¢ < -0,5 — . :sz
He mMeeT KopHed, a opar 0,5 <a <0 — \F
HMeer asa kopaa (puc, 60), IIpa0<a<1
yPaBHEHHMEe MMeeT JBA KODHHA, A& IDH
a » 1 — oguH KopeHb (puc. 61). [7]

OTreeT ey g < =1, g =-0,5 mum
a # 1, To ypaBHeHHE AMeeT OJJHH KODEHb;
ecan —1 < g < —0,5, T0o ypaBEeHHe He
HUNeeT KopHei; ecnm —0,5 < a < 1, To
YpaBHEHHE MMeeT AB& KODHA.
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ZNRER LENFAEN
p=ax+1 | ;" %
M (—0.5€a<0) /’\ é; Ahy‘_,o'" o
2 h N T EEY o7
NEE TP
1 A ‘F [ ’:Jr et
Za Y /o
Lo Zd —
o MN| e\ T 1 @ <
S\ e %1&1. 3
CANCINR /) /
SN x5 8 7y e
LN I ol 2
/
P | T 1TT
Pue. 60 Puc. 61

Npamep 3. lIpr xKarux 3HAYCHUAX OADAMETPA ¢ CHCTEMe He-
paBeHCTB

x +4x2 -Bx <0,
fx - 2a|< 2

YAOBACTBOPHET TOALKC OAHO SHAUEHNE mepeMeHHOR x7
Pemerue. PaccMoTpHM mepeoe HepDABEHCTBO CHCTEMEL:

x(x*+4x -8 <0 xlx— D(x+ 5 =<0.

T'eoMeTputieckan HANKKCTPANHA PelIeHNA HepaBeHCTEA NPEACTAB-
nena Ha puc. 62. Pemenne coctowT B3 Tyua (—oo; —5] u orpeaxa [0; 1)

PaccMoTpuM BTOpOe HEPABSHCTBC CHCTEMEL. UITOOR H30GDAINTE €TO
peIIeHNa TeOMeTPUYECKHA, HY)XHO OTMETHTE Ha YHCI0BOHA NpsaMolt Tou-
Ky 2a u eme ABe TOYKH, YAAWICHHEIE OT HES BOPABO M BIEBO Ha 2 eau-
HEHIH MacmTada. IlosyurTea orpesok [2a — 2; 2a + 2] (pue. 63), nnu-
Ha KOTOpPOTO DPaBHa 4.

BajaHEHAA CHCTEME HEPaBeHCTB OyAeT MMeTh eZHHCTBEHHOE pe-
menne (T. €. PEIIEHNE, COCTOAINEE H3 OZEOH TOYKH) B TpeX CAyYaAAX!

1) ecnm neBriil rRoBen orpeskra [2a — 2; 2a + 2] cosnagaer ¢ Tou-
Kolf —5; B 9TOM CJIyuse eAMHCTBEHHALIM PellleHHEM CHCTEMEI HEDABEHCTB
Oyaer x = —5;

S [/ /11"1)111111111/ -,
-5 o~1 2a-2 2 20+2 x
Pue. 62 Pue. 63
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1. HEPABEHCTBA. CHMCTEMbI M COBOKYMHOCTHU HEPABEHCTB

2) ecomm mpasenil koHeR, orpeska [20 — 2; 20 + 2] coBmagaer ¢ Tou-
Koii 0; B TOM coIyuae eJHHCTECHHEM PEINeHHEM CHCTEMEI HEDABEHCTE
byner x = 0;

3) ecau nephlit KoHen oTpeska [2a — 2; 2a + 2] cosnapaer ¢ Tou-
Koif 1; B 3TOM ciyuae eANHCTBEHHEIM PellleHKEM CHCTeMbl HEDABSHCTB
Gyaer x = 1.

A Teneph HailiZieM BHAYEHHSA NAapaMeTpd, HPH KOTODHX HACTYIAET
OMAH N3 TPeX YKARAHHBIX BHIIE CAYIALB.

B cayuae 1) ameem: 20 — 2 = -5, T, ¢. a = —1,5.

B cayuae 2) ameem: 2a + 2 =0, 1. 2. a = ~1.

B ciyqae 3) aMeeM: 2¢a — 2 =1, 1. e. a = 1,5.

Orser; -1,5; —1; 1,5.



FNABA

2 CUCTEMbI YPABHEHVMA

YpasHeHus ¢ ABYMSA NeDEMEHHBIMH

HepaBeHcTea ¢ RBYMA NODEBMEHHbIMH

OcHoBHbIe MOHATHR, CBAZAHHLIO C CHCTEMAMHU
YPasHeHMA 1 HBDABEHCTB C ABYMS MNEDEMEHHbLIMHU
MeTtogbl peleHns CHCTeM YPaBHeHHH
OaHopoAHbie cHCTeMbl, CHMMETDHYECKHE CHCTOMBI
Vippawponanchbie cHcrembl. CHETEMBI € MOAYRTMM
CHCTEMBI YPABHEHMIT KK MATEMATHYOCHHE

MOZeAN DOAMbHLIX CHTYaLH

WP Un LR U Wn O O
wh wh uwb wb il
pbwhe oom

§8. YPABHEHMS C ABYMA NEPEMEHHBIMM

Onpedeneniie 1, YpanaeEHeM ¢ ABYMA NePeMEHHLIMH Ha-
3BIBAIOT ypaBHeHue BHaa f{x; y) = 0, rme f(x; y) — anrebpamueckoe
BEIpaseHUe. PellleHleM ypaBHeHWH ¢ qByMs nepeMeRHRIME Xx, i) =0
HAZKBAIOT APy YHCEN (X; i), KOTOpAd YACRIETBOPAET YPABHEHMIO, T. €.
TNOJCTAHOBKA KOTOPOHA B ypasHeHue o0pamaeT ero B BeDHOE YHCIIOBOE
PABEHCTHO.

Hanpumep, (8; 7) — pemenue ypasEenus x2 + y° = 58, nockonn-
ky 3% + 7° = 58 — BepHoe umcOBOe paBencTBo; (v22; —6) — pelme-

Hune ypasHeRua x° + y? = 58, nockoabky (/22 )2 + (~6)% = 58 — pep-
HOE YHCJ0BOe PaBeHCTEO. B To ke BpeMda mapa (4; 5) me asaaerca
pelleHMeM ypaBHEeHNS, NOCKOIbKY 4° + 5° = 58 — HemeprOe uHCIOBOR
PABEHCTBO,

Onpedeaenue 2, lpa ypaprerna p(x; y) = 0 7 g(x; y) = 0 na-
SHIBAIOT PABHOCHILHLIMH, €CAN OHH MMEIOT OANHAKOBHE PeIIeHNH
(B YACTHOCTH, eciau 00a YPABHEeHHMA He MMeIOT pemeHuii).

O6LIYAO NpA pemeHHH CTAPAIOTCA 33MEHHThL JAEHOE ypPaBHeHHe
Gosiee MPOCTEIM, HO DABHOCHJBHEIM eMy vpasHenueM. Taxywo aaMery
HASHIBAIOT PAGHOCUALHBM npeobpazcearues ypasHernusa Hmme yka-
38HH OCHOBHBIE PABHOCHJILHEIE IPEOGDASOBAHMA.
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2. " CHUCTEMbI YPABHEHMI

1) Hepenoc unenog ypaséHeRus uld O0HOIL yacmu YpasHeRus
& dpyzyi ¢ RPOMUBONORONHIMIL IHAKAMIL.

Hanpumep, 3aMens ypaBHeruns 2x + 5y = Tx — 8y ypapHenmeM
2x — Tx = —8y — By ecTs PABHOCHJBHOE HpeolpasoBaHHE,

2) ¥Vaunoxncernue unu Oenenue obeux wacmeil ypasHenus Ha 06RO U mo
Ae OMAULHOE G HYAR HUCAOC WAL 6biDANcerUe, 6CI00Y OMAUYLHOE OM HYAR.

HanpuMep, saMera ypaprenus (,5x% — 0,8xy = 2y ypaenenmeM
5x* ~ 3xy = 20y (ofe uacTH YPABHEHHS YMHOXUIM mowieHHo Ha 10)
€CTh PABHOCHILHOE npeolpasoBaHme.

HepapHOCHABHEIMH NpeoOpa30BAHNAMH YDABHEHHMA, KaK M B CIY-
Yae ypaBHeHHH ¢ OZHOMH NepeMeHHOM, MOryT OLITh:

1) oceoboxcdenue om 3namenamenell, cofepicauwiLx nepemernbvie;

2) sozeedenue ofeux vacmel YpasHenus 8 00RY U My we YemHyn
CIMEneHs.

Ecnu B npoliecce penieHHd YPABEEHHA NPUMeHANIOCH ORHO H3 YKG-
34HHKIX HEPaBHOCHJABHKIX npeofpasoBaHmil, TO Bce HAHTeHHHE pele-
HHA HAAO NPOBCDATE MOACTAHOBKOH B HCXOZHOE YPABHEHHE, TIOCKOJIE"
Ky cpeid HHMX MOTYT OKasaThCH NOCTODOHHHE DellleHMA, T. €. NapH,
He YAOBJETBOPHIOIIAC HCXOAHOMY YPABHEHHIO.

VYpaBHeHNe ¢ ABYMA NepeMeHHHMHN Yamje BCErc HMeeT GecKoHed-
HO MHOTO pemennil. Ho 6mBaer, uro ypasBHeHEHE ¢ ABYMS mEpEMeH-
HHMH MMeeT KOHEYHOE MHOMECTBO pellleHMH HUAM BOBCe He MMeeT
pemennii. Hanpumep, ypaBaeHENE «/.; + J; = —1 He MMeeT peImeHnid,
a ypasaesme (x — 1)* + (y + 2)° = 0 nmeer ezuECTBEeHHOE pEMIeHHE
(1; —2) (nupu Beex OCTAJNBLHEIX 3HAUYEHASX IOEePEeMEHHEIX JEBaA HACTh
VPABHeHHA MOJOMKHTENbHA, T. €. HE PABHA HYJIO).

Cpean ypaBHeHHI ¢ JEYMA NePEMEHHRIMHA BRIJEIAKT TAK HASKIBA-
eMile POUUOHAALHbIE YPAGHERUA, T. €. YpaBHeHUA BHAa plx; y) = 0,
rae p(x; ¥) — pPALUMOHANLHOS BRIDAKEHHE (BRIDAXKEHHE, COCTABIEHHOE
H3 4nce] M NEePeMeHHBIX ¢ OOMOILBI0 APMPMETHYECKHX onepauuii).
Ocobrlil AATEpPEC CPEAHE HUX NPEICTABAAIOT OJHOPOZHEIE YPABHEHHMS.

Onpedenenue 3. MEOrousen ¢ AByMA mepeMeHHBIMH BHAA

o y=ex*+a,x* y+a, x4+ ...+ ey ! + agy”,
TIe @, WIH 3p OTJAHYHO OT HYJf, HASLIBAIOT OXHOPOSHEIM MHOTOUJIe-
HOM n-l ¢cTENeNM ¢ ABYMA INepeMeBHMIMH X, ¥. Ecan p(x; y) —
OSHOPOAHKIT MHOrO4YIeH, TO ypasHeHHe p(x; y)} = ( HasmEaOT
ONHOPOAHHIM YPaBHEHHEM.

XapakTepERI OPA3IHAK OJHOPOAHONG MHOIOW/ICHA — CYMMA IO~
kazarenell creneHeil nepeMEHHHKX B KA)X/IOM 4IeHe MHOTOYNIEHA OFHA
H TA e,
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2. CHMCTEMbI YPABHEHMA

IIpuBezeM DpAMephL:

plx; ¥) = 2x + 3y — ogHOPOAHKME MHOTOUNEH MEpPBOL CTelNeHH;
coorpercreedne 2x + 3y = 0 — ogHOPOAHOE YPABHEHWE NEPBOH CTENCHH;

px; y)=3x% + Bxy — Ty* —— oXHOPOAHLIN MHOTOYNIEH BTODOIL CTe-
mesw; ¢cooTBercTBeEHO 3x2 + Sxy ~ Ty? = 0 — oaEOpOAHOE ypaBHEHuME
BTOpOI cTenmenn;

Px; ) = x* + dxy® — 5y — onmopoAHLIN MHOTOYIEH TPeTheil cre-
nexu; cooreercTeeRHD x° + dxy? ~ 517 = 0 — oaHOpOAHOE YparHEHHE
TPEThEH CTEImeHH;

Px; ) = 2 + 4xy® — 552 + 8xy — HeoAHOPOAHHIH MHOrOWIEH.

J106y10 HOHCTAHTY MOMHO CUATATH OAHODOAHEIM MHOTOWICHGM

HYJeBoH CTeneHW: HAIPHMED, 3, 7 » —0,3 -— oHOPOAHEIC MHOPOUICHE
HYJEBOH CTENeHH.

CymecTByeT AOCTATOYHC HSAMHBIEN cnocod pelTeHHA OAHODOJHBIX
ypasaennit. JlogcEMM ero cyTh HA ABYX OPHMEpPax, CBAZAHHEIX ¢
pelreineM OJHOPOTHEIX YpPABHEHHME TpeTheil cremeHm.

NMpumep 1. Pemure ypasrerne x* + 4xy® — 58 = 0,

Pemenne. 3aMeTuM mpexie BCero, 4To €CJH B 3aAAHHOM
YpaABHeHuH Ooloxuts ¥ = 0, T0 monxyuywrea y = 0; pro smawar, wro
mapa (0; () asaseTca pemeHneM OAHOPOAHOID YDABHEHHMA (9TOT pe-
BYABTAT CHPABENJIHB AJIA JAIOO0r0 OFHODOZHOTO YPEBHEHHS NOJIOMHU-
TeAbHOH CTeneHu).

IIyers Temeph x # 0. Paagenus mouneEHO ofie wacTE sagaHHOrQ
OAHODOJHOTO YDPABHEHMA TPeThe# CTeNeEM Ha x°, moAyqHM:

2 3
1+4(%) - 5(2) - 0.
) < x
BBejfeM HOBYIO DepeMeHHYIO: Z = % Toraa ypasEeHHe NPHMET BHJ,
1 + 422 — 52° = 0. Pemmm 310 ypasHeHHE:
525 - 422 -1=0;
(52 -5 +(2-1)=0;
2%z-1+(2- 1Yz +1)=0;
(z-1}5z22+z+ 1}=0,

W3 ypasreaus z — 1 = 0 gaxonum: z = 1; ypasrerme 522 +z+1=0
He MMeeT KopHeif.

Ecmu 2z =1, 10 % =1, 1. e. ¥y = x. 910 3HaUAT, YTC NAK0GaA mapa
suja (i; i) sprAeTcA pellleHHeM IASAHHONC OXHOPOAHOTC YPARHEHHA
(napa (0; 0) Taxxe BXoJAT B YKASAHHHIN nepedeHb pemrerH).

OTreem: (t; t), t € R.



2. CUCTEMbI YPABHERMIA

NDpumep 2. Peurnrs ypasHenme 2x* — Sx%y + 2xy* = 0.

Pemenne. UMeem x(2x% — 5xy + 2¢%) = 0. Buauur, aubo x = 0,
mmGo 2x% — 5xy + 2y° = (0. B nepeoM clyuae 3aflaHHOMY ypPaBHEHUID
yaoBaersopaioT Jobnie napk BHAa (0; t), roe ¢ € R. Bo sropoM cay-
98e, pasAe]HB ModaeHHo ofe YacTH OJHOPOAHOrO YpaBHeHHA BTOPOlt
crenenu 2x% — Sxy + 2y* =0 na x%, nony9AM PABHOCHNIBHOE YPABHEHHE

3
_gl LA .
2-5¥+2(L) <o
BreaeM HOBYKO DepeMeHHYIO 2 = % Toraa ypasHeEHe OPHMET BHJ
222 — 52 + 2 =0, oTKyZa HAXOAHM: 2, = 2, 23 = %, T. €. JHOO % = 2,

a noroMy ¥ = 2x, xmbo % = %, a moroMy x = 2y. 3To sHayuT, UTO
mGan napa euga (t; 2¢) nnm (2¢; {) apadercs pelleHNeM 3AJAHHOIO
OAHOPOAHOTO YPABHEHUS.

OrpeT: (O; 1), (& 28), (24 ), roe t € R.

BepreMmca eme pas K NoCHeAHEMY OXHOPOXHOMY ypaBHeHmw. Iloay-
JeHHBIH OTBET cJAefyeT IMOHWMATE TAK: IPH BIMIAKe Ha mobyi napy
qHCEN MBl MOYKeM CPa3y CKa3aTh, ABIAETCA OHA PellleHHeM YPABHEHHS

nunn Her. Hanpnmep, peieHnAMy 38 ZAHHOIC OZHOPOZHOrD YPABHEHHA
ABAAIOTCA:

(0; 0), (0; -5), (0; ¥B) (ar0 mapu suaa (0; #);
(13 2), (-4; -8), (¥7; 2/7) (oro mapw Buza (¢; 2t));
(6; 3), (~T; -3,5), %; %) (970 maps suaa (2¢; £)).

B 10 e BpeMd TaKHe, BANDEMED, NAPH, KaK (5; 5), (3; 0), (2,5; 0,7)
He SBAAITCA pPeIleHNAMH 3aJ8HHOTO ypaBHEHHA.

Qnpedenenue 4. Ppadurom ypasaenns plx; y) = 0 saanpaior MHO-
JKECTBO TOYEK KOODTHHATHOHN ILIOCKOCTH XY, KOODAMHATHM KOTOPRIX
YAOBJIETBOPAKIOT 38JAHHOMY YPABEEHHIO.

Hanpumep, rpadhuroM ypasrenna iy — 2x% = () asnaerca napatona;
9To6R B »TOM yOeaHMThCA, JOCTATOYHO NpPecdPA3OBATH YpaBHEHME

&1



2. " CUCTEMbI YPABHEHIMH

77 7
5 2
\ 2 iy
'i‘?,\‘ l’ g T e
1] -
o I - I'Q-—l— 1] F. X
2
e I‘
T +
Pnc. 64 Puc. 65

K BUAY ¥ = 2x? (rpadur ypaszenns nsofparxen ma puc. 64). I'padurcom
YPaBHeHHA Xy = 2 aBagerca rumepfona; aTobw B proM yleaHTHCH,

AGCTATOYHO NpeofpasoBaTh YDABRHEHME K BHAY U = % (rpadur ypas-
HeHns maolpaxxen Ha puc, 65).

TakuM obpasoM, ecan ypabmrenme p(x; y) = 0 yoasercs npeobpa-
30BaTh K BHAY ¥ = f(x), To rpaduk ¢yHrnum y = f(x) cunraerca
OIHOBPeMEHHO U rpadmixoM ypaBHeHnd plx; y) = 0.

Jo cAX mop MK OHHPANHCH JHIIL HA MATEDHAJ, HIBECTHHIN BAM
n3 Kypca anrefpu 7—8-ro Kiaccop: rpadukaMn GLUIM npsaMas, na-
pabona, rooepbona. Teneps Mul pacmupaM KpyT reoMerpuyecknx hbu-
r'yp, EOTOPREIE MOTYT CAVIKHTE rpaduraMi YpPapHeHHH ¢ ABYMA Iepe-
MeHHRIMHA,

Teopema 1. Paccmonrnue mexncdy mouxanu A(x; 1) u B(xs; y2)
xoopdunamnoll naockocmu x0y svivucasemca no Ppopmyne

AB = J(xs -5+ -n).

JdoxaszaTenbcTsno. CoeamHuaM Toukn A(x;; y,) B B{xs; y,) oTpes-
KOM W MPOBEAEM NPAMEIE X = Xy, X = X3, §¥ = i, ¥ = Y2 (puc. 66). Pac-
CMOTPUM NPAMOYTONRHEI TpeyroasEmk ABC, Ilnvna rarera AC paBHa
PECCTOAHMIO MEXKAY TOYKAMM X, M X; OCH X, T. €. AC = |x; — x|, Tnn-
Ha xKaTera BC pabHA DACCTOAHHIC MeXOY TOYKAMH }f, H ¥; OCH Y, T. €.
BC = |y, — y|. IIo reopeme Iludaropa AB? = AC? + BCE, 1. e,

AB? =|x; — x,* + |ya — il 1)

&2



2- " CUCTEMbl YPABHEHA

77 [ 1
B Y Y=t

“\-.._

™ =t

C ¥ A
Xy (4] X %
XX X=X,

Puc. 86

Tax kax |al? = a?, 10 dopmyay (1) MOXKHO TIEDENIHCATL B BHIE
AB® = (x; - 01 + (g — p)?
wm AB = (J(x, — x,)* + (¥. — 1 ). Teopema Joxasama.

BriyucauM, HaNpuMep, paccToAHHe Me:xAy Touramn (9 —1) u
{2; —25). Ilomyaum
J(2-9P + (=25 + 17 = 7% + 24 = /625 = 25,
Teopema 2. I'paduxor ypasienus
(x-aP+{y-bpF=r (2)
REAREMER OKPYHROCING HG Koopdunamiiold naockocmu x0y ¢ yenm-
pox & mouxe O'(a; b) u paduycox r (r > 0) (puc. 67).

[TTTTT 7%
x-aY+@-b'=r
Mix; y)
O'(a; b)
€7
Pue. 67

é3



2. CHUCTEMbI ¥P ABHEHWH

NoxazaTenscTso. BosbMeM mobyio Toury M(x; y) oxpyxao-
cru. IIo Teopeme 1 O'M = J(x —aF +(y-byF. Ho OM =r, aEa

YHT, r = J(x —a) +(y~-b)2, re,

(x—af+@y-bpP=r.

Hrak, xoopauaaTs! J0060# Toukm M(x; y), opuHaanesxamest ox-
PYKHOCTH, YAOBJIETBOPAIOT YpapHEHHIO (2).

Ecan Touxa Px; y) He memur Ha OKPY)KHocTH, To Jubo O'P < r
{ecau Touxa P pacoono:keHa BEYTPH OKpYKHOCTH), anbo O'P > r (ecim
Touxa P pacnonoxxena BHe OKpy:kHocTH), H B TOM, H B ADYTOM cay-
yae ypapHeHN0 {2} KOOpAMHATEI TOUKH P He YAOBJETBODHIOT.

CiegoBaTenbHO, TOYKH OKPYHOCTH H TOJBLKO OHH YAOBAETBOPS-
1ot ypasaermo (2). Tecpena aoxasana.

Ipumep 3. locrpouts rpadux ypapHenud x2 + y* = 16.

Pemenne. Ilepennniem ypasHenne B puge (x — 0P + (y — 0)* = 42
IIo TeopeMe 2 rpabHKOM 3TOr0 YDABHEHHA ABJAAETCA OKPY:KHOCTH
¢ meHTpoM B Touke O(0; 0) u papuycom 4 (pnc. 68). |

IIpamep 4, TloctpouTe rpadbnk ypasEeHHS:
a{x—-12+(@y-2%=9 6)x*+y*+4x=0.
Pemenmne. a) [lepenumenm ypasHeHue B Buge (x — 1)% +
+ (y — 2)? = 3%, T'pathuroM 3TOrO YPABHEHHSA TIC TeopeMe 2 ABAAETCA
OKDYMHHOCTEH ¢ HEHTpoM B Touke (1; 2) u paguycom 3 (pme. 69).
'6) TlepenniueM ypapHeHHe B Buge (x* + 4x + 4} + y* =4, 7. e.
(x+22+y2=4

u fAanee
(x - (-2 +(y-0yF=2%
BlTT] 7}
2 +y*=16
- 4 TR (x -1+ (y - 2} = 0.
. ™
- [ N\
—4 2] 4| ¥ 9
AN P4 \of ! -
e —4 | o \ 4 x|
| 1
Puc. 68 Puc. 89

64



2. CUCTEMbI YPABHEHWH

I'padmxom 9TOTO ypaBHEHAA IO TEO- 7Y
peMe 2 ABJAAETCA OKPY?HHOCTE C IIEHTPOM |
B TOuKe (-2; 0) i paguycom 2 (pac. 70),. B | & +2) +y' =4 2
el
s
\

IIpumep 5. IlocrporaTe rpadur
YPABHEHU A ¥ oGx+ g+ 275 0. -4
4x - 3y AN
Pemenne. [Ipobs paBHa HYIIO —
3TO SHAYMT, UTO YACINTENL PABEH HYJIIO,
A JHAMEHATENb OTIHYeH oT Hyasa. IIpu- Puc. 70
P4BHAB YHCANUTENb K HYAI0 ¥ BHINIOIHHB
moHATERE npeobpasoBanus, noayauM (x — 3)° + y* = 6,25. Do ypas-
HEHNE OKPY/KHOCTH paguycoM 2,5 ¢ neHTpoM B Toukre (3; 0).
Paccmorpum ypasaenne 4x — 3y = (. Ero rpadukom apnserca npa-
Mas, TPoXOoNdINasa Jepes HAYAL( KOOPAMEAT B Touxky (3; 4) (puc. T1),
OHA ODEepeceKAeT CKDYIKHOCTh B ABYX TOUKGBX; HMEHHO 3TH TOUKH H
caexyeT MCKAIOUHTH. TakuM o0pasoM, rpadEKoOM YDaBHEHEHS ABJIAET-
CA OKPYKHOCTb ¢ ABYMA «BHKOJOTHIMH» TOUKAMH,
OcTaaoch BRIACHHTE, KAKHME e TOUYKH HAM NDHINJIOCH +BRIKAJEI-

uY

BaThs. 13 ypasHenua 4x — 3y = 0 HaxoanmM: y = %x. IlogcTasuM %x

BMECTO § B YPABHEHHE OKPYKHOCTH:

¥y V
— 4
»/":
* /
2,5 A

W ]

.
/r ;x—-a)'+y’-6 25—
¥

Puc. 71

65



2. CHCTEMbI YPABHEHA

(€ - 3¢ + {%x]e = 6,25;

#-6x+9+ 85 B g

100x2 ~ 216x + 99 = 0;
X1 = 0,66, Xy = 1,5-

Ecmn x = 0,66, To no dopmyne y = %x HaxoauM y = 0,88; ecan
x=15T0y=2,

OTee T rpaduroM ypABHEHEHWA ABNAETCH OKPYXKHOCTE (M. puc. T1)
¢ OBYMS <BHIKOJOTHIME» Touxkamm: (0,66; 0,88) m (1,5; 2).

§9. HEPABEHCTBA C ABYMS NEPEMEHHbLIMM

Heapazay ¢ ypaBEeHHAMH C ABYMA NePeMeHHEIMH DaccMaT-
PHBAIOT N HePAGEHCMEE ¢ JBYMR NEpeMeHHLUMI — ITO HEPABEHCTRA BIA
plx; 1) > 0, plx; y) < 0. Kax npapuno, AAA WX pelIEeHNA HCIOALIYIOT
TEOMETPHYECKYI0 MOfenbh — HaolpasKeHWe pelnleHHs HEDABEHCTBA Ha
KOODAVMHATHON IJIOCKOCTH B BHAE MHOMKECTB& TOHYEK, KOOPAMHATEHL
KOTOPEIX yAOBJIETBOPAIOT HepaseHeTsy. Hanpumep, Ha puc. 72 naobpa-
#KEHO MHOMECTBO pellleHuHl HepaBeHCTsa ¥ = 2x% — ToUuRH, Jemaime
"a mapafoyie W BHIIIE Hee; HA pHC. 73 H300pameHo MHOKECTBO
pemenn#l HepapedcTea x* + y° « 16 - ToukH, JekKalHe HA OKPYK-
HOCTH pagmycoM 4 ¢ neHTpoM B Touke (0; 0) U BHYTDH CTDEHHYIEHHOrO
€0 KpyTa; H& pHC. T4 n300pAMeH0 MHOMECTEO PellleHHH HepaseHCTBA
(x + 2)* + y* > 4 — TouKH, AeXKalNe BEe KPYra.

WiTTTI
j x'+ly'l=16__
& 3
it
P Y |
i
- 417
0o X
7/
—4
I
Prec. 72 Prec. 73

&6



2. CUCTEMbI YPABHEHWIA

I i
T,
Wﬂ#”#####ﬂ y=2_
Wit /ﬂ/ﬂ

) /ﬂﬂ/
Wﬂl#ﬂﬂ”ﬂ”#
ML,
WAL I

Pme. 74 Pue. 75

IMIpamep 1. PemnTh HepapeRCTBO XY < 2.

Pemenne. Ecan x = 0 To HepaseHCTBO OpuEnMaeTr Bug 0 < 2.
9To BepHOE HEpABSHCTBO, AHAYNT, BCe TOYKHA ocH Yy (Hpamasa x = ()
IDUHAZIEKAT MEOKECTBY PeIeHn#H HepareHCTEa, Ecm x > (), To Hepa-

2 .
BEHCTBO X < 2 MOMKHO NEPENHACATEL B BHAE I < = 3HavnT, B OIpaBoi

OONYIVIOCKOCTH (pu x > () cAeyeT B3ATHL TOUKM, JNeKAINNEe HUXKe Hpa-

BO#1 BeTBH IvmepOoJIH I = % Ecm x < (0, T0 HepaBeHCTBO XY < 2 MOXMHO

2
NepenncaTh B BHAC j > - 3H4unT, B AeBOH NOAYILIOCKOCTH {TIpH x < ()

cleayeT B3ATh TOUKH, JeXRanme BEIIIe NeBo# BeTBH ranepboam. MHo-
MECTBO PeINeHMA HepapeHCTBA Xy < 2 maolpazkeHo Ha puc. 75. [ |

Haorga npu nmocTpoesEnH rpadHKka YpaBHeHHA ¢ IBYMA HepeMeH-
HEIMH HPUXOJHTCA NCOOALIOBATL HEDABEHCTBA C ABYMS NEPEMeHHHI-
MH. PaccMoTpuM gBa npuMepa.

+ 8
INIpamep 2. IlloctporTs rpatdhuy ypasHeEma (x — 2) : —3 =

=J{y + 3)(x - 2).

Pemenue, Hanmume 3HAKA «MHHYC» Nepel] KOPHEM B IpaBoil
9aCTH YPABHCHMA 3ACTARAACT HAC OOTPeGOBATL BRINOJHEHHA JOMOJ-
HETeALHOrO yeaoBug ¥ — 2 < 0, Ecax x — 2 < (, To manmune mox
SHAKOM KODHS BHpaXeHHA (¥ + 3)(x — 2) BHBEYKAZET HAC NDAHATH
enje 0AHO AONOJHUTEAbHOE orpannyeHne: y + 3 < 0. IIpH yKasaHHBIX

&7



2. Ll CUCTEMbl YPABHEHMH

77 OrDAHMYCHNAX WMEKIIHECH DANHKAJLI
MOKHO NpeofpasoBaTh CASAYIOIIHM of-
pasoM:
Szl L Ll Ve de-2 = ly+3l- Jix - 2|
= J—y—3 N2 - x;
-3
y+3 Ju-3
777 \f]x_z = oz
DALY %%
U AN Z Temeps mopaboTaeM ¢ 3afaHHHM
// 7 YPABHEHHEM:
L
Jv-38
A (x—z)yﬁr\/—y—s-dz-x;
Puc. 76 2=

ey N it §
Takum ofpasoM, 3afaHAOE YpaBHEHHE BEITIOJHAETCA OPH JIOORIX
AONMYCTHMHX SHAYEHHAX INepeMeEHHX. JTH AOOYCTHMEBIe SHAYEHHA

x-2<«<,
ONpeAeNAIOTCH CUCTeMOH HepaABEHCTH
y+3<0.
Ha pue. 76 npeacTaniaeno MEHOKECTBO TOYEK KOODAHMEATHOH ILIOCKO-
CTH, KOTODEIE YAOBJIECTBODHAIOT 3ANAHHOMY YPABHEHHIO. |

Hpumep 3. [locTpourek rpadur ypapHeHHS

ly — x| = x% ~ 2x.

Pemernue. Ecau y > x2, ro |y — 22| =y — x* u sajiaHHOe ypasHeHHe
OpHEUMAET BUL I ~ x°* =22 ~ 2x, . e. y=2x>- 2x. BEem y < x%, 10
ly ~ x®| = ~(y ~ x°) u 3ajaHHEOe ypaBHeHHe NPHHUM&ET BUE ~(y — x°) =
=x*-2x,T.e. y=2x.

PemeHus HEpABEHCTBA y¥ 2 X — 5TO MHOMKECTBO TOYEK, IpH-
HAANeRAMux napabone y = x° 1 PACTIONOMEHHBIX BhINIE Hee (pHue. 77).
Ilpu 2TOM NOJKHO BRIIOAHATHCA YpabBHeHHMe y = 2x° — 2x, 7. e, HHTe-
pecyIoue HAC TOUKH JOJMHH JeXATh Ha mapabone y = 2x2 ~ 2x,
¥xasaEHse ABe napaGoael nepecexalorcda B Toukax (0; 0) m (2; 4).
Pemenus ypaBHeHUS OpPH § » X7 — MHOMECTBO TOYEK, ODHHALIE-
JKAIUX BRAENEHHBIM Ha pac, 77 AByM yacTaM napaboast y = 2x% — 2x.

Pemends HepapeHCTBS ¥ < X* — 5T0 MHOMKECTBO TOYEK, PACTIONO-
SKeHHBIX Hu%e napaboasl y = x* (puc. 78). IIpu aTOM JOJMCHO BHIIIOJ-
HATbCH ypaBHeHHe y = 2x T. e. HHTepeCcylmue HAC TOUKH AOJIK-
HHl JI€XATh Ha OpAMOR y = 2x. PellleEHA 3a0aHHOTO YpaBHeHMA —

&8



2. CUCTEMbI YPABHEHMA

Vi

u¥
H

0 1 ‘
!

Pue. 77 Puec. 78

MHOMKECTBO TOYEK, NPHHAAJEKANTAX 1 77} A

BHIAEACHHEIM Ha pHC. T8 uUaeTaM
opaMoi.

I'padnk zagaHHOTO YPABHEHNA Npej-

cTapfeH Ha puc. 79. [ | 71

3apepmaa maparpad, pacCMOTPHAM t

A A

HECKOJILKO MPUMEDOB, B KOTODHIX yia-
€TCA PelINTh HeDABeHCTBO C ABYMA me-

peMEHHHMH, He Dpuberada K moMomu b Y
KOODAMHATHOH ILIOCKOCTH. \

-—
2
|

.

f
X% =

-

oy,

_...
[~

IIpumep 4. PemuTh HepaBeECTEO yo !

’
-
ot
Ll
"1 J

4x2—4x+5<m. |

PeuleHne. BRIDoausuM HeKoTopEIe
npecGpa3soBaAHAA 3aJaHHOI'0 HEDABEH-
CTBA:

2x-1¥+4< wWiby 2

0603EaYHM JIeBYI0 4ACTh HepABEHCTB& p(x), a mpasyw — g(y). Hocra-

TOUHO OUEBNAHO, UTO LA moboro x BEIMGIHAETCA HEPABEHCTEO p(x) = 4.
Iockombry sEaMeHaTe b ApobH (y) He MeHbIIE uyeM 2, caMa ApPodb
He Goapme yeM 4. Hrak, ana mobeix map (x; ¥), yACBIETBOPAKIIAX
SANANHOMY YPABHEHHIO, AOJIMKHA BHINOJHATHCH CIEAVIOMIAA LEMOIKA:

4 < p(x) < g(y) < 4,
&9



2. CHUCTEMBI ¥PABHEHHIA

4 3T0 BO3MOXKHO TOTAA M TOAbKO Torda, Koraa p{x} =4 g(i) = 4. Ha
ypaBHEeHHA p(x) = 4 DOXyYREM X = %; ng ypasreEudA ¢{y)} = 4 momyuaeM
y=-5.
OTBeT: (l-— )
2

»

IIpamep 5. Hailte neaouncieHHEIe pELICHENA HEPABCHCTBA:

a) 4,/2x + 3y T+ 3,]4:: -8 -5 =2,5;

6) 3(x + 2)° +4(y+3) }

Pemenne. a) Ecsin x, y — neane uucia, To DOAKCOPEHHELE Bhi-
pajkeHMA — leJable YNCiia; HaC, €CTeCTBeHHO, HAETEPecYIoT JHINEL He-
OTPHLATENbELE 3HAYEHHA NOJKOPeHHHX BhIpakeHnit. Eciu xora Oul
ONHO M3 9THX BhIpAKeHnit Goabine Hyad (T. e. pasHo 1, 2, 3, ..}, To
JIeBad 4acTh HEeDABEHCTBA YK BO BCAKOM CAyuae He MeHbIne ueM 3,
YTO HAC He YCTPAHBAET. ZHAYUAT, YCTPOHTEL HAC MOMKET JHIUEL OXUH
caygail: Korga o066 DOAKOPEHHEIX BRPANKCHNA OTHOBpeMEHHO ofpaina-
10TCH B BEyAb. Takum o0pasoM, 387a9a CBOAXNTCH K DELIEHHIO CHCTEME

2c +3y =1,
4x — 3y = 5.
HaxoauM pemenne »Toii cucreMs: x = 2; y = 1.

JHAHEHHBIX ypaBHeHHIH {

6) IpeobpasyeM panHoe HepaseEcTBO: 3(x + 2)° + 4(y + 8)* < 16

Mockoaexy 3(x + 2)° > 0, A0MKHEO BHOOSEATECA HEDABEHCTBO
4y + 8) < %, r.e. (y+3)< % IT¢ BOBMOIKHO TOJBKO B TPEX CJIy-

yaAx: §y = -3, y = -2, y = ~4. PaccMOTpHM KaxARI# N3 PTHX CAYIACE
0¢ OTAGNLHOCTH.

Ecan y = —3, To 3a/]aHHOe HepABEHCTBO IPUHMMAeT Buf (x + 2)° <
% % ST0 BepHO NPH CACAYIOMMX LEACYHCICHHRX 3HAYEHAAX X: —3,

~2, ~1. TakuM oOpasoM, IOAYIHIN TPH pellleHHA 3aJaHHOIO Hepa-
BeHcTsa: (—3; —3), (—2; —-3), (-1; -3).
Ecax y = -2 wim y = —4, T0 3aJaHHOE HEPABEHCTEO IPUHHMAET

BExg (x + 2)° < %.
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2. CUCTEMbI YPABHEHMA

9To BEpHO JUINL npu x = —2, TakuM 00pasoM, DOTYVIHIHR elle JABa
Oe/AoYHC/IeHEHX DellleRHA 38aRHoTe HepapereTBa: (—2; ~2), (—2; —4).

Orser: a)(2; 1); 6) (-3; -3), (-2; -3), (~1; -3), (-2; ~-2), (-2; —4).

§10. OCHOBHBIE NOHATMS,
CBA3AHHBIE C CUCTEMAMM
YPABHEHWMA M HEPABEHCTB
C ABYMSA NMEPEMEHHbIMM

CHucTeMEI ypaBHeHHE ¢ ZBYMA OePEeMEHHBIMH ECTDEYAJIHCh
BAM B Kypce aaredpsl 7-ro Kaacca — 3T0 DRUJTH CHCTEME! ABYX JWHEH-
HBIX ypaBHeHMii ¢ JBYMA mepeMeHHHMH. B mpeanigymem naparpade
MEI TOBOPHJIH © Go/lee CIOMHHX, YeM JHHeHHKe, YPABHEHHAX ¢ ABY-
MA NEepeMeHHEIMH, Teleph PACCMOTPHM CHCTEMBI TAKHX YPaBHeHHi.

Onpedenernue 1. Ypasaenaa p(x; y) = 0 m g(x; y) = 0 obpasyior
CHCTeMY YPABHeHMI, €CIH MOCTABJICHA 38894 HAKTH BCe MADE YHCE
(x; ¥}, YROBIETBOPAKIOIMNE OAHOBPEMEHHO ofonM ypaBHeHAsM. [Iumryr

{p(x; »=0
glx; ) = 0.

{Iapy wncea (x; y), Koropad OJHOBDEMEHHC ABJIAETCH PEIIeHHEM
M IEePBOID, H BTOPOTO YPABHEHHI CHCTEMLI, HASKBAIOT pellleHHEM CH-
cTeMbl YpapHeEN. PemuTh cHcTeMy ypaBHeHM# — aTO 3HAYMT Haii-
TH BCe ee DellleHMA MM YCTAHOBHTD, UTO DPelleHHi HeT.

Hanpumep, napa (3; T) — pelneHHe CACTeMBl YPaBHEHMWH

{x“ + y* = 58,

y-—x=4. 1)

B camMoM aene, »Ta Dapa YAOBJAETBOPAET KAk HePBOMY, TAK M BTOPOMY
YPABHEHHNIO CHCTEMSEI, 3HAUHUT, ABJAAeTCA ee pemenneM. A napa (5; 9)
He SBJIAETCA pemeHneM cuetemsl (1): 0Ha He yAOBAETBODAET NEPBOMY
YPABHEHHIO (XOTA M YAORJETBOPAET BTOPOMY YPABHCHHIO CHCTEMEI).
PasyMeercd, NepeMeEHLI¢ B YPABHEHHAX, O0PasyIOIIMX CACTEMY
ypaBHeHH#, MoryT OnITh 0003HaYeHE H ADYTUMHE OYKBAMA, HATIDHMEp:
aunb,sut,uavar 5 Hos mofoM cryuae mpA 3a0UCH OTBETA B
BUAE UADEH] YHCeJ HCIOAL3YIOT Aekcuxozpapuveckuil cnocol, T. e, Ha

7



2. CUCTEMbI YPABHEHMA

mepBOe MeCcTO CTABAT TY M3 ABYX OYKB, KOTOpDAS B JATHHCKOM anda-
BHT¢ BCTDEYAETCA PAHBINE.

Cucremy ypapHeHHMII MOMHO DRIDATE rpadiaecKuM MeTomoM: Ha-
A0 DOCTPOHTE padHK mepBOorC YpPABHEHMHA, 3ATEM IIOCTPOHTH rpaduk
BTOPOI'0 YPABHEHMA W HAHTH TOYKHA HepecedeHmsA aTUX rpadHUKOB;
KOOPARHATH KaKA0H TOUKH mepeceyeHNd CAYIRAT PellIeHHeM CHCTEMEI

YPABHEHMIA.
IIpamep L. PemmTh cucreMy ypaBHeHHH

x2 + y? =16,
y—x =4

Pemenne. 1) IlocrpouM rpadbue ypasmeEmsa xZ + y? = 16 —
OKDYXHOCTD ¢ LEHTPOM B Hauane KOODIHHAT u paguycoM 4 (puc. 80).

2) IlocTpoum rpadmx ypasHeHER § — X = 4. 310 OpAMAadA, ONpOXo-
aamaa gepes rouxH (0; 4) n (—4; 0) (cm. prc. 80).

3) OxpyRHOCTE 1 IPAMAA MEPeCEKAIOTCHA B Tourax A u B (eM. pac. B0).
Cyafa mo mocTpOoeHHOMN reoMeTpHYecKol MOJEAH, TOYKA A AMeeT
KoopauHATH (—4; 0), a Touxa B — xoopanaaTH (0; 4). [Ipopepka noka-
AHIBAET, UTO HA cAaMOM Jeje mapel (—4; 0) m (0; 4) asaawTca pere-
HHUAMHA KAKA0r0 YPABHEHHAA CHCTEMEI, 8 3HAYHAT, M PEHICHUAMH CHC-
TeMH ypaBHeHHN., CaefoBATENBHO, 3aAAHHAA CHCTEMa YDABHEHHH
nMeeT ABa pemenna: (—4; 0) m ((; 4).

OrserT: (—4; 0); (0; 4).

INNpumep 2. Pemunrk cucTeMy ypaBHeHHI
222 —y =0,
xy = 2.

Pemenue. 1) I'padpukom neproro ypaeHeEna apadeTca napabona
y = 2x* (pue. 81).

2) 'pacduxoM BTOpOroc YpapHeHHA ABAfeTcA rumepbosa y = %

{cM. puc. 81).

3) Ilapaboaa i remepfona mepecexatoTed, CYAA OO0 YEPTERY, B TOU-
ke A(1; 2). IlpoBepka moxkaswBaer, 4To AedcTBATENLHO mapa (1; 2)
ABJACTCH DPEIICHNEM KaXACT0 YPABHEHHHA CHCTEMEl, A 3HAYHAT, H
pelIeHNeM CHCTEME ypaBHeHRmit, CleRoBaTeNBHO, 3A4AAHHAS CHCTEMA
VPaBHEHNI uMeeT ofHO pemmenme: (1; 2).

Oreer: (1; 2).
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2. CHUCTEMbI YPABHEHVA

71 ]///'y. 7
L)
B9, Y
A 4 N \ |
/ N \ / |
£ A_ 2‘_
A y=—
—4 0 Mk <
Ol 1.2 i
NC )4
p "
¥4v-lo] \
Puc. 80 Pue. 81

T'pajpagecknit MeTon pemeHHA CHCTEM ypaBHeHUIX KpACHB, HO He-
HafeMeH: BO-IEPBHIX, ODOTOMY 4uTo rpadur ypaBHeHMH yaaeTcsa
TMOCTPONTh JANEKO HE BCEIAA; BO-BTOPHIX, AaMe €CAM rpadHKyu ypap-
HEHWH YAAIOCH DOCTPOHTD, TOYKH Mepeceue A MOryT ObITE He TAKHMH
«XOPONINMH», KAK B CHeOWANBHO IMOAOOpeHHANX npuMepax 1 ® 2, a
TO N BOBCE OKAXKYTCA 34 MpecsaMH YepTexs. 3HAUNT, HYKHO HMETh
foJiee HaAe)KHEIE aArefpAMYECKNe METOAB PEINCHMA CACTEM ABYX
YDABHEHHE ¢ JByMA nepeMeHEHsIME. 06 9ToM moitger peub B Clegyio-
meM naparpadge.

Hpumep 3. CKonbKo pemmeHM#l MMeeT CHCTEMA YPABHCHHMA

{x" + % = 16,
y=x*+a T 7
OpH DAIHIHEIX SHEYEHHAX mapa- \L \ ]
MeTpa ¢ TIpH YCAOoBHY, uTO 4 = —107 Neal A

Pemenne. I'paburoM ypaBHe- st (a>4)-
HHa x2 + 3 = 16 apaseTcA OKpYX- 1 4™
HOCTH PAAMYCOM 4 ¢ DEHTpOM B Ha- / AN
yaje woopauHar (puc. 82). I'padn-
KOM YPaBHEHHS Y = x° + @ ABndercs
napabona ¢ BeprruHo#l B Touxe (0; a) —4 o 4
(eM. puc. 82). Yncao pemenuii cme-
TEMBI, T. €. YHCAO TOUEK [ePeceucHns A
napaboabl H OKPYXHOCTH, 3ABHCHT

OT NOJNOMEHWA BEPITUHK MapafoJkl,
T. €. OT SHAYCHHA TapaMeTpa a. Puc. 82
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CHCTEMbI YPABHEHV1
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&

VAT AN
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\ /

N a /

N 4
i x +y|=16

I [

Puc. B84

Ecym a > 4, To napabosia 11 OKpPY?KHOCTE He nepeceKalorc (cM. puc. 82),
3HAYAT, CHCTEMa HE MMeeT peleHuii.

Ecnu a = 4, To nmapafona M OKDYKHOCTD HMEIOT eBHCTBEHHYIO
o0myo Toury (0; 4) (cu. puc. 82), 3EAYNT, CHCTEMAE UMEET OJHO PeIlleHHE.

Ecan —4 < a < 4, To napaboia B OKPYXXHOCTh HEPECEKAIOTCH B
ABYX Tourax (puc. 83), aHaAUMT, CHCTEMA MMEET BA PEIIEHHAS.

Ecnm a = —4, To napafona ¥ OKPY:KHOCTE HMEKOT TDH o0mIHe To4-
ku (puec. 84), aHaUNT, CUCTEMA HMEET TPH DellIeHNA,

7Y |
uI
+
%
f
4] |~
Xr‘ "\,\
W10
MEBHL F
%
=t + y* =16
-10
Puc, 85
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Ecnm ¢ = -10, o napafona @ ox-
PYXHHOCTE HEPECEKAIOTCH B YLTRIPEX
TOYKaX. YOeQHTECA B 9TOM MOIKHO TAK:
napafona y = x> — 10 mepecexaeT och X
B Toukax —10 u 10 . O6e oTu TouKH
JemxaT BEYTpH Kpyra (pEc. 85; 3mechk
MacmTabl yMeHBIIEH 0 CPABHeHHIO
¢ puc. 82—84).

ABANOrNYHEAS CHTYAIIAS HMEET MeC-
TO U B cavuae, koraa —10 < a < -4,

OTeeT: Her pemennii, ecam ¢ > 4;
OfHO pellleHHe, ecaH 4 = 4; asa peime-
HEA, ecan —4 < a4 < 4; TPH peIeHHd,
ecJim ¢ = —4; YeThIpe pEeIOeHAA, €CJIH
-10 £ a < —4.



2. CHUCTEMbI ¥PABHEHWA

IIpamep 4. HaliTn nenouncieHANe pelleHUA CHCTEMEl YPaBHEe-
2x* - 3y° = 96,
2xy + 5x = 8y + 22,

PemeHue. [IpeobpasyeM BTODOE YPaBHEHHE: X = -—25% (nene-

Hue Ha 2y + 5 BOAMOKHO, MOCKONLKY STO BHpakeHHe He obpamaert-

Apobe

CA B HyAb IPH NEJOYNCACHARX 3HAYCHAAX y§); x =4 + W5

% +5 AoMxHA GLITH DEALIM YHACIOM. 3HAYWT, AJA €e SHaMeHaTend

€CTh 4 BO3MOMHOCTH: OH Mosker GuiTh pasen —1, 1, —2, 2, 3 ypapsennsa
2y + b = -1 maxomuM y = —3; u3 ypaBHeHuda 2y + 5 = 1 HaxoxAEM
¥ = —2; ypapuenna 2y + 5 = 2, 2y + § = -2 nesouHCIEHHKX KOPHEH
He HMEeoT.

Hrax, mbo y = —3, aubo y = —2. IlogcTapnM moOuYEpegHO KaX-
OO A3 3THX 3HadeHHHA B MepBOoe YPABHEHUE 38AaHHON cucTeMul. Ecan
¥ =—3, To meproe YpaBHeRKHe TpuHUMAaeT Bua 2x2 + 81 = 96; s10 ypas-
HeHHe He MMeeT IeJOYHCIeHHHX KopHe#t, Eciom y = —2, To nepsoe
ypapHeHHe IpHHAMAaeT BUA 2x® + 24 = 96; 3T0 ypaBHeHHe HMeeT Ie-
JOYMCIeHHREe KOpHA: X = 16,

OreeT: (6; —2), (—6; —-2).

Onpedeaenue 2. Ecan mocTapneHa 3a85a9a HANTH TaKHe MApsI
aucen (x; y), KOTOpHE OJHOBPEMEHHO YAOBJETEOPAIT HEPABEHCTBAM
plx; ) > 0 m g(x; y) > 0, To ropopaT, 9TO yKasaHHBIE HEPABEHCTHA

p(x;y) > 0,

00pasyioT cHCTeMY HepPABEHCTR {
g(x; y) > 0.

Ilapy umcen (x; y), XoropaAa OAHOBDEMCHHO ABAAETCA peIIeHHEM
H TIEPBOrC H BTOPOrQ HEPABEHCTB CHCTEMEI, HABLIBAIOT pelIeHHeM CH-
CTeMBl HepaBeHCTE., PemuTes cCHCTeMy HEPABeHCTB — JHAYHAT HANTH
BCE €€ pellleHNA (WM YCTAHOBHTE, YTO pellleHmit Her).

{2;: -8y <6,

Hpamep 5. Pemure cacreMy HepaBeHCTB

x+y+T7=0
Pem e nume. 1) Ilocrpoum rpadux ypaseenun 2x — 3y = 6. Jro

HpAMAaA, TPOXOAAIIAA yepes ToukH (3; 0) u (0; —2). BoasmeM B Kaue-

CTBE KOETPOABHOH TouKy (0; 0), DACHONIOKEHHYIO BHIIE HOCTPOeHHO
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[f = //’/).‘“y
.\\\:\\\ 7R
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OpAMO#; ee KOODAHHATH YAOBIETBOPAIOT HepaBeHCTBY 2x — 3y < 6.
3BavHT, NTeOMETPAYECKHEM DEllIeHNEM NePROI0 HePABEHCTRA 38JaHHOHN cH-
CTEME CIYKAT HOIYILIOCKOCTE, PACIOIOKEEHAA BEINIE MPAMOL, H caMa
npaMad (DIOCKOABKY 3alAHHOEe HEPABEHCTBO HecTporoe) (puc. 86).

2) MocTpous rpaduk ypapHerrs x + y + 7 = 0. 9ro npaMas, mpoxo-
asman yepes 1o9kH (—~7; 0) u (0; —7). BoabMeM B KauecTBe KOHTPOABLHOM
roury ((; ), pacnonosteHHYIO BRIIIE IOCTPOSHHOI NPAMOHN; ee KOOpAMHA-
TH YACBJIETBOPHIOT HEDABEHCTRY X + ¥ + 7 0. BHAUHT, reoMeTpHIeCKHM
PeleHneM BTOPOr0 HepABEHCTBA 385AHHON CHCTEME! CHAVIHAT HOMVILIOC-
KOCTB, DACIOJIOYKEHHAA BRHIINE DpAMOI, U caMa npaMad (puc. 87).

3) B kadecTpe pelmeHnBit aafaHHOR cHCTEMBI HEPABEHCTB CHEAYeT
B3ATH Bee 06Mie TOYKHE OOCTPOEHERX HOMVILIOCKOCTE!, T, . UX nepe-
ceueHAe (3aIITpUXOBAHO HA puc. 58). [ ]
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ZzZZ7 [Nyl L) [}
. > \ 11/
~~ hum T \ 1,751
—___ {hulunumnt” \up -
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BZZZ, N 0 Z | O]\ ) x
E\zEEZ X 1]
' ZZ] | -3 | 3 !
-3 %24 y=x"-4x+1_]
| |
Paec. 89 Pre. 90 Pac. 91

IIpumep 6. PeinTh cHCTEMY HEDABCHCTE
yzx-4dx+1,
{y <x-3.
Pemeuune. Hago naliru mepecedeHHe MHOMECTB& DeIlleHHH
HepaseHcTBa ¥ # x2 — 4x + 1 (puc. 89) u HepaBeHcTBA ¥ % * — 3

(puc. 90). Hexomoe MEOMecTBO pemeHmii waobpaxkeno Ha pme. 91 —
napadoruveckuil ceemenm. [ ]

INIpamep 7. HaliThm menoynciaeHHL€ PELIEHHA CHCTEMLl Hepa-

BEHCTB
J2xr +8y -6 <5 -1,

S S
(x-290PF +1° 8
Pemenue. Ecna x, y — nenwe wacna, To 2x + 3y — 6 — meaoe

yucao. IIOCKONILKY OHO CONEPXXHTCA IOJ SHAKOM KBAIPATHOIO KOp-
HA, OHO AOMKEC OuITh HeoTpHUareabENM: 0, 1, 2, 3, ... Ho yxe 3na-

geHAe 2 HAC He YCTPAUB&ET, DOCKOIBKY J2 > J5 ~ 1. 3naumr, mac
HETEPECYKOT TONbKO ABa caydaa: 2x + 3y —6=0unm 2x + 3y -6 =1.
BunoaauM mpeofpazoBAHUA BTOPOrO HEPaBEHCTBA CHCTEMEI:
-2 +1<3; (x- 29 < 3.
910 BO3MOXKHO JUIIL OpH yeIosnn, uto x ~ 2y = 0. B mrore aanaua cso-
AETCH K POIREHHEO COBOKYIHOCTH JBYX CHCTEM JIHHEHHRIX YpaBHeHHMH:
2¢+3y =6, |[22+3y =1,
x = 2y x = 2y.
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2. L CUCTEMb! YPABHEHWA

Tlepras cHcTeMa He mMeeT IeldoYHCIeHHBIX pelreHmit, a H3 BTOpOH
CHCTEMB Haxogum: x =2, y = 1.

OreeT: (2; 1).

§ 11. METOABI PEILIEHMS
CMCTEM YPABHEHMM

1. MeTOA NOACTAHOBKM

STOT METOA BEI YIK€¢ OPMMEHAJH B 7-M KJ4CCE DU PeIIeHNA
CHCTEeM ABYX JAAHEHAHEIX ypaBHEHWIl ¢ ZByMHA nepeMeHAmnMu. O=H 3a-
KAIOYAETCH B TOM, STO M3 OAHONO YpPABHEeHHA CHCTEMSEI OZHY H3 Iepe-
MEeHHEIX BLIPSUKAKOT Uepes ZPYIyo, 3aTeM HOJYyIeHHOE BHpAMKEeHNe
NOACTABIAIOT BO BTOPOE YPABHEHNE CUCTEMEl H PEIIAIOT €re OTHOCH-
TeJILHO ocTaBmeica nepeMenHoll. Haligs KopHr nocienHero ypapHe-
HHA, HIOYT COOTBETCTBYIOIIHE 3HAYEeHMA BHIDAMEHHON mepeMeHHOI.
Beinre (cM. mocnenuuil npumep B § 8) Mul yxe GaKTHUECKH penIn-
=1,
JN MEeTOAOM HOACTAHOBKH CHCTEMY YDaPHeHMId 3"
(x -3+ =6.

PaccMoTpuM eme HeCKOJIBKO NPHMEDOB.

IIpumep 1. Pemuts cucTeMy YpasHeHHH
x+ 3y =5,
xy = 2.
Pemenue. 1) Bupasum x yepes ¥ M3 OepBOro YpaBHEHHA CH-
creMH: X = 5 — 3p.
2) IloacTaBNM NOJNYYEHHOE BHIpAJKeHHe BMECTO X BO BTOpOE
ypasEeHHe cHcTeMEl; (5 — 3y)y = 2,
3) PemamM aT0 YpARHEHHE:
S5y—-3y2=2; 3f-6y+2=0;

2
y1=]_, y2='§.

4) IMogcranuM moouepeaHo KaXAoe H3 HAMaeHHHX sEaveHu#l y

Bypasnen:uex=5—3y.Ecnny=1,1'ox=5—3-1=2;ecmly=g,

wln

Tox=5-3- 3 =3.
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2. | | CUCTEMbI YPABHEHWA

5) Ilapu (2; 1) n (3, g] — pellleHHA IaAAHHON cHCTEMH ypae-

HeHHiH.

OreeT: (2; 1); (3, 2—2;)
NMpuMep 2. Permure cucTeMy YpaBHeHHAH

¥yt - 2xy — 8x* =0,

x® + P = 28.

Pemenne. IlopaboraeM ¢ HepBHM YPABHEHHMEM CHCTeMEI. JTO
OHOPOAHEOE ypasHeHMNe BTOpOl cTeneHH (cM. § 9). Ecm x =0, 7o y = 0;
¢pagy zameTmM, wro napa (0; 0) He yZoBAeTBOpAET BTOPOMY ypaBHe-
HHIO CHCTEMEI, T. €. HE SBJIACTCH pellleHHeM cucTeMu. Ecan x # 0, 1o
ofe YACTH NEepBOr0 YPABHEHHSA CHCTEMBI MOMCHO NOWJIEHHO pPA3Ae/NTh

Ha x? ¥ 3aTeM BBECTH HOBYIO [IEPEMEHHYIO 2 = %:

2
¥y — 2xy — 322 =0; (%) —2%—3=0;
22-22-383=0; 2,=38,2,=-1.

8uaunr, aubo % = 3, T.e. y = 3x, mubo % =-1, 1.e. y = —x.

B nTore HoAyuaeM COBOKYIHOCTB JIBYX CHCTEM ypaBHeHM#:

y = 3x, y=-x
2+ =28 x* + y* = 28.
IloacTasup 3x BMECTO y BO BTOPOE YPABHEHHME HEPBOH CHCTEMEI,
NOAYINM:
x® + (3x)° =28; 28x*=28; x=1.
Hrax, x = 1, a nockoAbKY ¥ = 3x, nonyuaeM y = 3.
IToacrapME —x BMECTO ¥ BO BTOpOe YPABHEHHE BTODOIl CHCTEMEI,
moryunM ypasaenne x® + (—x)® = 28, Koropoe He HMeer KopHels. 3na-
YHT, BTOPaA CHCTEMA HE HMEET pellleHMiA.

Orser: (1; 3).

Npamep 3. YeMy paBHO HanMeHbIIee 3HAYCHHE BHDPAXKESHNA

p(x;y)=|2x—y—4|+‘fx‘+%+yis+9

H OPpH KaKHX 3HAYCHHAX NEPEMEHHEBIX OHO I[OCTI‘II‘&G’I'CH?
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2- CHCTEMbI YPABHEHA

Pemenne. Bgech [2x —y — 4] > 0 m Jx‘+%+%+9 > 3,

L, 4x? 4 . . 2\
OOCKOJIBKY x+T+y—2+9= x +; + 9. Ecam cymecTByer

TAKaA mapa (X; ¥), OpM KOTOpo# OAHOBPEMEHHO BRIMNOQJIHAIOTCA DABCH-

2
cma|2x—y—4|=0n1’(x"’+§) +9 =3, TO Pronx = 3.

PaKTHYCCKH 380898 CBOJHTCA K PEIleHHID CHCTEME] Y]JaBHEHl‘Iﬁ

2x-y-4=0,
2+2z0,
y

BripasuM y 13 nepsoro ypaspeEus: y = 2x — 4. Ilogcraprm moay-
YeHHOE BHIDAMEHAE BMECTO ¥ BO BTODOe yDABHEHME:
2
2 = )
x+ 2x -4 0;
x*—-2x2+1=0;
(K-1)-2x-1}=0;
(x— 12+ x+1)-2(x-1}x+1)=0;
(x-Dix*-x-1)=0,

1+6 1-45
Hs nocneprerc ypaBHeHAA HAXOMEAM: X; = 1, x; = 5 1 Xs= "5 -
CoorBercTpeHHO 00 bopmyne ¥ = 2x ~ 4 Haxomum: i, = -2, yg=J§ -3,
Yzs=- Jg - 3.

OTBeT: Puuy = 3, AOCTHrAETCHE OPH CACAYIOMHAX NAPAX 3HAMEHAN
nepeMesHuIx: (1; —2), (1 +2JE; V5 - 3), (1 —2J5_; -5 - 3).

Jo cuX mop M FOBOPHJM O CHCTEMaX ABYX YPABHEHHIA ¢ JByMA
nepeMeHHEEIMY, BCTPeualoTeA H CHCTEME! YPABHEHHI ¢ APYraM wmc-
JIOM NEpPEeMEHHEIX, HAmpPUMED ¢ TPeMS HepeMeHEHEIMH. Pewiumbs cu-
cmeMy mpex ypasrenuil ¢ mpeMa nepeMeHHbIMU

X3

px 2 =0,
P 2= 0,
Dl 2y =0

— 5TO SHAYMT HAWTH Bce TpoiKE wmcen (x; y; 2), OPU DOACTAHOBKE
KOTOPHIX BO BCe YPABHCHHA CHUCTEMEl ODOMYYAKITCA BEDHEIE YHCIOBHIE



2. | | CHCTEMbI YPABHEHIEA

paBeHcTEA. KaXkAyI0 TAKYIO TPOIKY YHCEN HAILIBAIOT DEULCHUEM CUc-
meMy. mpex YpasHewiiii ¢ mpeMa NepeMeHHbMI.

B cregyiomeM OpuMepe MEI IIOKAMEM, KAK HCIOOALIYETCA Memod
nodcmanosKy XNA PEIIEEHS CHCTEMH TpPEX YpaBHeHM ¢ TpeMAd
MePeMEeEHRIMA.

IIpuamep 4. Pemuth cHcTeMy VpaBHeHHIH
4x -3y —z =10,
2x + y + 5z = 2,
3x — 2y + 4z = 4.
Pemenue. Bulpasum 2z U3 nepBoro YpABHEHHNA CHCTEMH: 2 = 4x —
— 3y. IlopcTaBuM MoMyyeHAOE BHIPASKEHME BMECTO 2 BO BTOpPOe H TPeThe
YPABHEHUA CHCTEMEL:
2=4x - 3y, z = 4x — 3y,
2x + y + 5(4x — 3y) = 2, 22x — 14y = 2,
3x — 2y + 4d(4x - 3y) = 4. 19x — 14y = 4.
W3 sToporo ypapEeHna Haxoaum: 14y = 22y ~ 2, IIogcrasue
phipazerne 22x - 2 EMecTo 14y B TpeThe YpDABHEHHe CHCTEMEI, IO~
ayanm; 19x — (22x — 2) = —4; x = 2. IloacraBus sHaueHNe ¥ = 2 BO

BTOpOe YDABHEHHE CHCTEMEI, moaytaM: y = 3. IloxcTaBHB, HAKOHEI,
gHaueHRH ¥ = 2, y = 3 B MepBOe YPABHEHHE CHCTEMH, MONYyIHM: 2 = —1.

x =2
OTBeT MOKEHO SAUHCATE ABYMA cHocoGamu: aubo <y = 3,
z=-1
awbo (2; 3; —-1). |

INHpamep 5. Pemurh cucTeMy ypapHeHHHE
422 + dx + 92 - 12y + 5 =0,
4 + 3y + 2* = 27.

Pemergne. TlepBoe ypaBHeHHEe MOMKHO OpeobpasoBaTh K BHIY

(2x + 1) + (3y — 2§ = 0, oTHyaa HAXOZUM: X = —%, y= g IMoacrasus

HAliZeEHEIe BHAYEHEHS BC BTCPOE YPABHEHHE CHCTEMEI, HOXYYMM;
2+2+22=2T;2=3.

L[ 1.2,
OTBBT.( 2 3 3).
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2. MeTON amrebPMrIICKOrO CROXKOHHA

JTeT MeToX, KaK M MeTod NOACTAHOBKH, SHAKOM BaM H3 KYpCa
ayrefpe 7-ro Knacca. CYTE MeTOa HAIOMHAM ¢ IIOMOIIBI) IIpHMEpA.

IDIpumep 6. Pemutsh cHCTEMY YPABHEHMIH

2c +xy+2=0,
4y + 3xy + 30 = 0,
PemeHne. YMEOKHUM BCE UICHH IEPBOTO YPABHEHMA CHCTEME
Ha 3, & BTOpPOe YpPABHEeHMe OCTaBUM Oes MaMeHeHHS:
6x +3xy +6 =0,
4y + 3xy + 30 = 0.
BriureM BTOpPOE YpaBHeHMe CHCTEME! H3 €€ NEPBOTC YDABHEHHA:
(6x + 3xy +6) -4y + 3xy +30)=0-0;
6x —4y - 24 = 0;
3x -2y -12=0.

B pesyaprate aarefpantdecKoro cIoMeHNA JEYX YPABHEHHE HCXO-
HOM CHCTEMB HOJYyIHIOCH YPABHeHHe GoJlee OpOCTOe, YeM HepBoe H
BTOpOE€ YD&BHEHHA 3afaHHON cHcTeMHB. JTHM 6ojee DpOCTHIM
VPABHCHHEM MKl AMEEeM IpaBC 38MEHUTH JI000e ypapHeHHEe 3aJaHHoH
CHCTEéMEI, HanpuMep Bropoe. Torga saiaHHAf CHCTEMa YpaBHeHHH
samernTcA Gosee MpOCTOI:

2x + xy + 2 = 0,
3x -2y -12 = 0.
DTY cHCTEMY MOMKHO DEIIMTER METOROM nofcraHoBkd. Ha Broporo

VYDABHEHUA HAXOAWM Yy = 8x 3 2; NOACTABHEM 3T( BEIPAXKEHHE BMeE-

CTO ¥ B OepBOE YPABHCHHE CHCTEMAI:

gr+x B2IZ4pog;
3x2-8x+4=0;
x=2, xa2= %
OcTanoch MOACTABUTL HaHZEHHLIE 3HAYECHNA X B ypABHEHMe
y= §x5_12 Ectmx=2, Toy=-3;ecan x = %’ TO It = —5.
OreeT: (2; —3); (g, -—5).
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3. MeTOR BRGROMA HOBMIX NEPEMEHHBIX

C MeToaoM BBeZeHMS HOBOH IepeMeHHON NpH pellleHHH YpaB-
HeHEl ¢ ogHOA mepeMeHHOH Bhl NMOBHAKOMHJIHCE B Kypce axrebphbl
8-ro gaacca. CyTe 9TOr0 MeTOona OpH pPElIEHHH CHCTEM YpaBHeHMI
Ta e, HO ¢ TEXHHYECKOH TOYKH 3peHHA MMel0TCH HeKoTophle ocoleH-
poerAa. Mu mx obeyauMm B ciegyioniux nNpuMepax.

Hpumep 7. Pemiuth cHCTEMY YPaBHeHME
¥ g5
¥ X
x* - y* = 8.
Pemenne. BeegeM HOBYIO NepeMeHHYIO § = % Torza nepsoe
ypaBHEHHe CHCTeME MOKHO GyAeT mepemncaTh B Goiee mpocToM BuUAe:

t+ % = 2,5, Pemum 210 ypaBHeHRE OTHOCHTENLEC mepeMeHHOHE £

t+ ; 28-5t+2=0;

-l
najen

t1=2, t2=

o=

X x x 1
Ho t = E,anaturr, aabo ; =2, 1. e. x = 2y, aubo v =3, T.&

y=2x,

TaxuM ofpasoM, ¢ HOMOMIBI0 METOZA BBeJeHHA HOBOH mepeMeH-
HOM HAM YZaJioch KAK OB «DACCAOHTL» NEpPBCE YPABHEHHE CHCTEME
H& ABA TPOCTHX VPaBHEHHA:

x=2y; y=2x
Teneps 3aJa4a CBOGATCA K PEIIEHUK) COBOKYIHOCTH ABYX CHCTEM
YpaBsHeHHIL:

x=2y’ y=2x’
x2 -y =8 x -y =3

IIpH pemeHnn nepBoil cUCcTeMH YPABHEEHHA BOCHONB3IYEMCH Me-
TONOM TOACTAHOBKN, TeM (oOjee UTO 3fech AJIA HEro BCE MOTOBO; IOA-
CTABHM BRIDIKEHHEe 2y BMECTO X BO BTOpDOE ypaBHeHMe CHCTeMHl, Ilo-
JYIHEM;

@y -y=3 y=1
h= 1, Yy =—1.
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Tax Kax x = 2y, T0 X, = 2, x; = —2, TeM caMEIM NEJYYEHW ABA
pemenus sagaHHOH cmeremsr: (2; 1) u (—-2; -1).

IIpu peiteEnn BTOPOH CHCTEMEl YPABHEHWII CHOBA BOCIOALAYEMCSA
MEeTOAOM MOACTAHOBKHA: NOACTABMM BEIpAXKEHAE 2X BMECTO § BO BTOPOe
ypaBEeHEHEE cncTeMul. IloayauM:

x-(2x)°=38; x*=-1.
910 ypakHeHHe He MMeeT KOpHei, 3HAMHT, U CHCTEMA ypaBHeHMit
He MMeeT pemeHnil. TakaM ofpascM, B OTBET HAAO BKJIKYHTE TOJABKO
PELIIEHHA NEPBOil CACTEMBI.
OTreT: (2; 1); (—-2; -1).

MeTox BBeAeENA HOBLIX IepeMEHHBIX IPH peIIeHMH CHCTEM IBYX
YDARHeHMH ¢ JBYMHA NEPEMEEHLIMH MOKHO IPDHMEHAThH HE TOJEKO B
OJZHOM YDaBHEHNM CHCTeMH (Kax Oruio B npumepe 6), HEO B B ofomx
YPABHCHHAX CHCTeMEI ORHOBpeMeHHo, Tak Gyaer ofcroAaTe Aeao B
npumepe 8.

Opamep 8. Pemute cucreMy ypaBEeHH
2 3

+ =2,
x-8y 2x+y
8 _ o _
r—-38y 2x+y
2 3
P et e H i e. BoesieM gBe HOBBIE IEpEMEHHEE: 4 = x—3y’b=2x+y°
8 _ 9 _
Toraa v = 4a, -3 = 3b.

9T0 IOIBOAHUT oepenuCcaTh 3AJAHHYI0 CHCTEMY B 3HAYHTEIALHO Bo-
Jee DpOCTOM BHAe, HO OTHOCHUTENLHO HOBBIX NEpeMEHHHIX @ u b:

a+b=2
4a — 3b = 1.

HDHMBHHM INA peiieHnd 570 CHCTeME MeTOn anreﬁpamxecuom
CAGKCHAA:

+ 3a + 36 =6,
40 -3b =1
Ta="T;
a=1.



2. || CUCTEMbI YPABHEHWHA

Tak xax a = 1, T0 U3 ypasHeHusa a4 + b = 2 gaxoauMm, qato b = 1.
Taxum ofpasoM, OTHOCHTEILEC NEPEMEHHHX @ B b MEI IOTYYHIH OZHO

pemenue
a=1,
b=1.

Bosppaiadachk K IepeMeHEHBIM X H Y, IOJAYYAeM CHCTEMY ypapHe-
HHUH

2 =
x-8
3 _
2x + y =1
T. €.
x -3y = 2
2 +y = 3.
TIpuMeHEM AnA pDeImeENA 3TOH CHCTEMEI MeTo[ aarefpaudecKoro
CIIOMKeHHAA:
-3y = y
+ x y = 2
6x+3y =19
Tx =11;
11
x= .

11
TakK KaKk x = < » TO M3 YPABHeHMA 2x + y = 3 maxomum: y = 3 —

-2x=3~-2. 1—71 = —%. Taxum ofpa3oM, OTHOCHTEILH) IMEPEeMEeHHBIX
X ¥ y M5l OOTY9HJIN OFHO pellteHue:
¢ =1L,
T
=1
= 7

Orger (%, _-}?')

Bul sHaeTe, YTO OCHOBH&H HReA PeMIeHUA YPABHEHHA COCTOMT B
HOCTENIeHHOM IepeXofie OT OZHOre VpaBHeHHMd K Apyromy, 0ojee mpo-
CTOMY, HO DABHOCHJILHOMY 3anaHEHOMY. B npegmaymen maparpade Ml
BEEJJH NOHATHE DPABHOCHJBHOCTH AJA YPABHeHWH ¢ ABYMSHA nepe-
MEHHBEIMHM. JT0 ODOHATHE OPHMEEHMO W JJA CACTEM ypaBHEHMIi.
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Onpedeanenue. Nipe cacreMsul ypaBHeHUH ¢ ABYMS NepeMEHHEIMH
HASHLIBAIOT PABHOCHJILHLIME, €C/IM HX DeIlleHNA COBMAAAIOT FIH CIH

ofe CHCTEME He HMEIOT pemeHmil.

MeTtoam, KoTopre ME OOCYAMIN B 3TOM maparpade (MeToa moa-
CTAHOBKH, METOZX ANTeBpANYecKOTo CJ0MEeHHS, MEeTOoj BBeAeHHS HO-
BBRIX HOEPEeMEHHEIX), a6GCOMIOTHO KOPDPEKTHEI C TOYKM 3PeHNA DasBHO-
cuasgocTn. HERMU CHOBAMM, LCROXLIYR MU MEMOTsl, 30MEHACK
o0RYy cucmemy ypaeHerull dpyzoii, Goree npocmott, Ho PABROCURLHON
nepsoHadarsloll cucmenme.

4. MeTOALI YMHOWEINA W QENeHMA

Huoraa mpeE pemeHaH CHCTeM ABYX VpaBHeHHI ¢ ABYMS mepe-

MeéeHHBIMHA
{PI (x; ¥} = (x5 ),

Pelx; y) = q2(%5 )
BHIPOAHC COCTABIATh ypasHeHue-npouisederue
Px; 9P y) = aalxs5 y)g=(x; ),
BHITOAHO B TOM CMEICJE, YTO 3TO YPABHEHHE MOMET OKasaTbcs Goiee
NPOCTHM, YeM Jio0oe M3 YpaBHeHMH cHcTeMsl. Toraa H CHCTeMa
ypaBHeHHii
{p&(x; Np(e; ¥) = (s Y)ga(x; y),
(x5 y) = @205 )
HIH
{n(x; Ve 1) = 0% ¥Ig( y),
(s ) = qlx; p)
okasmBaeTca Oosmee vaoOHON A/a mocaexywomero pemeHund. B arom
CyTh Memoda ymuoxwenus. OnHAKO NPH €ro HCOONBL3OBAHHH CIETYeT
YYHTHIBATE, YTO BO3MOXMCHO IOABJCHHE NOCMOPOHHUX pelteHulil.
CmorprTe: ecam napa (xo; ¥,) TAKOBA, YTO
D205 Yo) = GalXe; Yo} = 0,
TO 9TA HapA ABTOMATHYECKH CTAHOBHTCHA PEIIEHHAEM CHCTEMED
{Pl(x; V(s p) = (%3 g p),
P05 ¥) = qalx; 1)
(oBe yacTn offoEX ypaBHeHHH cHCTeMLI IDH 3HAYEHHUAX X = X, Jf = Yo
oxHoBpeMenHo ofpamalorca B 0). Ho ata napa BoBce He obazaHa

YIOOBJISTBODATE NEPBOMY YDABHEHHIO MCXOAHOH cHCTEME py(X; y) =
= (x5 ¥), B 3HAUNT, MOMKET He OHTH pelIeHHEM MCXCZHOH CHCTEMEL.
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Bui6od. TIpa HCNONB3OBAHMM METOAS YMHOMKEHHA HE CAeAYeT 3a-
OslBaTh 0 HeOGXOAMMOCTH OPOBEPKH BCeX HAWAEHHBIX pelleHu (uame
BCEro C INOMOLIBI MX HEMOCDeJCTBeHHOH NONCTAHGBKHM B 34JaHHYID
CHCTEMY VPABHEHHIL),

IMIpamep 9. Pemmurs cucreMy ypasHeHUIt
a

xy—6=-y?,

xs
xy + 24 = —,
v ¥

Pemenue. IlepeMHOXHM YypABHEHHSA CHCTEMEI W PACCMOTDHM
YPapHEHHES-DIPOHIBEeHNEe COBMECTEO ¢ IEPBLIM YPABHEEHEM CHCTEMEI:

(xy — 6)(xy + 24) = % . "f,

xy—6=-!:—:-;

lxy =8,
_g= &
xy—6 —-

Bripasus x wepes y M3 NEPEOro YpaBHEHUA M MOXCTABMB BHIPA-

8
HEHMe | BMECTO X BO BTODO® yPABHEHHe, NONyWwM: y=16; y, = 2,
Y2 = —2 U COOTBETCTBEHHO X; = 4, X, = —4,

IloperaBus HalifenHsle napsl (4; 2) n (—4; —2) B HCXOAHYIO CHCTE-
My, ybexaaeMca B TOM, YTO ofe OHM YAOBIETBODAIOT CACTEME, A& mO-
TOMY ABIAKTCH ee pellleHHAMH.

Orser: (4; 2), (—4; -2).

Wrorza npu pemeHAW CHCTeM ABYX YDABHEHHH ¢ JBYMA mepe-
MeHHBIMH

{pl(x; ¥ = ax; y),

P25 y) = qofx; )
axy _
P y) T gulx, y)* BEITOAHO
B TOM CMBIC/€e, 4TO T0 YPABHEHHAE MOXKET OKA3ATHLCA B0jee IpoCTHIM,
uem miofoe U3 ypasnennit cHcreMul. Torga u cmcreMa ypapHeEMH

{A(x; ¥ _ a5 y) [pl(x: ¥ _ oy

BLITOAHO COCTABAATh YPABHEHUELACMHOe

P Y ey wm {pGy @Gy
BAxs ) = Qx5 ) b y) = gl )
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oraseiBaeTcA fojyiee yaoGHoit ana mocmexayiomero peittennsa. B atom
cyTh Memoda derenur. IIpH €ro HCHONLIOBAHHH CJIIEAYET HOMHENTE, YTO
Ha HYyAav dexumb Heavan, Ho Beab He HCKIIIOMEHO, UTO MOKET CYIMECT:
BOB&Tb U&PA (Xo; Yo), TAKAA, AAR KOTOPOHK Pu(Xo; Yo) = ¢ Xo; Fo) = 0,
M €CAH 9TC TAK, TO JAyYIDe PAa3feINTh BTODOe YDABHEHHWE Ha IIEpEoe
(OpHE YCNAOBHM, UTO B ITOM CIOyYAe TAKCH OOACHCCTH He §yAeT) WM
OpOBepHTL NApY (Xo; ¥o) Ha OpeaMeT TOro, He ABAKETCA M OHA «IOTe-
pPAHHEIM» B PE3YAbTATE JeNleHHA PelIeHHEM S8AaHHOH CHCTEMH.,

IIpamep 10. PemaTe cucTeMY YpaBHeHHI
{xy(x + y) = 80,
xy(x — y) = 6.

Pemenne. IIpuMeHHB MeToh AeNeHHA, DONYYHM CHCTEMY
ypasHeHHIH

xy(x +y) _ 80
ay(x -y) 6
xy(x - y) = 6.

3aMeTHM Cpasy, YTO 3aech HET TOH ONACHOCTH, O KOTOPOi ME To-
BODMJIM BBIIIE, NOCKOJABKY 00e YacTH BTOPOTO YPABHEHHA 3afaHHOl
CHCTEMH {YpABHEHNA-Ae/IHTeNA) He MOTYT OZHOBPEMEHHO O0paTHTLCH
B HYJIb (9TO OUEBHAHO, TAK KAK OpABAA 9acTh 3TOI'Q YPABHCHHSA SABHO
OT/AMMHEA OT HYJAA).

[IpeocbpasyeM mepeoe YpaBHEHHE HONYUeHHONR CHCTEMEI!

xyxty) 30 x+ty

2x
WE-W - 65 x-y —rty=5x-yiy=3.

B urore mpuxoauM K Golee OpocToit cHcTeMe ypapHeHWI:

=%
¥=3

xy(x - y) = 6.
Ona Ge3a Tpyma pelllaeTcA METOAOM MOACTAHOBKH.
OreeT: (3; 2).

B zaxaioueHne OpuBeaeM OpPHMEp pElIeHHH CHCTEMBI TPeX ypas-
HeHH! ¢ TpeMd NepeMeHHBIMN, TAe HCImojb3yeTcd KOMOMHAmus pac-
CMOTDEHHEIX METOAOB.
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IIprmep 11. PemrTh cucreMy ypapHeHH#A

xy + xz = —4,
yz + yx = -1,
zx + zy = 9.

Pemenue. IIpuceouM ana yaobeTea ypABHEHHAM CHCTEME] 3HAY-
KH, COOTBeTCTBeHHO, (1), (2), (3) n cocTaBHM cAeAYIOMYIO KOM-

GHMHAOMIO YpaBHeHut CHCTEMEI: —(l)-—"—'~%)—+!—?-'l - (3). Nmeem:

(xy + x2) + (yz + yx) + (2x + zy) —4—1—9__(_9)
2 2 ?
OTKYAA nocae npeofpasoBaHAE MONYYIMM JOCTATOYHO NPOCTOR YPAB-
menme: xy = 2. IlogcTaEMe B IepBoe YpaBHeHHE 3AJAHHOH CHCTEMEI
BMECTO XY 3HaueHHe 2, noayuuM: xz = —6. IlogcTapup Bo BTOpDOE YpaB-
HEeHHe 3aAaHHON CHCTeMB BMECTO XY SHadeHHe 2, moxyqdum: yz = —3.
Tem caMbiM MbI Opmizan K Golee OpocToll cHcTeMe YpaBHeHHI:

~f{zx + zy) =

Xy = 2,
xz = -6,
yz = -38.

TlepeMHOMHE BCe TPH YDABHEHMS 9TON CHCTEMEI, IONyTnM: (Xyz)’ =
= 36; apaumT, mabo xyz = 6, xubo xyz = —6.

Ecma xyz = 6, To, yuuTHIBAA, UTO y2 = —3, moayqaeM: x = —2. Co-
NOCTABHB ypaBHeHHe xy2 = 6 ¢ ypapHeHneM xz = —6, OpuUXoAUM K BH-
poxy, 4to §¥ = ~1. Ha ypaprenul xyz = 6 u xy = 2 sTEKAET, uTO Z = 3.
TeM caMKM NoJy4eHO pellleEne cacTeMbl: (—2; —1; 3).

Ecmu xyz = —0, To yudTHRIBAA, UTO Y2 = —3, NoAydYaeM x = 2,
Comocrasne ypasHeHMe xyz = —6 ¢ ypaBHemmeM xz = —6, mpmxoguM
K BRIBOAY, uTO ¥ = 1. M3 ypapHeHuit xyz = —6 u xy = 2 BHITEKAET, YTO
z = —3. TeM caMEIM HOAYYeHO pemmeHHe cacTeMul (2; 1; —3).

OTrmeT; (-2; -1; 3); (2; 1; -3).

§12. OARHOPOAHBIE CUCTEMBI.
CUMMETPUMECKME CMCTEMbI
B srom maparpade peun moiger ¢ ABYX COCNHAILHBIX BH-
B4X CHCTEM OBYX YPABHEHMII ¢ ABYMA NEDEMEHHEIMU, NPEACTABIAN0-
IHUX OOpPeNeJeHEHRI HETepec, — 00 OAHOPOAHEIX H CHMMETDHICCKHX
CHCTEMAX.



2. CHCTEMbI YPABHEHWUA

CuecreMy ypaBHeHMIH
{p(x; y) = a,
glx; y) = b

HA3KIBAIOT oXHOpONBOIl, econ px; y), g(x; y¥) —— OXNHODOAHBEIE MHOTO-
WIeHH, 8 ¢ H b — RelicTBHTeNbHEE YHCIA.

Ecan p(x; y) u g(x; y) — oZHOPOAHKE MHOIOWIEHH OAHOHN M Tof
JKe CTeNeEN, TO Hied PeIleHWA OFHOPOAHOH CHCTEMEBl AOCTATOYHO
npocta. OHA CBOAMTCA K TOMY, YTO ¢ HOMOIGBIO COCTABACHNA HEKo-
TOpOH XOMOHHAIIHM YpPABHEHMH CHCTEeMHl MOMKHO HOJYUYHMTH OXHO-
poasoe ypapHeHne. Brnpouem, ecan B safaAHol cucTeMe @ = 0 wam b =0,
T0 B CHCTEME V)K€ eCTh OJHODOAHOE YPABHEHHE, KOTOpOe, KAK MEI BH-
;y-.
X
Ecmm ofa aucaa ¢ u b ¢TIINYHE OT HYJIA, TO, OPHMEHAB METOX Aeje-
HAA, OOJVYNM CHCTEMY, DABHOCHJABHYIO ZaHHOM:

gean B § 9, pemaeTca MeTOAOM BBeAeHHS HOBON MepeMeHHOR 2 =

P y) | 8
glxiy) b’
glx; y) = b,

Ilepenucap mepBoe YpABHERME CHCTeMHE B BHe

bp(x; y) — aqlx; y) =0
¥ BRIIOJHHAB COOTBETCTEYIOIIHE NpeclpasoBAHNNA, HOJYYIMM OEHODOI-
HOE YpaBHEHHE.

ODOpumep 1. Pemats cucTeMy ypaBHeHuH
2+ =1,
2%y + 2x + = 2.

Pemernue. Jlepnie uacTy 000X ypaBHeHWI CHCTEeMBI — OTHO-
POLHEIE MHOTOWIEHH TPeThel ¢TenmeHM, 3HAYMT, CHCTEMA ABAHETCA
onsopoEok. IIpuMenuB MeTOx AeseHAA (3AeCh OH He OPHBEAET K
OOTepe DELIeH:IT), TOTYINM:

1 @yt oyt 1,
Xy+2x2+ P 2 ¥lx + y)? -2

2 _ 2
B 352 - xy + ) = yx + )

2
2 _ —n- (¥} _a¥ —
4 — Bxy + 22 = 0 (x) 3L +2-0.



2. " CHUCTEMbI YPABHEHMHA

¥

Bregsa HOBYIO DepEMEHHAYIO 2 = ¢ » DONYyIAM KBAADATHOE YPABHEHUE

#-32+2=0c¢ wopuamm 2z, = 1, 2; = 2. BHaumT, AEdO % =1, r.e.

¥ = x, ymbo % =2, 1. e. y = 2x. B HTOrEC NPHXOANM K COBOKYIHOCTH

ABYX CHCTEM, KasKAad M3 KOTOPHX CYIeCTBeHHO Npollle 3aAaRHoil cH-
creMul ¥ (e3 Tpyma pemseTcsd METOAOM MOACTAHOBKM:

¥y =2x ¥ = 2x,
D=1 2+ =
IlogcraBue x BMecTO ¥ BO BTOpOE YPaBHeHME HepBOi CHCTEMEI,

moxyuns; 2x% =1; x® = % ¥VaofHee nepenAcATsL DOCAEIHEE YPABHEHAE

B Buge x¥ = % B rypee anrefphl 8-ro kmacca MEl yiKe BCTpPedaNNCh

¢ KyOuuecKHMY KopEAMH. M3 ypasEeHna x° = -:- MOAYIAEM: X = 2]% .

3 ]
Bamm,mmermemopanenmmd% =£ =%.311am,x=%.

f£)_

Hrak, nepeada CHCTEMA MMEET PeIICHHE ( :
TloacTasus 2x BMECTO iy BO BTOPOE YPABHEHHE BTOPOH CHCTEMBI, I0-

myaam: 9x® = 1; x* = % ¥VaobHee mepenucaTh Mocieflee YpaBHeHHe

nml.u;ex“=-2§,-‘:. erytmu:x:@,'r e x-%—g— Torza y = 2x—i

(5: %)

HTak, BTOpas CHCTEMA AMEET pellleHHe

OrBeT: g; f"l'g;‘)' (%’2‘%5_

IIna BBeeHAA NOHATAA CHUMMETPHIECKOH CHCTEMH HAM OOHANG-
GETCA DOHATHEe CAMMETDPMYECKOro BHpaKeHndA, Brupamenme p(x; y)
HAZRIBAIOT CHMMOTPHMYECKHM, €CJIN OHO COXPAHAST CBOH BAJ mpM
OAHOBPEMEHHOH 3AMEHe X HA ¥ 4 ¥ Ha ¥. CoOTBETCTBEHHO, YPABHEHHE
plx; y) = O HASEIBAIOT CHMMETPHYCCKHM YPABHeHMEM, €CJIH €r0 JIeBasd



2. CUCTEMbI YPABHEHVA

YACTE — CHMMeTpHYECKOoe Brpaskenne. HanmpaMep, cHMMeTpEYeCKM
ABAdAeTcA BRIpaskeHne 1’y + xy®. B caMoM gere, IpH OgHOBpeMEHHOH
saMeHe X Ha J U ¥ Ha X NOJYYHTCA BRpameHue yix + yx?, Ho ato 10
#e caMmoe, uTe x2y + xy’. IIpuBegeM elle HeCKOALKO IPHMEDOB
CHMMETPHYECKBX BHIpAKeHMI:
2 2

xy, x+y, x’+y2 x3+y“,x‘+y‘ - + ; .‘.\; +y? uT I

IlepBrie ABa M3 HMX CUHTAIOTCA OCHOGHLLMI B TOM CMBIC/IE, YT)
mofisle Apyrue CHMMETPHUYCCKHME BHDAKEHAS MOMKHC NMPEACTABHTH
B BAJE HEKOTOpOU KOMGMHAnuA xy A x + y. CMoTpuTe:

2+t =(x+ y) - 2xy;
B4y =(x®+ 3x% + 3xy® + ) - BxPy + Bxy?) =
= (x + p)* — Bxp(x + y);
x4t = (2 + ) - 2% = ((x + p)° - 2xp)" - 20x)%;
3
_1_+ _x+ g,x’_'_y_ 2+ (x+y}’ 3:cy{:c+y)
x ¥ Xy ¥ Xy xy

CuereMy ABYX YpaBHeHHHl ¢ ABYMA ODepeMeHHEIMH Ha3bIBAKOT
cHMMeTpHYecKoil cHcTeMOi, ec/l OHA COCTOHT H3 CHMMETPHYECKHX
ypasHennmit, Haea pemenus cuMMeTpHIecKoil CHCTeMEl (PaKTHIECKH

npegonpefeneHa IPOBEICHHAMHE BRIITE PACCYKACHNAMHA — BBOLAT ABe
HOBHIE MEPEMEHHEIC: & = X + Y A U = XY,

IIpumep 2. PemIuTh cUCTEMY YDABHEHHIH
X+ + 2 =17,
{x +xy+y=>5.
PemeHnne. Beegem ape HOBHIE epeMeHHHE: & = X + y, U = Xy.

BocrnionbayeMca UpH 3TOM OOJy4YeHHRIM Bhlmme BHpaskeHHeM x° + i@
yepes X + y u Xy

2+ yd=(x + y)® - Bxy(x + p).
Torms safiaHasi CHCTEMA NMPHMET BHA
u® — 8uv +v* =17,
{u + v =35,

BuipasuM © M3 BTOpOro VPABHEHMSA: U = 5 — u; MOACTABHM NOMIY-
YeHHOE BHIPAKEHHMEe BMECTO U B TIEpBOe YDABHEHHEe CHCTEMSI:
- Bub-u)+G-up=17;
Ut — 154 + 3u? + 125 — Thu + 15u® — v = 17;
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2. CUCTEMbBI YPABHEHMA

18u2 - Q0u + 108 = 0;
Ww-5u+6=0;
i = 2, Uy = 3.
CooTBeTcTBEHHO HAXOOHM: U, = 3, vy = 2.
OcTajioch peIHTh COBOKYIHOCTh ABYX HPOCTHIX CHCTEM YpaBHE-

Auif:
x+y=2, x+y=3
xy =3; xy = 2.
IleprafA cucTeMa He HMeeT pemeHuit, n3 BTOpoH HaXCoJHM ABa
pemenusa: (1; 2), (2; 1).
OrseT: (1; 2), (2; 1).

§13. MPPALUMOHAIILHBIE CUCTEMBI.
CMCTEMbI C MOAYNAIMH

B npepmaymux paparpadax Ml paCCMATPHBANHA TOABKOQ
CHCTEME! PAIMOHANBHHX ypaBHeHHi. Ha caMoM zene MeTomm pe-
[IeHHA CHCTEM YPABHEHMI, 0 KOTODRIX IIJI& PedYb BRIIE, YHHUBED-
CANBHEI, OHH HIpHMEHHMHE H AJf PelleHHd CHCTEM ypaBHeHmil apyrux
KaaccoB. B atoM maparpade MH pacCMOTPHM OpHMepH pelleHus
UPDAUUORGALHUMX ClcmeM, T.e. TAKUX CACTEM, ¥ KOTOPEIX XoTH OnI
B OJHOM YDaABHEHHH INePeMeHHEIE COALPXKATCH NOJ 3HAKOM KODHA,
a TAKIKe OIPUMephl PEIleHAA CUCMEM ¢ MOGYRAMU, T. €. TAKAX CHCTEM,
¥ KOTOPHIX XOTA OB B OfHOM YPABHEEHH OEPEMEHHRIE COACPIKATCA MOK
3HAKOM MOZIYJIA.

IIpumep 1. PeluTh cUCTEMY YpABHEHHH
[3x — 2y + [ 2 -2,
Vo2 V3x - 2y
4 -1 = 8y(x - 1).

Pemexnne. BeegeM HOBYK HNEpPEMEHHYIO! i = 1’3'1:—2;22 Torxa

1
nepeoe YPABHEHME CHCTEMbI IDAMET BHA 4 + o = 2, oTKYyAa HAXOOHM

u = 1. 3gaunr,

3x—2y . 3x-2y . . _
o =1; Y =1; x =2y.
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2. ‘ | CUCTEMbl YPABHEHWA

Ham yaanocs npecOpa3oBaTe DEPBEOS YPABHEHHE 3ANAHHOH CHCTE-

MH K cyLiecTBeHHEO Oonee npoctoMy Buay. Ho Torma m camy cucreMmy
MOKHO Depenuncats B Goaee NpocTOM BHAE:

x = 2y,
47 — 1 = 3y(x - 1).

Pemenua aroil cucremsl fes TPYAa HaXOZATCA METOZOM HOACTA-
HOBKH.

OTreT: (2; 1); (1; 0,5).

INIpamep 2, Pemuts cucremy ypasEeHHR

{Jx+J;+Jx—J§=2,
Jy+J_—Jy—J;=1.

Pemenne. BospeaeM B KBagpar obe uyacTH 000HX ypaBHeHHI

(Vo +fx—o) =4
(p+ vz -y -47) =1

|x+ y+2J;+J§-Jx—J;_;+x—J_=4,
yrvr -2y +Vr Jy-Jr+y-Jr=1

{x +Jxt -y =2 (\Ixz - 9)2 = (2 - 2P,
-2fp-x=1; (2\[;;"_—:|c)3 = 2y - 1%

X%~y =4 —4dx + x%, y=4dx — 4,
4 - x) =4y -4y + 1; 4y — 4x = 1.

Pemus 5Ty cHCTEMY ABYX JIAHCHHEIX YPABHEHHWH ¢ ABYMH mepe-

5

MEHHBIME, IOJIYIIM: X = %, y=3
Hposeprca. IIocKROABKY B DPOLECCe PEIIEEUA MBI YETRIPE PA3E BOS-
BogmaM ofie YACTH ypDABHEHMA B KB&JAPAT, BOZMOMHO NOABJICHHE
OOCTOPCHHEUX pemendii, a noroMy Heo0xoaaMa nposepka. Ee B npan-
OHNEe MOBHO CHEJIATH ¢ IOMOINBK HEMOCPEACTBEEHOH HOACTAHOBHE

4



2. u CHCTEMbI YPABHEHWA

HAlileHHKX 3HAYeHHH x = %, y= g B VPABHEHHA HCXOAHOH cACTEMEL,

HO TOrAA OPUASTCA INOBOSATHCH ¢ KBAADATHEIMA KOPHAMH. Bocnoan-
3yeMCcA APYTHM CcHoco00M NPOBEpKH.

HaBecTHO, uTO NpH BO3BefeHHNN oDeNX 4YACTeH YpaBHeHHA B
KBAAPAT TIOCTOPOHHHE pellleHHA He ODOABATCH, €ciu obe wacTH ypas-
HEeHHMA NPHHUMAKOT TOALKO HEOTpHIATeNbHBlEe 3HAYEHHSA. JTO ABHO
HMMEJI0 MECTO IPH BOSBENEHNH B KBAAPAT 000MX ypapHeHHH HcXoXHOR
cucrennl. IIpA Bo3BefeHHH B KBAADAT YPABHEHHIT CHCTEMBI

Jx2 -y =2-u2,
23yt -x=2y-1

HEOTPHIOATENILHOCTE BCEX YacTell YpaBHeHHﬁ obeceunBaeTCa CHNegyvI-
IOHMH YCJAOBUHAMH:

2 -py20,
y¥-x20,
2-x20,
2y —120.

Hafinennre sHaYeHNd X = }—;, V= g YHAOBJICTBOPAIOT BCEM 3THM

YCJAOBHAM, 3HAYHT, YVIOBJIE€TBOPAIOT 3a.uannoi-i CHCTEMe ypa.nnennii.

17.5

OrBeT: 125 3}

NpumMep 3. Perrnth cucTEeMy YpABHEHMHR

%=Jx+y+\/x—y,

x_ — -—
45—Jx+y Jx Y.

PemeHnue. 3aech HMeeT CMEICA OPHMEHNTL METON YMHOXKeHHA:

2J5—E'4J%=(Jx+y+Jx—y)(Jx+y—Jx—y];

B=(x+y)~(x-y)
y=4.
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2. “ CHUCTEMbI YPABHEHMH

IloacTasue saaveHne 4 BMECTO i BO BTOpOEe YPABHEHHE MCXOAHOH
CHCTeMEl, OOJIYYIM HPPANMOHANEHOS YPABHCHNE ¢ OfHO mepeMerHoi:

2J§=Jx+4-s/x—4; &)

(2\/%)2 = (Je+4-Vx_4);
A r+4-2F 16 +x-4;

6
5Jx% — 16 = 8x; 25(x? — 16) = 9x?; xt = 25;
X, = 5, Xy = ~5.
Bnavenne —5 He ygoBaeTBOpsier ypaBHeHEK (1), aHauenme 5 —
YAOBIETBODAET.
Hrar, noxyuniu x =5, y = 4.
IIpoeepka (mMogcTAHOBKOME HAMACHHEIX 3HAYCHME B HCXOZHYIO CH-

creMy) vle:mxpaer Hac B TOM, wTO nmapa (D; 4) — pemmeEne 3apaHHON
CHCTEMEI,

Oreer: (5; 4).
NIpamep 4. PemuTe cucreMy ypaBHeHHHA
| ISR Rkt 2 Y
Y ¥

P+2x=2x-1-y+4.

Pemerue. Oceobognemuchs 0T 3HAMEHATENIEH B OEPEOM YpaB-
HEeHWH CHACTEMHI M yeA@HMB ciaaraeMoe 2|x — 1| Bo sropoM ypasmenwn
CHCTEMEI, OOJTYINM:

{Ix—1|=4xy+y‘+y—x+1—4y,
x~1=pP + 26 + y — 4.

Eecrmx> 1,10 x~ 1> 0, a motomy j{x — 1| = x ~ 1. B arom caydae
mepBoe ypapHeHHe CHCTeMHE ODPUHHMAET BN

x-1=dxy+py*~-8y—-x+1,T.e. dxy +y* — 8y =2x~ 2.

Bropoe ypapHEHHE CHCTEMEl B 3TOM CAyUae NPHHHMAET BHI

Ax-VD=p*+2x+y~-4, re. P +y-2=0,

Eciz x <1, 70 x — 1 < 0, a notomy [x — 1} = «(x ~ 1). B atom

cIyyae Mepboe YpaBHeHHe CHCTeMEl NPHHHMAET BHA
-V =dxy+y*~-3y~-x+1,1r.e dxy+ y* - 3y =0.
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2. CUCTEMbI YPABHEHWA

Bropoe ypaBHeHHe CHCTEMEl B STOM CIyuse OPUHHMAET BHX
2x-D=p*+2x+y~4,re.y? +y=6—4x.

TakuM 00pasoM, OOXYIAEM COBOKYIHOCTh ABYX CHCTEM:

x=1 x <1,
dey + i -3y = 2x - 2, dxy + P -3y =0,
V+y-2=6 yi+y =6 - dx.

H3 nocaegEero ypaBHEHWA MePBOIl cHCTEMHl HaXommM: ¥ = 1,
¥, = ~2. IloacTaBMB MooYepefHO 3TH IEAYEHHA B NEpBOE YPaBHEHHE
IEpBOi CHCTEMBI, IOJYIHM COOTBETCTBeHHO: X; = (), x; = 1,2. IlepBoe
3HadeHWe HE YAO0BJeTBOpAET yeiopuio x 2 1. IloaTomy pemeHHe
mepeoit cHeTeMEl — Tlapa umcen: x = 1,2, y = —2.

PemumM BTopyo cucTeMy. Ha ee neppBoro ypABHEHHA HAXOXMM:

ydx +y-3)=0.
BaaunT, mabo y = 0, aubo 4x + y — 3 = 0. Ho y = 0 He ynosnersopseT
3aJJAHHOI CECTeMe YpaBHeHuit (ToYHee, €e nepBoMy ypasHeHHI0). Bo pro-
pOM COyuae CaeqyeT PelIMTh CHCTeMY ypasHeHMH
yr+y =6 - 4x,
Bripasup 4x HU3 MEPBOro ypasHeHNA cucreMul (4x = 3 — ¥) n nog-

CTABME TOAYVICHHOE BHIPAMKEHHE BMecTo 4x BO BTOpOe yDaBHEHHe,
npuAeM K YDaBHEHMIO ¢ OLHOM mepeMeHHOM y:

P+ry=6-38-yh

3EAYMT, I = J3, Y2 =—+/8. Tak Kax x = E%E, TO DOIYYAEM:

X = 3_4J§,x2= 3+4J§.

Bropoe 3HaueHHE HEe YAOBJAETBOpSET HepaBeHCTBY X < 1. Taxum
ofpazoM, AJNA BTODOL CHCTEMB HAHAEHO OJHO DEIIPHHE! X = %,

y= 3.

Orser: (1,2; -2} (3 _4‘,5; 'Jé)
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2. CUCTEMbl YPABHEHMA

Npumep 5. CKOOEKO peImeHAt AMEET CHCTEMa YpPaBHEHWH
{Ja ~x =y
4xt + 2 = 20
TIpH pASAHYHBIX 3HAYEHWAX TADAMETDG &7

PeuweHnne. Ha nepeoro ypapHeHHA CHCTEMBI TIONIYUGEM: i = @ — X.
IToacTasue BHpaskeHNe & — X BMECTO y BO BTOPOE YPABHEHHE CHCTe-
MEI, HOXYYNM YPABHEHHE ¢ OAHOH MEPEMEHHOM X M MapaMeTpoM

4x? + (a — x)* = 20;
5x% — 2ax + (0 — 20) =0 (2)

at. jat -5 -20) azt2J25 - gt
5 5 -

X,z =

Eemn 25 —a?2 < 0, r.e. ¢ < —h uan a > 5, yPABHOHHE HE HMEET
KODHeIi.

Echrm ¢ = 5, 10 x = 1, 1 B8 YCACBHA ¥ = ¢ — X Haxoium y = 4,
3HauHT, npE ¢ = § cucreMa uMMeer oguo pemenne (1; 4).

Ecan a = -5, to x = ~1 U, COOTBETCTBEHHO, f = —4. 3T0 BHAYEHHE
He YAOBRIETBOPAET IePBOMY YDABHEHHIO 38AAHHON CHCTEMHE, B KOTOPOM

OpPHCYTCTBYET J; , & MOTOMY AOJXHO BHIOJAHATLCA YeroBHe y = 0.
SEAYUT, OpH ¢ = ~5 cHCTeMa He HMeeT pelleHnit,

Paccmorpam cayuaii, xorga 25 - a? > 0, r.e. ~b < a < 5. Toraa
ypasHeHne (2) nMeeT ABa KODHA:

e+ 225 - a? _
5 s X2

a — 2J25 — a?
g .

B mepBoM ypaBHEHWM 3aAAHHOH CACTEMEl IPHCYTCTBYET @ — X,
CAEAOBATEJIBHO, JOAHECG BRINOJHATECA yeaoBe a — x = 0, r. e, x < a.
BriacHEM, NpHM KeKHX 3HAYCHHAX NaDaMeTpa ¢ YEKA3AHHOMY VCJIOBHIO
YAOBJAETBOPAET X,, A IDH KAKHX — X,.

{ a7
PaccMoTpHM HEpABEHCTBO a_-if_a

a+ 225 - a® < 5a:
V25 — o? < Z2a.

Ha nocnegHere HepaBeHcTBa caepyer, aro a = 0. IIpu srom yeno-
BHA ofie YACTH YKA3AHHOIO HEDABEHCTBA MOXNHO BOBBECTH B KBAADAT.
Tlonyanm:

£ a. AMeeMm:

25 —g*<4a% at35 a> 5
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(Mei yamu, ato ¢ » 0). Hrak, 3Ha4eHAe X; MBI MOKEM PACCMATDPHBATH
JMOIG OPE BEINOJHEHMHA YCJIOBHHA J5 €a <5,
— ,f — a2
PaccMoTpEM Teneph HEpPaBEHCTBO X; & 4, T. €. % <a

Hmeen:
a-— 2425 - g < 5a;
V25 — o = -2a.
OTO HEepAReRCTEO ABHO BHTIOAHAETCA NpA @ = 0, Tommee mpu (0 < ¢ < §.

Eom e -5 < g < 0, 1o ofie yacT mOCACAHEr0 APPANMOHAILHOTO
HePABEHCTRA MOJOMHTENILHE H HX MOMHO BOSBECTH B KB&JDAT:

25-02>40% a’<5 a>-b
(M yuam, uro g < (). Hrak, sHa"UeANe X, MBI MOMKEM DACCMATPHBATE
IPH BHOOJAHEHUWH YCAOBHA ~J5 <a<5.

NogpeaeM HTOTH HCCAEAOBAHHA YHCAA pemeREWi aagaHHON cH-
¢TeMEl ypaBHeHU# B ciaygae, Korma —5 < a < 5. Oxasamoch, uTo X,

VCTPAHBAET HAC IIPHA J5 €a<5,axg—npn—\/§ < @ < 5. 3Haunr,
ypasEeHENE (2) He mMeeT KopHeH IIpu —58 < a4 < —+/b, uMeer ogux

Ropennnpn—\lg <a<+5 ¥ OBa KOPHHA OPH ¥5 € a < 5. CooTBeTCTRY-
Olllge IUCA0 PermeHHH NPH YKA3AHHLIX YCIOBHAX HMeeT H 3aJaHHas
CHCTEMa YpeBHeHHH.

A remepe oTBEeTHM HA Bompoe 33favm. CHeTeMa He HMeEET peie-

ERE OpM @ < ~5, npam g = -5, mpu -5 < a < —Jg, opH ¢ > 5. Kopoue
370 MOMHO 3ANHCATh TAK: @ < —+/5; a > 5. Jlamee MH NOSYYHIH, YTO
CHCTEMA MMEEeT OJHO PelIeHHe, €CIHA —JE L£a< Jg HIH ecam ¢ = 5.
Hakonen, mpnm J5 € a < 5 crereMa uMeer ABA PEMIEHHA.

OTBeT HeT pemeHnil Opm & < —JE HaH ¢ > 5; OgHO pemeHHe
npn—Jgaia<J5ma=5;gnapemeuuanpn J5 < a <5,

§ 14. CHCTEMbI YPABHEHWA
KAK MATEMATHUECKME MOAEMM

PEAJIbHbLIX CHTYAUMFI
HekoTopslll ONHNT pellleHAs 38384, CBOAALIMXCA K CHCTe-
MAM YDaBHEHHH, ¥ B&C eCTh: B T-M KJaCCe BCTPEUANHMCH 3ajauu,

MATEMATHYECKO€ MOAeJANPUBAHHE KOTOPRIX NPHMBOAHIO K CHCTEMAM
InHeHHNX ypaBHeHWi. PaccMOTpHUM mpAMepHL.

1
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Opumep 1. B paitunenTpe aBa KaHoTeaTpa — «®Paxen» u «Cua-
Bas, neperiit — Ha 400, a Bropoit — =a 600 MecT. B 3apHTeARHOM 3aie
KuHoTeaTps «CnaBas Ha 4 pana Gonkme, yeM B KHHEOTeaTpe <DaKens,
H, KpOMe TOT0, B KaXK/J0M pAAY Ha 5 MecT Goxblue, 4eM B KHHOTEATDE
«Marens. CKOAbKO DANOB B 3DUTEILHOM 3aJ€ KHHoTeaTpa «Daxens,
ec/In M3BECTHO, YTO B KoM pAay KuHoTearpa «Caapas» Gonee 25
MecT?

Peumenne. [Ieppriil gran, Cormaesrenue mamemomiuieckoii mo-
deau.

IIycTs ¥ — 9ueno pagoB B KHHOTeaTpe «Dakens, y — UHCIO MeCT
B KadgoM pany kuHoTeaTpa «Parxens. Torgaa x + 4 — dHCAO pAf0s
B KHHoTeaTpe <«Cnampa», y + 5 — uUNCAO MeCT B K&KAOM PAly
KWHOTeaTpa «Caapas. 3HAA YHCIO DANOE H YHCAO MECT B DALY, MOM-
HO HaHTHa ofiee YMCA0 MECT B Ka:KI0M KHHOTEaTpe:

Xy — YHCJ0 MecT B KMHOoTeaTpe «Dakess,

{x + 4)(y + 5) — uncao Mect B KuHoteaTpe <«Ciaaras.

Ilo ycaosuio, xy = 400, a (x + 4)(y + 5) = 600.

TaxuM 00p&a30M MHB OPHXOAHM K CHCTEME XBYX YDPaBHeHHH ¢ aBy-
MA TIepeMeHHRIMM:

{xy = 400,

(x + 4)(y + 5) = 600.

Bropoii aran, Paboma ¢ cocmasaennoii modensn,
¥OpoCTHM BTOPOE YDABHEHHE CHCTEMEI:
{xy = 400,

xy + 4y + bx = 580.
IIpuMenuM MeTod anrefpandecKoro caomeHuA. Buiutem neppoe
YPABHEHNE CHCTEME I3 BTOPOro:

(xy + 4y + 5x) - xy = 580 — 400,
4y + 5x = 180.
3aMeHHM 3THM ypabBHeHHeM BTODOe YPaBHEHWe CHCTEMBI:
Xy = 400,
{49' + 5x = 180,

BrIpasaM ¥y yepes x M3 BTOPOTO YPABHEHNA CHCTEMEL: Y = 180 - 5x

4 ]
TIOACTABMM 3TO BHpPAMKEHWE BMECTO ¥ B NEPBOE YPA&BHEHME CHCTEMELI:

x- % = 400;
x, = 20, x.,=16.
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180 — 5x
4

Tperutt saran. Omsem xa sonpoc 3adayu.
MBI FOMRHEEI IPOAHANHIHPOBATE JBe BO3MOMCHOCTH: AA60 B KAHO-

reaTpe «Paren» 20 pazos no 20 mMecr B KamaoM paxy, nubo 16 pa-
ZoB 1o 25 MecT B KaxxaoM paay. Ecnm BRIGPATE NepBYI0 BOSMOKHOCTD,
T0 B KHHOTeaTpe «Cnasa» Gyger 24 paga (mo ycaosmio Tam Ea 4 pazxa
Goasie) mo 25 MecT B KaXAOM paxy (IO YCIOEHIO B KAXKAOM DAXY
«CnaBei» Ha 5 Mecr Goneme, veM B «MPakener). IT0 HaC He YCTPAMBA-
€T, TAK KaK IIC YCHOBHIO B KaRAOM pAny «Cnapm» Gonee 25 mecr.
PaceMoTpHM BTOPYIO BOSMOXHOCTL: B ¢ Pakenes 16 paxor mo 25 mect
B KasxaoMm. Torga B «Cnases Gyner 20 pazos no 30 MecT B RamaoM.
910 COOTBETCTBYET YCHOBHIO 3a1add,

Hrak, 3 ABYX pemeHuli cHcTEMH BHIOHDaeM ogHo: x = 16, y = 25,
a 3TO O3HAYAET, 4YTO B KnAOTeaTpe «Pakens 16 pamon.

OTBeT: 16 pagos.

Tak KaK y = » TO iy = 20, g2 = 25,

Ha camoM aesie aTa 3afa4a He ABJAETCH JAA Bac HOBOI, MBI pe-
mMATH ee B yueOHHKe «AJrebpa—8s, HO c NOMOIORIO ADYTOH MaTeMa-
mTaueckoil mogenun. HamoMHEHM, KAk MHE DacCYIEIANH.

400
IIyers ¥ — uHMeno pagoB B XKHHoTeaTpe «Paken», Toraa >
YHCHIO MECT B KAMAOM pany xuHoreatpa «Daxrens, (¥ + 4) — uneno
panos B KuEoTeaTpe «Cnapas, % — YHCAC MecT B KAXKIOM DALY

knHoTeaTpa «CnaBar. A NOCKONABKY B KHHAOTeaTpe «ClaBa» B KAXKAOM
pany Ba 5 MecT Gosabime, ueM B «PaKenes, TO MB MOXKEM COCTABHTH

, 600 _ 400 _
creAyIollee YpaBHEHEe: —— iR

CpasHuM ABa BAPHAHTA PeINeHHA 3a/a4N. B mepsoM BADHAHTE IPH
COCTABICHHH MATeMATHYeCKOH Mogenu MH HCIONL3OBANH ABe
nepeMeHEHe, MOITOMY pafora ¢ Taxkolf MOAenne OKasanach Goaee
TpyaHOH. ONHAKO CAMA MAaTEMATHYSCKAA MOoAeak ObLIA mOCTPOSHA Jerde
¥ GbicTpee. Bo BTODOM BapHAHTE IOJYVYEHO PALMOHANBHOE YDABHCHHE
¢ ofHoif mepeMenHOH. C TeXHHIeCKOil TOYKHM 3peHHS ero pemaTh
npoine, 4eM CHCTeMy ABYX DANUOHANBHEIX YPDABHEHUH ¢ ABYMS
nepeMeHHBIMH, HO 3aTO G0JbIIe YCHAMA NPHXOAUTCA TPATHTR HA CO-
cTABJIEHHE MATEMATHYECKOI MOTeNH.
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2. CHCTEMbI YPABHEHA

HOpumep 2. [Ipuerarn B 1 C HaxogaTcR HHKe OPHCTABEH A m0
TegeEMD peKkn Ha 30 kM m 45 KM cooTBeTcTBeEHO. MOoTOpHAA JofKa
OTONLJIA OT NPHCTAHH A, gomna ao C, cpaay NOBeDEYJa HA3aj &
npumiaa B B, saTpatue Ha Bech oyTh 4 1 40 mun. B apyro#t pas ara
e JoJKA OTomLIA OT mpuctaEn C, Jomna go A, ¢pasy IOBEpHYJAa
Haaax M npHinna B B, 3aTPATHB Ha BeéCh OYTh T 1. YeMy paBHEH cof-
CTBEHHAHA CKODOCTh JOAKH H CKODOCTH TeYeHHA DEeKH?

Pemeene. lleperill sTan. Cocmaenenie mamemamiurecoll mo-
denu,

Brejgem ape nepemeHHBIe: X KM/9 — cOODCTBEHHAR CKOPOCTH J0I-
KH, i KM/Y — CROPOCTE TeueHHs perd. Torga (x + y) km/u — cro-
POCTh JIOAKM IO TEYEHMIO PeKH, (X — ¥) KM/4 — CKOPOCTb JIOAKH
NPOTHB Te4YeHHA DPeKH.

PaccMmoTpuM nepBuii pelic aogku., O cocrasun 45 KM mo Tede-

HMI0 4 15 ¥M mporue Teuenns. Torga

15
’x_y

x+g T — BPeMd ABMKeHHS

JogKM OT mpucTasd A go C Y — BpeMA ABHKEHHH JOIKH OT
npucramu C go B. Beero Ha nepsriit pelic oaxa saTparuna 4 g 40 mus,

14
T, e. 4% =3 (u). Takmam obpazoM, moJAyUaeM YpABHeHUE
_456 156 14
x+y t - /- 3
PaccmoTpam BTOpoit pelic aoakm. OH cocrarua 45 KM IPOTHB Te-

yegudA ¥ 30 kM no Tevenmio. Torga 9 — BpeMs JBMOKEHAA J00-

X =¥y

KM OT [IpHCTaHH CnooA g ~— BpeMA ABHKE€HHA N0JKH OT

*xty
npicTaEd A ao B. Beero Ha eropoli peitc noaxa sarparuna 7 u. Ta-

KHM o0pasoM, TOAYUSEM YPABHeHHe
45 30
r-y T x+y
MaTemaTiHuecRad MogeNb 3agadd mpeacTaBngeT cobolt cmeremy
ABYX YpaBHeHHIl ¢ AByMA NepeMeMHBIMHE:

45 15 _ 14

x+y =x-y 3
45 + 30
xX-y x+y

=17.
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2. || CUCTEMbI YPABHEHMIA

Bropoit grafg, Padoma ¢ cocmasrentoi Modervio.
Jdasa peitenus cHCTeMEl YPABHEHMH BOCHONBIYEMCH METOACM BBe-
JeHHMA HOBRIX mepeMeHHEIX. Ilomosnm:
15 15

vy % Ty >

Torga cMcreMa TpHMeT BHI

14
3a+b—-3-,
2a+3b=T.

PellB 8Ty cHCTeMy ABYX AHHeHEHX ypaBHeHAH ¢ AByMA Oepe-

MEHHEIMA 24 H b, momyuum: a =1, b = %

Hrax,
15 )
prarap =1, 1.e.x+y=15;
15 _ 8 o
i g.T-€. X —y=9.

OcTaeTcA PelllNTh COBCEM TPOCTYIO CHCTeMY ypaBHeHHH

x+ y =15,

r—-py=9

Tonyuaem: x = 12, y = 3.

TpeTnit aTan. Omeem Ha eonpoc 3adavu.

Tpefiyerca onpeaeInTs CKOPOCTS JOLKA B CTOAYEH BoAe M CKOPOCTh
TeueHHs pekH. Ilepayio ckopocTs MH 000SHAYAIM GYKBOH X, DONYIAIIM
x = 12; sHa4uT, cobCcTBeHHAA CKODOCTh JOAKH cocTeBaser 12 xm/u.
CropocTh TedueHHA MH ofo3Eayunn OyKBoi y, noxyuund y = 3. 8ua-
YWT, CKOPOCTH TeUeHNA DEeKH COCTABASEeT 3 KM/d,

OrseT 12 KM/4; 3 KM/,

HDpamep 3. MacTep ¥ ero yueHHK IJAHHPOBANH ¢000IOA BHI-
HOMHHATEL EeKOTOPYIO paboTy 3a 6 aueit. CHauasa aa Zeno B3ANCH yde-
EBK. BunoaHus 20% sagannd, oH saboxen. OcrannHas pafioTa
OpHIZIAach HA 010 MacTepa. B HTore BHINOJHeHMe 3aKaHAR pa-
cranyaock Ea 11 mmeii. 3a ckoiabko ARell Mor Onl BHIOIOJHHMTh BCIO
pafoTy MacTep K 3a CKOJBKO AHell YUeHHK, AefiCTByA B OAHMHOYKY, eCaH



2. | | CUCTEMBI  YPABHEHVSA

M3BECTHO, 9TO KOJHYECTBO AHel, HeoBX0AAMOe KAMAOMY H3 HHX,
BHPAMACTCH DEXWM YHCIOM?

Pemenne. Ilepeuit sran. Cocmaenentie mameMamuieckoil mo-
denti.

Ecxa peus aeT o BRIDOJIHEHAH HEKOTOPO# paBoThl, He BHIpasKeHHO
KOHKDETHHM TIHCIIOM (T. €. Hé CKA34H0, CKONBKO JeTafedt HANO CAENATH,
CKOJIBKO KyOOMETDOB 3€MIIM BRIKOIATE M T. A.), TO ofbeM paboTsl cuuTa-
0T pABHEIM 1, 2 JacTH pafoTH BRIDAJKAIOT B AOAAX eNWHHULL.

IIyers x — uymcno aHeli, HEOOXOAMMEIX MacTepy, YTOOB BRINOI-
HHTh B ORHHOUYKY BCK® paboTy, a iy — 9Acno AHeil, HeoOXOARMEIX yye-
HEKY, YTO0M CODABHTRECA B OJHHOYKY ¢ Tol ke pafoToit. Ecnr ofeem
Beeif paGoTH pasaendTs HA YHCHA0 AHeH, HeOOXOAUMEIX NI €8 BRIIOJIHEe-
HAA, TO Y3HAEM AN paGoTH, BHINOJIEReMYIo 3a 1 xeHs.

Hraxk, % — gonda DBGOTH, KOTODYIO BRIIIONHAET MACTED 34 1 pens,

1
y — moas pa6oTH, KOTOPYIO BHNOAHAET YUeHUK 3a 1 gens. Ilo yeio-

BHI0, paforas BMecTe, MacTep H yIeHHWK MOINM OBl BEIDONHHUTE BCIO
pabory 3a 6 gHeit. HJoms paboTH mactrepa 3a 6 amEel BEIpakaerca

dopuyaoi % Jona paborH yuenmxa 3a 6 aueidl BHpaaeTca

i)
dopmynoit 7 A BMecTe OHHA ILIAHHMPOBAJM BHIIOAHUTHE BCKO pabory,

8
CocrapnneM ypaBHeHHe: % + 7= 1.

IIo yemoBHio yueEHK BHINONHHI, TPYAACE B OOUHOUKY, 20%
3aJaHHA, T. €. % 4acTh Beell paGoTH. Ha Eee OH MOTDATHA % YACTh
TOrO0 EPeMeHH, KOTOpOe HYXXHO eMy Ha BEINOJAHeHHe Beell paboTwl, T. e.

- y nueit, [ToTom Npumten MacTep, cAeNAT OCTABIIVIOCH pabory, T. €.

Sl O

4
3a7IARMs, Ha WTO 3aTPATHA % - ¥ AHel.

IIo ycnoBAIO BHITIOAHEHWe 3aJaHHS DACTAHYJa0Ch Ha 11 aHeit:



2. CUCTEMbl YPABHEHWA

Taxms 06])8301!, MATEMATHYECKAA MOIEAkh 38AAYH COCTABIEHA:

_6.+-§=1’
x ¥
¥ + 4x = bS8,

Bropo atan. PaSoma ¢ cocmaeaernoll modeavio.

BocnoaksyeMca MeTOZOM NOACTAHOBKA. BHpasuM I uepea x M3
BTOPOTC YPABHEHAA CHCTEME: ¥ = 55 — 4x; DOACTABHM BHIDAIKEHHAE
55 — 4x BMecTO Y B mepBOe ypaBHEHAe CHCTEMEL!

6 6

Pz - b
Peimup 8T0 PAITMOHENENOE YPaBHeHMe, Haliiem ero xopHn: x, = 10,
33
xg = T.

Ocramoch HAWTH COOTBETCTBYIOIAE sHaYeHnA Y. Ecaun x = 10, To
U3 ypaBHeHud ¥ = 55 — 4x naxonum y = 15; ecru x = -3:—!&, TO K3 TOTO

%€ yPABHEHMA HAXOAUM i = 22.
WUraxr, cocTaBNeHHAA CHCTeMa YDABHCHHH HMEeT ABa peIDeHHA:

(10; 15) 1 (?; 22).

Tpetuil_oran, Omsem na sonpoc sadavi.
Ilo yvecsoBHIC KOMHUecTRO AHel, HeoOXOAHMEIX KAK MACTEDY, TAK

H YVYeHHKY OJIA BHIIOJHEHENA B OJHHEOYUKY BCEr'0 38 JaHHA, BhIpAKAETCH

HeARIM SHCAOM, 3HAYHMT, Napa (37:’:, 22) HEe COOTBETCTBYET VCAOBAAM

sagaan. OcTaeTcd AUINL OZHA BOSMOMKEHOCTE: x = 10, y = 15.
Orser: 10 gmeii; 15 gneii.

ODpumep 4. Hmeompecs B depMepcKoM XoadiicTBe KOoMOAHEH,
pabotas BMecTe, MOTYT YOpaTs ypokait ¢ nona 3a ofgu# cytkn. Iloay-
YHIOCH TAK, YTO KOMOANEM BKIIOYANNCE B pAGOTyY MOCAEX0BATENILHO:
B TedeHHe MepBoro waca paborasa ogun KoMOaiid, B TeueHHe BTOPOTO —
A8, B TedeHHe TPLTLero — TPH H T. 4. AC Tex Mop, Moxa He sapaforany
Bce kombailinni. B uTore 3a onpeaeseHEOS BpeMma ypo:xRaii 6n1a1 cobpan.
J10 Bpema yaamoch OH YMEHLITHTL Ha 6 4, ecau OB ¢ caMoro Eeavania
paborann Bce KomGaiiHM 3a MckmodwerHeM mATH. Kakyio uacTs moas
(3 mpomeHTax) yGepyT 5 xombaiinos 3a 6 u?
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2. || CHUCTEMb] YPABHEHIWA

IeppRlit aTan. Cocmasaenue mamemamuveckoii Modeau.

Kax m B mpeguiayImel sagave, mpumeM Beaduymny Bcell paborm
(T. e. YOOPKY YpO:RaR €O Bcerc nond) sa 1. BeeneMm TpH nepeMeHHHE:
n — yuceno KoMGaiuoB B x03aiicTee; ¥ — NPOU3BOAKTEILHOCTL OJHO-
ro xombatina, T.e. goas paboTH, BRIDOAHAEMAA OANEHM KomOGalHoM
aa 1 y; t ¥ — daxTHyecKoe BpeMA COBMecTHO# paforsl Beex KomMbait-
HOE nIpH y0opie ypomas.

Teneps 6yaeM YHTATE YCAOBHE 38J8YH C CAMOIO HEYAAA W MOCTE
NMeRHO NepeBOARTE €TI0 Hd MATEMATHYECKAH ASEHIK, HCIONL3YA BREHeH:
HBEI® NePEMeHHBIO.

«Meroniueca B depMepcKoM Xo3diicTee KoMGaifEr, pabGoTas BMe-
¢Te, MOTYT YOpaTh ypokail ¢ OONA 38 OAHM CYTKH». JTC 3HAUMT, 10
n KoMbaiiHOB ¢ MTPOHSBOZWTENbHOCTHIO X BHIMOJAHAT BCK palfory,
paBHYIe 1, 32 24 4. [TonytuaeM mDepBoe YpaBHeHHE:

24nx = 1.

Hanee: «Iloayumnock Tak, IT0 KoMOallEE! BRIIOTANHCE B pabory
MOCAeZOBATENBHO: B TeUeHHe HepBoro daca paforan ogaH roMbaiH,
B TeYeHHe BTODOTO — ABA, B TeyeHHe TPETHEro — TPH H T. A. A0 Tex
mop, MoKa Re 3apaboTajn Bce KomOalfHM. B mTore 3a onpepeseHtnoe
BpeMA ypoxxa#k Guin cofpaH». ITO 3HAYHT, 9TO 38 OEePBRIA yac, KOrga
paforar ogan KomGalin, GRiIa BEINONHEEA KOS paGoTHI, paBHAR X, 54
BTOpOil wac, Korga paborann gpe KomObaliHa, Obina BHIMOJHeHA XOAA
paboTrl, papEAA 2x, 38 TpeTHI yac — 3x, 38 YeTBepTHI — 4X HT. 1.;
aa (# — 1)-it gac BMOONHEEHA HonA paGorel, pasHas (72 — 1)x. Haxonen,
ODogKIIoaAncs nocneganii kombeliE ¥ Bce BMecTe OHH pafioTanA eme
t 4 (A BHAYAT, Bcero Ea yOOpKY yposkan aarpadeHo (n — 1 + £) u),
BHUIOJEHMB IpPH STOM A0AI0 paboTil, paBHYIe (nx)t. Takum obpason,
OJYYAeM BTOpOEe YpABHEHHe:

x+2¢+8x+..+(n-x+ntx=1.

H maxoBen, mocnegHEee YCJIOBHE 3aJ84YH: «JT0 BEpeMi (T. e, BpeM4,
aaTpadeHHoe Ha YOOPKY Ypomxas) yaamock 06l YMeHbITMTE Ha 6 4, ecam
651 ¢ caMoro Havana paGorann Bce xomGalHEl 38 HCKIIOTEENEM IATHS.
Bpemsa, zaTpaveHHECe HA YOOPKY YPOXKas, PABHO, KAK OTMEUYEHO RBIIIIeE,
(n - 1 + t) u. 3paunT, ecan Ol ¢ caMoro Eauyase pabotann (n — 5)
xKomBaitnon, To paGora aaunack Ok (# — 1 + ¢t — 6) 4, T. e,
(n + t — 7) u. IlonyuaeM TpeThe YPABHEHHE:

(n+t-Tn-58)x=1.
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B uTore HMeeM CHCTEMY TPeX YPABHEEWII ¢ TPeMS mePeMeHHBIMH!
24nx =1,
x+2x+3x+..+(n-Dx+ntx =1,
n+t-Tn-58x=1

IIpu 3TOM 1 — HATYpPAJIbHOE YHCH0, 4 ¥ H i — NOAOKHTEILHEIES
HHCIIA,

Bropoji gran, Paboma ¢ cocmasaennoil Modeavio.

Yrofx npeofpasoBaTs BTOpOe YDABHERHE CHCTEMLI, HY}KHO BBI-
HeIHTE cyMMy 1 + 2 + 3 + .. + (r — 1). BanmmeM HETepecYIOIYIO
HAC CYMMY JBa;KARI:

§= 1 + 2 + 3 +.+(n-3N+ME-2)+(n-1);
S=n-}+(rn-2+(n-P+...+ 3 + 2 + 1.

CrnoxunmM 5TH JBe CYMMBl «CTONOMKAMH»: BCETO «CTOAOHKOR» (R — 1)
M CYMMAa CIaraeMHX B KAKIOM cTON0HKe panHa n. B Mrore moayumm
28 = (n - 1)n, sEaywHT,

- rr-1)
8= 7
Ota DOpMyNa DO3BOARET HEPEeIMCATH BTOPCE YPABHEHHe CHCTEMEL
B Oosree mpocToM BUAe: 3@—2_—1):: +ntx =1, aax nx (“;1 + t) =1.

1
,[[a.nee H3 NepBRoro ypaBHeHHR CHCTEMBI HAXOAHM, 4TO X = m.

TNozacTasaM »T0O BRIpANEHHE BMECTO X BO BTOPOE H TPEThe YPABHEHHS CH-
CTeME! (IIPH ITOM BTOpOE YPABHeHHe 3AINIIEM B Ipeo0pasoBaAHHOM BHE):
1

x=—,

24n’
n-1 ., ,-24

)
n+t-—"
( 24

Tenmeph BHPA3HAM TIEPeMEHEYI0 [ M3 BTOPONC YPABHEHHA M HOJ-
CTABMM DOJYYEeHHOE BHPaKeHNe BMeCTO ¢ B TDEThE YPAaBHEHHEe CHCTEMBI!
1
= a}

24n

¢ = 49—n

( 49"‘-7)(n-5)_24n.
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H3 nocrenHero YpasHeHHAA Haxoaum: n, = 25, n, = —7. Ho opu
COCTABJICHMM MATeMATHICCKOH MONeNH MB OTMETHJAH, YTO B — HA-
TYPANBHOS YHUCAOQ, & STOMY VCAOBHIO YAOBJETBODSAET TONBKO IEPBEIi

KOpeHb, T.e. i = 25, 3mas n, Haxoaum, aro ¢ = 12, x = %

Tremit aran, Omaem xa gdonpoc sadayu.
IIpongeoaMTEIRAOCTRE TPYAA ONHOTO KoMOaiiHA, KOTODYI0 MK 060-

aHayany Gyksoff x, paBHaA % 3eayur, 5 KoMGaiiHOB 33 6 wacoE
1 1
BLIIOJHAT pafoTy, PaBHYIO 5 - 6 - &5, T. €. 3g, YTO cocraBager 5%.

OrpeT: 5%.

ODpumep 5. Jopora n3 A B B cocToAT B3 Tpex YIACTKOB, IpH-
qeM nepBui B 6 pas amuEnee Tpetsero. Benocumeauer exer u3 A B B
€ pasHol CHOPOCTHI0 HA PASHEIX YYACTHAX (HO DOCTORHEOHN ANA Kam-
AOT0 YYACTKA Xoporm), Halithm c¢peaHIK CHODOCTH ABMI)KEHHA Be-
JIOCHOELHCTA HA TPOTHAKEHHAH BCErc MyTH, €CAH H3ESCTHO, YTO OHA
PABHA CKOPOCTH ABM'KeHHA Ha ETOPOM VIACTKe, HA 2 KM/9 MeHbIIe
CKOPOCTH ABH:KeHUd HA MepBom ydacTxe W Ha 10 xm/q 6oasiie mo-
JIOBUHB CKOPOCTH ABMMKEHAS Ha BTOPOM YJIACTKE.

Pemenune. Hepsuil srag, Cocmasaenue MamemMamuieckol Mo
deau.

BBefilem TpH NepeMeHEbIE: X KM/4 — CpPeXEAA CKOPOCTh ABMXKEHHs
BeJOoCHNequCTa HA OYTH oT A no B; y KM — ZTHEA TPeTLeTO YUACTKA
nyTH, Toraa 6y KM — ATMHA DEepBOTO YUACTHA; 2 KM — XTHHA BTOPOrO
YUYACTKE.

Janee onmpegeaM CKOPOCTh ABHMKEHHNA BeNOCHOCIACTA HA KasK-
JOM H3 TpeX YVUACTKOE: (x + 2) KM/4 — CKOPOCTH ABH/KEHHA HA Mep-
BOM YY&CTKEe; X KM/4 — CKOPOCTh JBHXKEEHS HA BTOPOM YYACTKE;
(2x — 20) kM/"Y — CKODOCTL ABMMKEHHA HA TPETHEM YUACTKe (IO yCI1o-
BHIO, CPeIHAA CKopocTh HAa 10 kM/4 Gosnblme NOJOBHHH CKODOCTH
ABM;KEHHA Ha TPETHEM VYacTKe, 3HAYHT, (x — 10) KM/4 — moaoBHEA
CKODOCTH HA TpPeTheM YJaACTKe, A CaMa 3TAa CKOPOCTh paBHA (2x —
— 20) kM/4).

Ha puc. 92 npencrabiesa cxeMa ABHMMKeHHA BelOCHIIEAHCTA.

Tenepr HeTPYAHO HANTH BpeMA ABHKEHAS BeNOCHIEAMCTA HA Ka-
AOM YYACTKe, NOCKONLKY AAA KAMAOr0 YIACTKA M3BECTHH M €ro JAHHA,
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2 . CUCTEMbI YPABHEHWA

N 6y kM . ZKM YRM
A (x + 2) km/a ) x KM/q ) / B
(2x — 20) xM/%
Pnec. 92

H CHOPOCTE OBMKEeHNA: ‘x"gf‘é Y — BpeMs ABHMEHAS HA IEPBROM yUACT-

Ke; % 1 — BPeMd ABIKERHA HA BTOPOM YUACTKE; 5 - 20 *— Bpemd

ABH)KEHES HA TPETHEM YUACTKe.

Bpem!, 3aTpadYeHHEOEe HA BeCh NYTh, MOJKHO BRITACIHTR HE TOJBKO
HaK CYMMY TpeX VKABAHHEIX BEIHYHH, HO H KaK YacTHOE OT JeNeHHHE
Ty+z2

AJHHH BCETO NYTH HA CPEAHION CKOPOCTh IBHMKEHHSA, T. €. x

B urore npuxogMmM K YPABHEHHIO

8y + 2 ] _Ty+z
x+2 x 2¢-20 - «x °

Bropoit gran. Paboma ¢ cocmasnenHoii Modernblo.

MuI nonasid B HeOPHBERIMEYIC CHTYALDHI0 — MATEMATHUECKAA MO-
Aens 3agauu npeactTapiaser coloil 0dno ypasnenue ¢ mpems nepe-
xennvimit, Tem He MeHee mopaboTaeM ¢ 9THM YDABHeHHEM:

6y z ¥ _Ty oz,
x+2+x+2:c—20_ x +x’
6y ,__¥ _ T
x+2 2x - 20 x"°

Pasgenuy o6e 4aCTH YpaBHEHHA HA Y. JHECH ITO JE4TH MOMKHO,
OOCKOJIBKY HO CMEICTY 3agaud y = (:

6 1 7
x+2 T 2x-20 " %

Iloayunnock o6EYMHOE YpaBHeHMEe C OJHOE NepeMeHHOE x, OHO
uMeeT Apa Kopua: x, = 14, x, = —20.

Tperuwii gTag, Omeem na sonpoc 3ada4u.

B sagade COPAIIHBAETCA, MeMy DABHA CPeAHAA CKOPOCTR ABIMIEe-
HH BeNOCHMIEAHCTA HA BeeM NYTH oT A Ao B. DTY CKOpOCTs ME 000-
sEaunne Oykpoif x. aa x mamau Asa SEAYEHHHA, M3 KOTOPHIX IO
CMHBICHTY 3a4a4H TOAXOAMT TOJRKO MEepBoe.

OrBeT: 14 RM/4.
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Samevanue. HEOTAa sagaun, nogofanie paccMoTpenHoli Bline, Ha-
BEIBAIOT HecmandapmAawmi. HecranaapraocTs pellleHHON 3884l CO-
CTOHT B TOM, YTO 4HCJO COCTABAEHHBIX YpaBHeHMH OKASANIOCH MeHb-
e 4YHCNA BBEAeRHHX NepeMeHHBIX. DEIBAeT, UTO B TAKHX CIy4aax
B 3agaue TpeOyeTcA HAHTH He SHAYEHHSA IePpeMeHHHIX, 8 KaKoe-anbo
HX oTHOomeHNe. B paccMOTpPeHHOM JKe NpHMepe JHINHHE NepeMeHHEe
OKA3ANHCH QuUKKMUBKbIMY, T. . OHH YEHUTOXHIHCH B IpoHecce
npeolpasoBaHNA ypABHeHUA.
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3 YMCNOBLIE DYHKLMHA
4

§ 15. Onpejenenne 4HcROBOH hyHHUMM,
C6nacre onpegenewnn, obnacts 3HaYeHit GyHKUMH
§ 16. Cnocober 3a4anms PyHRumH
§ 17. Caosictea gyHrumi
§ 18. Yeruve u HeveTHbie yHKUMH
§1%. @yuupn y = x™ {m € Z), ux CBOHCTBE 1 rpaghuKm

§20. Pynnymny = Yx, ee coosictsa u rpagmK

§15. ONPEAENEHME YMCNOBOH ®YHKLMM.
OBNACTb OMPEAENEHMS,
OBNACTb 3HAYEHMH ®YHKLIMM

3a BpeMs H3YYeHHS Kypca anrefphl BH yiKe OPHEBRIKAA K

TepMHHY «QYHKNMA». JTO K NOHATHO: Bedb OONIBIIMACTEO MATEMATH-
geckHX Mopenedt crporTea ¢ noMmompio dyeEruui. Ho Bor camMmo monsa-
THe «(})YHKOHA» ME He ONPeAeTHIA, XOTA BCEM HA3BECTHO NPABHIO:
npemie YeM HCIOALIOBATH KAKOH-TO TEDMHH, Zall eMy TOYHOE
ompeaeneEde. 1 8 OCHOBHOM ME! 9eTKO CAEXOBAIH STOMY OpPABHIY.
Tak, B 7-M KIaCCE MH BReSM TEPMHH «CTelleHb ¢ HATYPAJLHHIM IOKA-
3aTeeMs H TOYHO €T0 ONpeAeJHIH: «Oox a°, Tae n =2, 3, 4, ... , OHEH-
MaeTcH NpOoH3BefieHNe N MHOMRNTeNeH, KA bl NS KOTOpPLIX paBeH o}
ooA a' NOHMMAeTCH ¢aMo IAciHo ¢». B 8-M Riacce MBI BBeIH TepMHH
‘{KBAAPATHEIA KOPeEL HS HeOTPHIATENLHONO YMCAA%, KAB eMy TOYHOE
offpefeNeHNe:; « Ja — s10 Taxoe HeoTpHOATENBHOR YHCIC, KBANDAT
KOTOpOro papex d». MOXXHO IpUBECTH MHOTO MOAOORBX ITPHMEPOB.

Takx moyeMy e ME B 7-M KJacce, KAK TOJBKO CTAJH HCIONAh30-
BATEH HOHATHE (PYHKOHMHA, He CHOPMYIHPOBANH OOpemeIeHAe, IOYEMY
He CAenaaM »rore M B 8-m xmacce?

Hexo B TOM, YTO CHTYALHA ¢ oNpefeieRHeM NOEATHS «byEKIEA»
B IIKO0JE IOBTOPAET HCTOPHED PASBHTHA 3TOTO NOHATHA Boo6Ie. Yeno-
BEYECTBO AKTHBHO H NLIHTEALHOE BPEMA MCIOABIOBANA0 PYHEKIHAH KAK
pafouHii MHCTPYMEHT, He IaJyMEBadAcek 00 onmpeperenUN NOHATHA
dyaruuH. JIRmE HAKONKME Ee00XOAMMH ONHT, MATEMATHKHA HAYaJH
AyMaTh 0 $OpMaILHOM ompenencHUd.
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3 . || HACHTIOBBIE cYHKLIMM

IIpoapanuaupyeM Hamm onkT pafoThl ¢ MOBATHEM «(HYHKIHANA».
B 7-M Knacce MEL BBEJIH TePMHH «JTAHe#HAS GYyHKIHA», TOEHMAaA O0J
STHM YpaBHEHHe ¢ ABYMS mEePeMeHHEIMH BHAa y = kxr + m u pac-
CMATPHEAS HepeMeHHBIe X H J KAK HePABHONPABHEIE! ¥ — HE3ABH-
CHMAas TePeMEeEHAN, I} — SABHCHMAY IePeMeHHASN. 3aTeM CTONRHEYINCH
C TeM, 4YTO OpM OIHCAHAH PeaTbHBIX IPOLECCOB BCTPEYAKITCS M 3aBH-
CHMOCTH apyTroro Bapa. B 7-M Knacce, KpoMe yooMagyToli nuHeligoii

byHKOUY, Ml H3yudid GYHRNMIO ¥ = X%, B B-M Ruacce — QYHROMR
y=kxt, y= %,y=ax“+bx+c,y= Jx, y = x|

IIpoaranmsupyeM Bech (aras 3HaAHWE, CEBAIAHHEIX ¢ NOHATHEM
«pyarouas. Hrar, GYHKOHA — ITO MaTEeMATHYECKAS MOIENb, OIH-
CcHIBAIOIAS KaKoii-To peannumill nponece. IIpu onucanum Takoro
npolecca UCNONLIVIOT NBe [epeMeHHbe BeauaHHE (B Gonee CAOKHBIX
NPOoLecCAX YUACTBYET H0JbIne ABYX BeARUHH, HO MBI TaKHe IpOLecCH
NoKa He paccMarTpupani). OaHa M3 HEX MeHSeTcA KaK OH caMma no
cefe, HE3ABMCHMO EH OT 4erc (TAKYIO He3aBHCHMYIC IepeMeRHYIO Yallle
Bcero obosHavaloT 6YKBOM x), & Apyrad nepeMeHHasA NPUHMAMAET 3HA-
YeHNs, KAaMA0e M3 KOTOPHIX JABACHAT OT BHIOpAHEOr0 3HAMEHHNA
nepeMenyoli x (TAKYI0 3aBHCHMYIO NepeMeHHYI0 uallle Bcero ofoaHA-
yaroTr 6yKBo# ¥). Ha MaTeMaTHYeCKOM AGHKe YK&3aHHYIO 3ABHCHMOCTh
¥ OT X BANHCHIBAIOT TakK: ¥ = f(x).

MaremaTaaeckana Mogens ¥ = f(x) CORIMHO ZONOIHAETCH YKAIAHWEM
HA TO, B KAKOM YHCJIOBOM MHOKECTEe HAXOAATCH SHAYCHHUA HeIABH-

camoii nepemenHo#l x. Hampumep, M roBopHaR o GYHKONK y = +x,
noapasyMesas, uto x # 0 (rpadnx dyaroEnr naobpaxker Ha puc. 93),

HO MEI MOK€M PAacCMOTPeTh H QYHRIMI iy = J; s e x € [0; 4] (rpaduk
byHrOHH HaofpakeH Ha pac. 94). 310 pasHule QyHKIEH.

RN 77}

W
=
\
\

4& ..v---"""-d

| 1o '] it —1 2 =
“ L Y
11 l—1
0 ) £ ol ) e
Pue. 93 Pue. 94
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3. YACJIOBbIE DYHKLM

BrBaet, 9T0 PeALHEAA CHTYALMA OIECHIBA- 1/
€TCA PAATAYHHME (POPMYIAME HA PA3HEIX IpO-
MEeKYTKAX A3MEHeRUA He3aBECHMOI TepeMen-
eoil. Taxopa, HanpumMep, QYEKIAA Yy = gx), \

w

rae \
x%, econ x < 0, \
&) = {2x, ecn: x > 0. 4
T'padmk GyExupEH n3obparked Ha puc. 95, \

o)

HaoomHHM, KAK CTPOMTH TaKHe rpadmEkn.
CHauasa HaZO DOCTPOHTE napadony y = x* M

BHIENATE ee YacTh npu x < O (nesas Bersr | 3753 [0] 5 3 %
napabossl), 3aTeM [OCTPOATE NPAMYIO i = 2x [ ] ]
¥ BRIAENETH ee wacTh mpH x > 0. 1 =rako- Puc. 95

Hem, HAmEO ofe BHAeJeHHBI¢ YACTH o0Bemu-
HUTL Ha OAHOM PACYHKE, T. €. TOCTPOHTR B OXHOH KOOpAAHATHON naoc-
KOCTH.

Tak yTo xe Takoe byExkoua? IIposegeBHM# BHIIe aHANH3 TOSBO-
NSeT BLIACIATHL AB4 CYIIECTBEHHEIX MOMEHTH.

1. 3anscs ¥ = f(x) yKaspBaeT HA NPARBHUA O (0OKIYEO TORODAT:
«Opasnao f»), ¢ MOMOINBLIC KOTOPOTO, 3HAA KOHKPETHOe 3HAYEHHE
He3aBHCHMOIl nepeMeHHOH X, MOKHEO HAMATH COOTBETCTBYIOIee 3HAYE-
HHe mepeMeHHoO# y.

2. IIpua saganuy QYHKIHN YKASKRIBASTCA YHCAOBOE MEOMKECTBO X
(name Beero Kaxoif-To 4MCIOBON IpOMEXRYTOK), OTKyJAa OepyT sHave-
HMA He3saBHCHMOI nepemeHHoli x.

Teneps Mu mMosxeM chopMyIHPOBATE OFHO H3 IIABHEIX OLpefe-
nenn#d mKoALHEOro Kypca anaredpm (me, nmomenyi, H Beel MaTeMa-
THKH).

Onpedenenue 1. Eenma Aapel yuCa0Boe MHEOEeCTBO X B IpaBuno f,
[OBBONAIOIEe NOCTABMTE B COOTBETCTEHE KAKAOMY 9IeMeHTY x M3
MHO}KeCcTBa X OmpefiefIeHHOe YHCAQ §f, TO T'OBOPAT, ITO 3aKaHa (hyHE-
uud ¥ = f(x) ¢ obnacreio onpegenesna X; numyT ¥ = fix), x € X.
IIpe 5ToM TepeMeHHYIO X HASHIBAIOT He3ABMCHMON NMepeMeHHOH, WIH
APryMeHTOM, 8 NepeMeHEYI0  — 3ABHCHMOH NepeMeHHOI,

Bamevanue. B peannHoil Euaau mEOraa roeopat: «Kaxoemr mom
dyaxumm?» — mwm: «Kaxoerr Mon dyuxnmoransanie ofmaunocrals —
cnpamnsasa TeMm caMbiM: «Kako® xpyr mMomx geicrsmil, momx o6s-
sagHOcTeR?» — man: «Uro A& gonkeH Aenarh, KAk aelicTROBATH? »
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3 . YACNOBLE DYHKLIMMA

PaKTHYECKH B PeaJbHOH JEAZHE ¢I0BO «(hYHKIMA» OIEAYAET «JeiicT-
BHEe*» HJIH «OpaBHJa AeiicTBHils . O6paTHTe BHHMaHHE, YTO TOT e
CMREICST HMEET ¥ MATEeMATHYECKHI TepMHH «DYHKOEA», KOTODRIH MBI
PAZBACEIIIM B oOpeReneHdad 1.

Ecru f(x) — anreSpandeckoe BHpaxeHHe H MHOXKecTBo X cOBIa-
AaeT ¢ obIacTLI0 ONpefele N 9TOTO BHIPAMKEHHA, TO BMECTO SaIINCH
¥ = f(x), x € X ucnonssyior 6olee KOpOTKYIO 3amuch ¥ = f(x) (xora
OHA He COBCEM COOTBETCTBYeT ompemenenuio 1).

s ofnacty onpepeneHus GbyErRoud ¥ = f(x) dHorna yaobuo dc-
nons3oBaThk obosHawenwe D(f). Haopumep:

ans byExmm y = Vx, (oM. puc. 93) mmeem: D(f) = [0; +oo);

BaA byEROAd i = Vx, xe [0; 4] (em. puc. 94) wmeenm: IXf)=[0; 4];

ana GyEroun ¥ = g(x) (cM. pue. 95) umeem: INg) = (—oo; +oo),

Eme pas noayepkHeM, 9TO HeJh3sA POBOPHTE O MyEROAM ¥ = f(X)
Gea safaEMA ee o0JACTH OOpeAeNeHAA, KOTOPAA HJIM YKASLIBAETCA
fABHO, WIH NOAPASYMEBAETCE — B ciIydae, eClIH ofnacTs onpeseneHns
dbyarnEu y = f(x) coenagaer ¢ ofNacTRIO ONpefeNeHAS BEIPAMKEHHA
f(x) (Taxyio 065acTR ONpeNeeHRA AHOT/IA HASEIBAKT ¢CTHECMEERKOIL),

IIpumep 1. Hafttu obaacTe onpefeneHnsa QYHKIHMI:

a)y=+Jx® - 6x + 8;
1
Ov=rmp:v8

1
BY= [T enss

Pemernune. a) Tar kax ofinacts onpefencErs QYHROUA ABHO He
¥KA32aHA, MOAPAIYMEBASTCH, UTQ OHA COBHARAET ¢ OOMACTRIO ompe-

OeNeHUA BEIPAXKEHMA +/x% — 6x + 8, Takmm o6pa3zoM, peuyr HAET
O TIOMCKE ecmecmaeHnoit obnacmu onpedenenus (QUHKYLUL.

Ilox sHAROM KBAXPATHOI'O KOPHS MOJKET HAXOAATECS TOALKO He-
OTPHLATEILHOE YHCIO, SHAYHT, 340498 CBOXUATCA K pellleHMI® KBaj-
paTrHoro HepaseHcersa x* — 6x + 8 = 0.

Haiips XOpEH KBAAPATHOTO Tpex-

aneHa xf — 6x + 8 (x, = 2; x, = 4)

H CXeMATHIeCKH (He VKa3HBaA Ha pHCYH-

2 4 * ke ocb y) mocrpous mapabony y = x° -
— 6x + 8 (pmc. 96), BubHpaeM MHTEpE-

Puc. 96 CymIIEe HAC IPOMEXYTEH: ¥ < 2; x 2 4.
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3 . u YWACSIOBbIE YHKLIAAU

Hrak, INf) = (~oco; 2] U [4; +co); U -— aHAK 00BEIHHEHHA MEO-
wecTB (cM. § 2).

6) OyErnus y = m ompeaeseHa B n0b6ol ToOuUKe UMCIO-
soif mpAMoil, 3a HeKJAIOYeEHeM To4eK 2 M 4 — NP STHX IHAYEHHAX X
amMeRaTeNs ApobH ofpamaerca B3 (. OTBeT MOMKHO IANHCATL TAK:

D(f) = (—o0; 2) U (2; 4) U (45 +o0).

Bopouem, He TPAKTHRKE MOMKEC HCIONB30OBATH COKPAILIEHEYIO AIHCEH:

x+2; x=4,

B) 3zech 3a1a4A CBOAHTCH K PeIIeHHI) HepaBeHCTBa

x2—-6x+8>0.

Bocnons3oBaBIDMCE reOMeTPHYECKO MOgesnplo, MpeacTapleRHol
1a puc. 96, HO MCRJIOYHB U3 DACCMOTPEHHA TOWKH ¥ = 2 1 x = 4,
I0JTYUEM:

D{f) = (—c0; 2) U (4; Fo0). |

Onpedenenye 2, MEoxecTBO BCeX 3HAadeHHE dyHKmNE y = f(x),
t € X HASHBAT TakMe o6JacThio 3HAYeHHH PyEKuuM B o6osEA-

1ator E(f).

Ecmu nasecrer rpadur dyErour, To obnacrs sHavendit dyHrRoEM
18lTA CPABEMTENLHO HETPYAHO. s 3TOr0 JOCTATOMHO COPOINPOBATE
padHK Ha OCh OpAEHAT. To YHCAOBOE MHOMKECTBO, I'eOMETPHIECKAA
doflesIb KOTOPOro NOJYYNTCA HA OCH ODAAHAT B PedyJbhTaTe yKA3aH-
I0TO TMPOEIIMPOBAHEA, H Gyaer nmpeacTaeaaTthk coboit E(f). Hanpumep:

AnA QYHKNAR Y = J; nmeeM E(f) = [0; +oo) (cM. pHc. 93);
Ans QYEKIHH I = J;, x €[0; 4] umeem E(f) = [0; 2] (cra. puc. 94);
ana ¢yHrounm y = g(x) (cM. pac. 95) umeem E(f) = [0; +co0),
Npumep 2. Mana pyaxmma y = f(x), rae
-x*,ecm -2 < x <0,
fix) = Ve +1, eom0 < x <3,
% + 1l ecmnx > 3.

a} Brrauexurs f(—2), (0), /(1,25), f(6}, f(-3).

6) Haitte D(f) u E(f).

B) BHIACHUTH, CKOALKO KODHel MmeeT ypaBHenwe f(x) = a mpnm
DASNMHYHEIX 3HAYEHAAX NapaMeTpa d.

r) Pemmtr meparencTea: f(x) < 0,5; f(x) > 0,5.
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Pemermne. a) 3pavyerne x = -2 yA0BIeTBODAET YCIOBHIO
-2 < x £ 0, cnegoBaTenbHO, f(—2) HAZO BRIYACAATE HC (GopMyne
fix) = —x% f(-2) = (-2)" = 4.

Snavenie x = 0 yaonersopser ycnopnw —2 < x = 0, ciengosa-
TensHo, f(0) Hajo BuMHACIATE mo dopmyae f(x) = —x% f(0) = -0 = 0.

Bragvenne x = 1,25 yaosnersopsier yenosuio 0 < x < 3, caepopa-
TeabHo, f(1,25) Hago BErMMCEAATE oo hopMyae f(x) = Jx + 1; f(1,25) =

= \/1,25 +1 =1,5.

7Y
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3eavenne x = 6 yI0BAETBEOPSET YCIOBHI
x > 8, cnegoBaTensHo, f(6) HAAO BHYHCAATL DO

opmyze fx) = 3 + 1; (6) = 3 +1=15.
Bnayerne x = —3 He OpHEANIEKMT 0BMACTH
ompepeneEds QYyHKIUA, 4 MOTOMY TpefopaHue
BEIUHCIATE f(—3) B JAHHOM CIY9ae HEKOPPEKTHO.
6) O6nacts ompenenerus QYHKIAK COCTONT
H3 Tpex opoMe:xyTros: [—-2; 0], (0; 3), (3; +oo).
O6reguENE MX, DOAYIAM ayd [-2; +oo).
Yrofe HaitTH ofacTh 3HaYeHA# byHKOAN,
ToCTPOHM ee TpaduK. OH COCTOMT H3 TPEX «Ky-
COYKOB» — YACTH mapabombl y = —x2, BaATOR
Ea oTpeske [—-2; 0] (pmc. 97), wacTH KpHBOH

¥ = Jx + 1, Basatoli na monynrrepsaire (0; 3]
(puc. 98), ¥ wactu rumepbonm y = % + 1, Baa-

TOH H&A OTKpPHTOM Hnyde (3; +oo0) (puc. 99).

OGpeIHHAR BTH KYCOUKH HA OXHOM uepTexmxe,

noayunm rpadbux GyakomuM y = f(x) (puc. 100).

CopoenpoBag 3ToT rpadrK HA OCh Y, NOAYIAM

ofiracTs aEAYEHHIT PYHKIHMH, KOTODASA COCTOHT

u3 orpeska [—4; 0] u monymaTepBasia (1; 2).
Hrax,

D(f) = [-2; +00),
E(f)=[-401V ;2]

B) BRIACHHM, CKOJXBLKO KOopHell HMeeT ypap-
HeHMe f(x) = ¢ Opm pasSIMYHHX 3HAYEHHAX
napameTpa 4. JAA 3TOT0 HYXHO OOPEAENATE,
CHONBKO TOUYEK MepecedeHNA HMeeT NMOCTPOSHHELH
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7} [7
9 y=.0'5
] \L lJ
11 LY
[ [ o [7] X {5 [7] o X
| |
-4 -4
I I

Pac. 100 Pre. 101

rpadpux byaxoue (cM. prc, 100) ¢ npaMoit ¥ = @ npu pasaIMYHEIX 3HAYE"
HUAX IapamMeTpa a.

IIpu -4 < ¢ < 0 npaMasa nepecexaerca ¢ PPadKoOM TOJNBKO B OX-
HOfi TOUKe, 3EAYHT, YDAPEEHHE HMeeT OAH KOPEeEb. AHANOIAYHAA CH-
ryanna meeT Mmecto npr a4 = 2. [Ipn a < —4, 0 < @ < 1, a Taxkke npH
@ > 2 mpAMasA A rpadMK He NePeCeKRIOTCH, SHAYHT, YPABHEHHE HE AMEET
xKopHeil. HakoHen, rpabHK M OpAMAA NepeceKalOTCH B ABYX TOUKAX
mpn 1 < g < 2. B aToM cavise YDaBHeEHe HMeeT ABa KOpHA.

Hrax, ypaeaense f(x) = a He umeer kopHefinp ¢ < —4,0<a < 1,
¢ > 2; uMeer onHME KopeHn OpH —4 < a « 0 n npu a = 2; uMeeT nBa
KopHA mpE 1 < g < 2,

r) Pemuam mepasencrso f(x) < 0,5. I'padux GyHRmuuM pacnona-
raeTcs Huie mpaMoli ¥y = 0,5 opn -2 £ x € § (puc. 101) — 9710 u ecTh
pellieHMe HepaBeHCTBA.

Pemam mepasencrso f(x) > 0,5. I'padur dyExnmm pacnmoaaraer-
ca shimme npamoit y = 0,5 npu x > 0 (cM. pac. 101) — 510 B ecTh
pemeHne HepABEHCTEA. |

INIpumep 3. llog max(4; B) Gygem noENMaTh HAMGOIRITEE U3 YH~
cen A, B, Tlocrponrts rpadux dyskman y = max(vx; 6 — x).

Pemernue. Ha puc. 102 nocrpoenn rpadpnxu Gyerumit y = J;,
y = 6 — x. Oun nepeceraiorca B Touxe (4; 2). Ecir 0 € x < 4, TO
6—x > Ja_c;ecnnx>4,-ro J;>6—x. BuagdT, ecii 0 € x € 4, TO
max(+x; 6 — x) = 6 — x; ecm e x > 4, To max(vx; 6 — x) = Jx.

TakuM 00pasoM, Peus AAET O NOCTPOSHHHE FpadrKa KYyCodHoH hyHK-
6-x,ecu 0= x4,

Iz, ecmrt x> 4 T'padbuk byEKmEH H300paxer Ha

-]
prc. 103.
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E) L]

Fl F.l
w L)

(13 "-—-.- (> ] -..--"-—.
T — - +
rd
o . 3. E 0 F. E
y=6-x"1
1 LN
Pue. 102 Pue. 103

Npamep 4. Tpadpur pyaxnuu y = ax? + bx + ¢ npoxoguT uepes
roykH (2; 5), (-1; —4), (—2; —3). Haiite KoodpdrnrenTH a, b, c.

Pemernue, Tak kax Touxa (2; §) npunagnemuT rpadury dpyHk-
(MM, BRINOJHAETCA paBeHCTEO b = 4 + 2b + ¢, AHANOrEYHO KOMKER
BHIIOJEATHCH ellle ARA paBeHCTBa: 4 =a-b+cm -8=4a - 2b + c.
Taxum 00pasoM, 3ajaue CBOANTCA K PEIDeHANK CHCTEMH TDEX ypaBHe-
HA ¢ TpeMs NepeMeHHEIMHA:

43 + 20+ ¢ = 5§,
a-b+c=-4,
4a - 2b+c = -3.
Brrara BTOpOe ypaBHeHWe M3 IepBoro, moay4eM: 3¢ + 3b =9, T. e.
a + b = 3. BuuTs BTOpOe YPABEHEHNe M3 TPeThero, moayaum: 3¢ — b= 1.
Cnomus ypapaena ¢ + b =3 1 3a — b = 1, momyuem: 4a =4, T. e.

a = 1. Tlockoasky 4 + b = 3, nonyuaem: b = 2, IloacTaBus HAACHARE
SHAYEeHHA ¢ H b B ypasHeEne @ — b + ¢ = —4, noayummM: ¢ = -3.

OrpeT:a=1,b6=2,¢=-8.

IMpamep 5. 'padbnk byakunn y = xi p TPOXOIAT Yepe3 TOUKH

(\E H sﬁ + 3). Haiitu zaavenis xkoabduouerTor a i b, ecan nspect-
HO, 4TO 3TC PAHOHANLHEIE YHCIA,

Pemexne. Ha ycaoBia creqyer, 9TO BHIOIHACTCHA PABEHCTEO
a
J7 +83= =" Heem: (VT +3)(JT +b)=a; d +3)VT =a-3b- 7.
BosMoKER gBa cnyuafd: b+ 3 =0, +3 = 0.
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B meproM cayuae ZOMMHO BRIIONHSTHCA H pasencTso a — 36— 7 =0,

b+3=0,
T, &, 3871894 CBOJUTCHA K PEILCHII0 CHCTeMEl YPABHEHII {a 8% _7=0

Pemns aTy cHcTEeMY, NONYYHM: @ = -2, b = -3.

Bo propoM cayuae DOayuaeM: J7 =5-%%—_—7.Homonmoaub—
a-3H-17
b+ 3
mo. B To e Bpema N HppanuoOHANEHOS YHCAC. 3TO 3HAYMHT, 49TO

a-3-7
PapeBECTEO V7= ~5+3
HHIX 3BaYeHHax ¢ A b.

Orser: a=-2, b=-38.

palHOHANBERIE YHCAA, HO TOrAa H — PallHOHAJNBHOE YHC-

He BRIINOJHAETCA HE ITPH KAKHX PALIAOHAN B~

§16. cnOCOBbl 3ARAHMS DYHKLMM

B nmpeamaymemM naparpade ME DPHECGARJIA DA3JTHYHEIE
npumepsl byHKIH, onHcaHHNX dopMynamu. Ho Takum cnocoboM 3aza-
HHe PYEKUHH He MCcYepnuiBaercd. Beaw sazate Gysxmmn y = f(x) —
9T0 3HAYHT VKA3ATh I P A4 B K J] 0, KOTOPOR IOSBONAET IO NPOHIBOJILHO
BHIGDAEHOMY IHAYEHHI0 ¥ u3 D{(f) BEUMCANTE COOTREeTCTEYIONEe 3HA-
gegpe y. Uamge Bcero 9TO NpaBAAC cBA3aHO ¢ dopMynol maM ¢ He-
CKOJBKHMH (GOPMYJIAMH; Takol cnocod 3agaHnA GyHEOAA OOKYEHO
HASHBAWT araAumuieckum. Mexay TeM ecTh ApPYTHe ¢nocoOH 3a-
ZAHHA DYHKOWH, 0 HAX | N0#gerT peds B HACTOAINEM maparpade,

Ilyets F — HeroTOpas JHHAS HA KO-
OPOIMHATHOH IJIOCKOCTH W TYCTh, CIpoe- )
OMDOBAR 9Ty JMHHUK HA OCh X, MH IOJy- F
uynM orpesok [a; b] (pue. 104). Bospmem L fx) M
NPOM3BANBEYIO TOUKY X N3 oTpeaka [a; b]

H MNOpoBeleM Yeped Hee IMNPAMYD, /
mapanienbEYI0 ocE opaEHaT. [loTpeGyeM
AOIOJHATENABHO, YTOOR Kaaasd TaKad
npaMaA nepecerana AuEAe F Toasko B
oguolt Touxe — ma puc. 104 coorsercT-
ByOIIaa Touka obGosHauyeHa OykBoil M.

Opauaata Toukm M — 2ro wmeao f(x), coor- Ola | x| E:
BeTCTBYIOINEE BRIOPAHAOMY sHagermmo x. Tem | ]_ |
caMBIM Ha oTpeske [a; &) sagaHa dbyHKIHA Pue. 104
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3. YUCHNOBLIE DYHKLIMA
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¥ = f(x). Taxoii cnocof 3ananua (PYHKOWM HAIRIBAIOT ZPAPULECKUN,
a muano F — zpaguicor Qyriyul.

Ecan byEknua Onna 3afaHs aHAJIATHYECKH M HAM VAAJIOCH IIO-
CTPOMTE ee rpadHK, TO TeM CAMEIM ME (PAKTHYECKH OCYILECTBHAM
IepeXoi OT AHANMATHYECKOro cmnocofa saneAnda GyHKUME K rpadu-
yeckomy. OO0paTHHIL e nepexo)] YAAETCA OCYINECTBATh ZAJNEKO He
Beerga. Kar npasnno, aTo AOBOJBHO TPYAHAS 3a8494.

B caeayrommx ABYX DIPAMEPAX MEI OCYIIECTBEM Nepexol OT aHaJH-
THYeCKoro crnocofa safarusd dbyHxnun K rpabmueckoMy H 00paTHO.

INIprmep L. IlocTports rpadhmk GdyEKOHE:
a)y=2x—4; B}y = 2|x| — 4;
G)y=|2c-4 0 y=]2|x| -4

Pemenne. a) Ilpamas, cny:kamaa rpadhuxoM sagaEHolt mAHeH-
voft dyEKIMA, m30bpaskena Ha pue, 105.

8) B kypce anre6pH 8-ro Kxacca MH TOBOPHNIHA O TOM, YTO IJIA TOTO
yrofn nmocTpouts rpadmEx dyEKUEE ¥ = |f(x)|, Ey:xEO: 1) nocTporTh
rpadur GyErRIEE ¥ = f(x); 2) ocTaBuTs 63 H3MEeHSHHS Te YACTH I'pa-
¢HKa, KOTOPEIe PACIONOMKEHN He HHMe ocH Xx; 3) Te uacTu rpadHka,
KOTOphI€ PACHOJIOKEHE! HAVKE OCH X, 3AMEHHTh e CHMMeTPDHIHEeE HM
OTHOCHTENBHO OCH X. PYKOBOACTEBYACE STHM ANrODETMOM, CTPOAM I'Da-
dux byaxmm y = |2x — 4| (pre. 106).

B) B Kypce amreGphl 8-r0 KJIACA ME FOBOPHUJIHA O TOM, YTO IJA TOTO
yrofn nocTpouTs rpadmk dyveERuAE ¥ = f(|x|), Ey:rEO: 1) nocrpomTs
rpadpuk byuxmman y = f(x) npu x = 0; 2) o6aBATE K HEMY €ro CHM-
MeTPHYHHIT 06pa3s OTHOCHTENBLEC OCH }f. PYKOROACTBYACH DTHM aiIro-
PMTMOM, CTPOuM rpaduy dysxkumm y = 2|x| — 4 (puc. 107).
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r) Ecai npuMernM K rpaduky byaxoau y = 2|x| — 4 anropur™ u3

oyHKTa 6), MH KaK pas 1 NoAyduM rpaduk yHKmEHN ¥ = |2|x| — 4]
{puc. 108). | |

ODpumep 2. Ha puc. 109 naobpaxxena napabosa, Ha puc. 110 —
ranepGona, Ha puec. 111 — noayokpy:EocTh. IlepeifTn Bo Beex 9THX
COIYYARX K AHAMMTHYECKOMY 38JANHIO (PYHKIIHH.

Pemenne. Bepmunuost napabosau caymxnuTt Touka (1; —3). 3ma-
uNT, ypaBHeHWe mapaGoiEl MOMHO 3amACATh Tak: ¥ = a(x — 1) — 8.
Ocranoce HaliTi suawenme rosdipuumenrta a. Bynem opHeETHPOBATH-
¢ HA BCIOMOTATEILHYIO CHCTeMY KOOpAHHAT (IVHKTHUDHHE JHHEH HA
puc. 109). Bameuaem, uTo B aTol cucTeme afcuuece 1 COOTBETCTBYET
opaMEATa 2 (BEIeneHEAan TouxAa Ha puc. 109). 8naunrt, g = 2. Hrak,
4aHAIMTHYECKOE 3aXaEMe QYHRIMENE nDOMydeHo: ¥y = 2(x — 1) - 3.

7k 7
i
\ m’ y=4
ol i/ »
y=-3 -
11 aq x

Puc. 109 Puc, 110
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3 . HYACJIOBLIE ®YHKLIWM

77 AcuMnroraMiz renepboisl (puc. 110)
CAYIKAT NpAMEeE x = —2, y = 4. BHAYNT,
VPABHEHHAE ranepBo/Ik MOXHO 3aIHMCaTh

a

o
ead
L~

5 ] W  TAKI Y = 5 4. Ocraxocs Halrn
N 3HaYeHHe Kosddanmenta a. Byaen
OPHEHTHDOBATECA HE BCTIOMOTATEALHYIO

Puec. 111 CHCTEMY KOODAWHAT (IYHKTHDHEIE JH-

HuE Ha puc. 110). 3ameuaem, uTo B
atoit cacreme afecmmacce 1 cooTBeTCTBYET OpAEHATA —1 (BRIZEACHHAA
Toura Ea pre. 110). Buauur, a = —1. Utak, agaruTHuecroe aaganme

-1
dYEKOERE DOMYYEHO: Y = 132 + 4,

IlerTpoM moayokpyxHOCTE (puc. 111) asamerca Touxa (3; 0),
paaryc¢ paseH 2. 3HAYMT, YDAEHEHEHE COOTBETCTBYIOINEH OKpYyX-

HocTH TakoBo: (x — 3)° + y2 = 4. Ha sToro ypaBHeEHMS HAXONHM, HUTO
y=+4 — (x - 3)* . Iockonexy Ha puc. 111 m305paskera HIDKEAS TONyY-
OKPYIKHOCTD, TOMyuaeM y = —yJ4 — (x — 3)° . [ ]

He BcAKAa THHEHA HA KOOPAMHATHON NJIOCKOCTH MOXKET DACCMAT-
PHBATECA KaK rpadbdaK HeKoTopoll dyHkumH. Hanpumep, OKDYEHOCTE,
3afaHEAd ypaeEeHneM x? + y? = 9 (puc. 112), pe aeaserca rpadurom
dyarnua, oockoasky mofas opaMad x = a, rae |a| < 3, mepecexaer
9Ty AMHHIIO B ABYX TOUKAX (& AN 3a08HNA QYHKIAH TAKAX TOYEK JOMK-
HO GHITE Be GoJiee OfHOMH, T. e. IpAMas x = ¢ Jufo nepecexaeT JuEMO F
B OOHOH TO9YKe, MaGo BooOImme He mepeceKaer ee). B To 'Ke Bpema ecmu
3TY OKPY:KHOCTE PAa3pesaTh HA JBe YACTH — BEPXHIOK NOJYOKDYEHOCTE
(puc. 113) ¥ EAXRHEION NOXYORPYXHOCTE (pic. 114), — TO KAMAYVIO M3
7k HHX MOKHO CIHTATH TpadhrHOM HEKOTODOH
GyHEKINH, TpHYeM B OOOHX CAYYAAX He-
CJICYKHO OT rpatdhHIecKoro cnocoba IaaannA
GOVHKIMHN NepedTH K asaanTgecKomy. Ha
7 N ypapHeEnd x* + i = 9 axomim iyt = 9 — &

B aamee y = ++/9 — x* . FpamroM dHyHK-
\ 7 OHH § = O — x? ABNAETcH BepXHEAA MO0
=2 BHHA OKpy*HOCTH x° + 3 = 9 (cm. puc. 113),
a rpadpuroM GyEKOEM y = ~9 - x? =B

nAeTcA HMMHAA NOJOBEHA OKDYMKHOCTH
Pue. 112 x% + 1 = 9 (cm. pre. 114),

wY
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3. | HYACNOBLIE hYHKLM

7 7
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HEIRR =N 3

N [~31

wY
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| ]

Puc. 113 Pue. 114

3TOT NpHMeD NO3BOAAET OBPATHTL BHHEMAHHE HA OAHO CYIIECTBEH-

Hoe oGcroarenscteo. IlocMoTpuTe Ha rpadhux GYERIUH y = +/9 — x?
(e, pue. 113). Cpaay eugno, uro D(f) = [-3; 3]. A ecnu 61 peun maa
0 orsickanNE 0fTaCTH OUpefeNicHAS 38 AHHQI AHANMTAYECKH QyHEKIIA

¥ = V9 - x?, nppmnock 65, KaK ME 8To Aenajad B § 15, pemaTs
repaperncTso 9 — %2 > 0. INotomy-To 06HYHO H cTapaioTca paboTaTh
0THOBPEMeHHO K C AaHAJMTHYeCKHM, H ¢ rpadpradecrREM crocobaMu aa-
ranua GYHKOWE, OHM APYT ApYra HOMOJSHRIOT.

KpoMe agaJHTHYECKOTO H rpathnuecKoro Ha NPAKTHKE NPHMEHSIOT
B mabautrmii cnocol 3afaEus GYHKIHH ~— ¢ ODOMOLUBI0 TAOIHIEI, B
KOTOPOI YKA3aHE 3EaYeHHSA (DYHKOEHM (AHOTAA TOYHEIE, HHOTAA
OpubnAKeHHEE) ANA KOHEYHOrO MHOMKECTB2 IHAYEHHE apryMeHTa.
[ipumeparmu Ta6AMYHOrO 3aNaHHA PYHKIHE MOTYT CAYKHTE Taban-
OBl KBANPATOB YMce], Ky0oB unces, KBAAPATHRIX KopHel u T. 4.

Bo MHOMEIX cayuasx TaGaAuHOe 3aJaHAe PYHKNEH ABIAeTeA Y06~
EnM. OHO mOo3BONAeT HATH 3HAYeEMe QYHKIHM ANA HMeoMHXcA
B TaONAIe 3EAYeHHH apryMeHTa Oe3 BCAKHX BEMHCICHHH.

Aranutnyecknii, rpadudecknfi, rabauurRHit — =Haubodee
IONYJAPERE CNOCOGE! gafanna GyHKIMN, INA HAIIMX HYMKS 9THX CIo~
¢oGoB BmOAHE JoctarouHo. Ha caMoM Jgefe B MAaTEeMATHKE MMEETCH
AOBOJILHO MHOT'O PASMHYHEIX COOCO00B 3amaEds HYHKOMM, HO MEL OO~
3HAKOMMM BAC €IIe TOJBKO ¢ OFHHM cnocoboM, KOTOPHI HCIOAL3VeT-
¢ B BechMa ¢BoeoOpasHmX caTyamuax. Peun maer o caodecnox coo-
cobe, Korza NpaBuao 3afaHusd (YHKOHMH OIACEIBAETCH CJOBAMH.
IlpuBesieM mpumephl,

NDpamep 3. PyExunaa y = f(x) sagaga Ha MHOXeECTBe BceX
HeOTPHOATETRHBIX YHCEJ ¢ IOMOIORID CIEAYIOILEro HpaBmia: KaKio-
My 9HCIY X CTABHTCHA B COOTBETCTBHAe neprasd madpa mocae 3aoaToli B
aecarHapodt sanucn udcna x. Ecam, craxem, x = 2,634, o f(x) = 5
(mepBeit anaK nocae sanaroll — madpa 5); ecz x = 13,002, o fix)=0;
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3 . YACNOBLE DYHKLIMA

2 2 .
eclIH x = § » TD, 3alrUcan E B BUje DeCKOHeYHOil nepno,nnqecnoﬁ ze-

cATnadoit gpobu 0,6666... , Haxonum f(x) = 6. A yemy paBHO 3EAve-
uue f(15)? Ono pasHo 0, Tak kak 15 = 15,000... , 7 Mu BEAHM, 410
nepsad uadpa nocae 3anAToil ecTr O (Boobime-To, BepHO M PABEHCTBO
15 = 14,99... , HO OPEHATO He PACCMATPHEBEATE OecKOHedEHE EPHON-
YyecKHe AeCATHIHEE Apolu ¢ mepiogoM 9).

JIi060e HeOTPHOATENLHOE YHCIO X MOMHO 32IIHCATEL B BUAe AeCd-
THuHOH ApobH (rRodeunoft mau Seckonemoil), & MOTOMY KAKAOMY 3HA-
YeHHIO X MOYKHO MOCTABHUTH B COOTBETCTBHe sHAYeHHe nepsoll mudpu
nocje 3anATol, TAK YTO MB MOMKEM TOBODHTE O (PYHKLHE, XOTH ¥ He-
CKOABKO HeofrryHoi#., ¥V 9rol dyHRmumA

D(fy =[0; +o0), E(f)=1{0;1; 2; 3; 4; 5; 6; 7; 8; 9}. 8

ODpumep 4, ODypxuas y = f(x) sagana Ha MHOXeCTBe Beex gedcr-
BHTENLHEIX YHCEN ¢ DOMOIIBLIO CIEAVIOINEro DPABHIA: KANIOMY YHC-
AV X CTABHTCA B COOTBETCTBHe HaHGoJbillee M3 BceX HENHX YHCEN,
KOTOpHE He IpeBOCXoAAT x. MHMMH croBaMA, hyHKOuA y = f(x)
onpefensercd CAeAVIOIIHMA YCIOBHAME:

a} f(x) — Henoe YHCIO;

6) f(x) = x (mockoawKy f(x) He NPEeBGCXOXHT X);

B) f(x) + 1 > x (mockoasky f(x) — HaHGOAbM €€ HmENOe YHCIO,
He NpeBOCIOAAINee X, 3HAYMT, f(x) + 1 yxe Goanme, gem x).

Ecma, ckamem, x = 2,634, to f(x) = 2, nocKOABKY, BO-IEPBHIX,
2 — memoe uHCAO, BO-BTOpPHX, 2 < 2,534 H, B-TPeTHHX, CJeAyIomes
mesoe 4ucno 3 y:Ke Gonbioe, yem 2,534,

Ecnu x = 47, 10 f(x) = 47, DOCKONBKY, BO-IEPBHIX, 47 — menoe
YUCN0, BO-BTOPHIX, 47 = 47 |, B-TpeTREX, cleXyomee 3a 4rcaoM 47
nenoe yaceno 48 yme Goasme, yem 47,

A yemy pasHO 3Hauvenue f(—0,(23))? Omo pasuo -1.

Y grolt dyrrmar D(f) = (—co; +0), a E(f) = Z (MH03#eCTBO HEARIX
qHeen). [ |

@OyEKNEn, 0 KOTOPOil 11a peus B npuMepe 4, HASHIBRAIOT Keaoit
YQeMmbi0 YUCAR, AAA Hee HCOONb3VIOT obosHawenme [x]. Henpumep,
[2,634] = 2; [47] = 47; [-0,(23)]=-1. Ha puc. 115 uaobpaken rpadux
dyrKnuE ¥ = [x].

HMDpumep 5. [locrponTts rpadmk byEroEy ¥ = x — [x].

Pemernne. IlocTpoum B oguoll cHcTeMe xoopauuaTr rpadHxn
dyaxuuit y = 2 1 y = [x] (puc. 116). BrrunTtas opAEHATH BTOPOTC
rpaduKa H3 COOTBeTCTBYIOIUNX OPAMHAT MepBOTO rpadHKa, NOAYIAM
rpebyemuiill rpadMK — OH IpeacTasieH Ha puc. 117, |
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Pue. 117

PDYHKIINI, 0 KOTOPOH ILTA peub B IpHMepe 5, HASHBAIOT Jpolroi
Yacmbi0 wucAd; ANA Hee HMCOONB3YIOT ofosmavenve {x}. Haopumep,
{2,584} = 0,534, nockoaeky 2,534 — 2 = 0,534, {47} = 0 (Tax Rar 47 —
- 47 = 0), {-0,28} = 0,77 (rax rax —0,28 — (-1} = 0,77), {-0,(23)} =
=0,(76) (rax kax —0,(23) - (-1)=1 - 0,232323... =0,767676... = 0,(76)).
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3 " YMCJIOBBIE YHKLAM

HTax, MBl MOSHAKOMHIHChL ¢ ABYMS HOBEIMH (QYEROMAMHA, AadA
384aHHA KOTOPHIX HCIOAB3Yercd CA0BecHHH cmocol, — aTo QyHKINR
¥ = [x] (menaa vacTk uncna x) ¥ dyExkmus y = {x} (apoGEaA 4acThb
yEeaAa X).

§17. CBOMCTBA ®YHKLSH

Qnpedesenye I, Pynrndio y = f(x) HaSHBAOT BO3pACTAIO-
mei BHa MaokecTBe X C I(f), ecom ana mobRX ABYX TOYEK X; H Xy MHO-
srecTsa X TAKHX, UTO X < X3, BHOOXEASTCH HEpABeHCTBO f(x;) < f(x,).

Qnpedenenue 2. Pyuxnue y = f(x) EaznpawT yommawmed Ha
maoxecrse X C IXf), ecnm ana moBRIX ABYX TOYEK X; M X; MHOMKE-
crBa X TAKHX, YTO X; < X,, BRIIOJHEAETCA HepaseHCTBO f(x;) > f(x.).

Ha npaxTtuke yaofEee noanLa0oBaThCa CIeAYIOIAMHK (HOpMYIHPOB-
KaMH: PUHKYUR 603pacmaem, ecay 6onblueMy IRAYEHUIO APLYMERMa
coomaemcemayem G60abliee 3HAYeHUe yrxyuu; PyHKyuUz yOben-
ent, ecau GoxbUlemy SHOLEHUIO gpeyMeHma coomeemcmeyem MeHb-
Ui ¢ e FHAYeHL? PYRKULY.

OGEIMHO TEPMHMHE ¢BO3PACTAIOIIAA (PYHKIHA , « yORIBAIOINAA DYHK-
oHAs o0BeaUHEAT OGIHM HASBAHAEM MOHOTOHHAR YHERIUMA, A HC-
clegoBaAHMe DYHRINM Ha BOSpacTaHHe MAM yOHBAEWe HasHBAIOT UC-
cledosanuem QYHKLLL HE MOHOMOHHOCT.

Ecnu $yHKUUSE BospacTaeT (Man yHLIBaeT) Ha CBOEH ecTeCTBEHHOM
ofnacTH ompefeaeHNst, TO FOBOPAT, ITO (FYHKIUA BOIpacTAIOAS (WMIH
yOrBalomasn) — Ge3 YKasaHHA YHCAOBOTQ MHOMKeCTBa X.

NMpumep 1, HecrenoraTe HA MOHOTOHHOCTE PYHKOHIO:

ayy=5-2x; 6)y=2*+2;

Pemenne. a) Beenem obosuauenne: f(x) = 5 — 2x. Ecan x; < x,,
10 ~2%; > —2x,, N Aanee 5 — 2x, > 5 — 2x,, T. 2. flx)) > f(x).

HTak, H3 HePABEHCTEA X, < X; CAeLYeT E€PaBeHCTBO [(x) > f(x,),
a 3TO 03HAYAET, YTO 3aJAEHAA (QYHKUUA YORBAeT HA BCell ymcmoBOii
npAMOIi.

6) Bpegem oGosHawenne: f(x) = x° + 2. BossMeM NpOH3BOJBHEIS
3EAaYEeHNA apPryMeHTa X, H X, IlycTh x; < Xx,, ToTaa N0 cBoMcTBaM
YHCAOBEIX HEPABEHCTB IOTYdHM:

x < 2l X +2< 2+ 2.
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3. WACSIOBLIE DYHKLIMA

INocnegaee HepaBeHCTBO 03HAYAET, 4TO f(X;) < f(xy).

Hrax, u3 BepaBeHCTBA X, < X; CIeZYyeT HEpaBeHCTBO f(x;) < f(x.),
8 9TO JHAYAT, YTO 3AAHHAA (HYHKOUA BOIPACTaeT Ha Beell wicaoBolt
npaMoi. |

Onpedenenue 3, PYHKOHIO ¥ = f(X) HASHIBAIOT OTPARMYEHHON CHA-
3y HA MBEoxecTRe X  IXf), ecim Bce 3HaueHEma proii OyHEKIAN Ha
MEOecTBe X GONnIIe HEKOTOPOT O YHCAS; HERMHE CIOBAMM,
€CJH CYINECTBYET YHCAQ M TaKOe, YTo AAA awploro ampade-
muA x € X BRINONHSETCA HEpABEHCTBO f(x) > m.

Onpedenenue 4. Dyuxnuio y = f(x) HASHBAIOT OrpaENICHHON
cBepxy HA MEHOXecTBe X C D(f), ecu Bce 3HaueHEHA 3TOE QYEKIUH
M¢HBIIE HEKQTOPOT O YUCIA; MHEIMM CIIOBAMH, €CAM CYlNecT-
ByeT umcno M Takoe, yro AaA AW Goro 3HaveHAA x € X BHIOON-
EAeTCA HepaBeHCTRO f(x) < M.

Ecna MEOXecTBO X He YKa3aHO, TO NOAPASYMEBAETCH, UTO pPedb
uger off OrpaHMYEHHOCTH (PYHKOHEM CHHAY UNM cBepxy Ha Beelt obna-
CTH €€ OIpefe/acHAA.

Eeny GyHEOHS OrpaEHYeHA H CHH3Y, N cBepxy He Bceli obaactn
ONpefeNeHAA, TO é¢ HASHIBAKT OrpAHHUYCHHOMN.

OrpaHU9eHEOCTs DYEKOAR JErKQ YNTAeTesl oo ee rpaddary: ecad
(GYEKIMA OrpaHHYEHA CHH3Y, TO ee IpadHK OENHKOM DAaCHIOJIQEEH
BHIIIIe EeKOTOPOH FOPHIOHTANLHOM npamoit y = m (pEc. 118); ecanm
GYHENEA OTpaHHYeHs CEEPXY, TO ee rpathMK DeJIHKOM pACHOJOMKEH
EHiKe HexoTopo#l ropusoRTanbEol npamoi y = M (puc. 119),

% T HE)
=
B
\ I's y=M
v\ M| !
= \ » J .:-\\
2
y=m 7| ?
m / h
/ \
Pue. 118 Puec. 119
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3 . || YACNOBLE DYHHLIMM

HDpumep 2. Hecaegosate Ha OrpAHMYEHHOCTE (YHKITHIO
¥ =9 — x%.
Pemenne. C oaEOH CTOPOHEI, BIOOJEE OYEBHAHC HEPABEHCTBO

Vo -2 20,
9TO 03HAYAET, YTO PYHKINA OrpaEHMYeHA CHUIY.
C apyroit croponsl, 9 — x? < 9, a moroMy

V9 - x? < 8.

910 0sHAYaeT, YTO DYHKIMA OrpaAHHYEHA CBEPXY.

A Teneprs mocMoTpHuTE Ha rpatux sroid GyHrouM (cm. pue. 113).
OrpaEdIeHHOCTE (DYHKIHE A CBepXY, M CHHM3Y NPOYNTHIBAETCA NG
rpadMKy HOCTATOYHO JErko. |

Onpedenenye 5, Iueno m HASHBAIT BAMMEHLIIHM 3IHAYCHHEM
dyarknam y = (x) sa muomectre X c IXf), ecomu:

1) Bo MmEOiRecTBe X cymeCcTBYeT TOMKA X, TAKASA, 4T f{x,) = m;

2)anas nwb60ro 3HAYEHAA ¥ H3 MHOKecTBa X BRINOJHAETCA He-
PABEHCTBO

f(x) # f(x,).

Onpedenenue 6. Yncno M HaspBa1oT HAHGONBHINM 3HAYCHHEM
dyaxnmn gy = f(x) ga maoxecrse X c D(f), ecau:

1) Bo MuKecTBe X CYIDEeCTBYET TOUKA X, TAKAA, ITO f(x,) = M;

2)ana nob6oro 3HAYEHUA ¥ U3 MHOXMecTBa X BHIIONEAECTCA He-

PABEHCTBO
Ax) = f(x0).

Hanmenstiee 3EAYeEHe GYHKOUH OGO3HAYAIT CHMBOJOM Ypnx,
a Haubonslee — CUMBONOM Yuuus. BCNH MHOMeCTBO X He YKA3AHO, TO
OOApASYMEBAETCH, ITO Pedb HJeT O NOHCKe HAHMEHBLIIETO HIN HaH-
6onpllero saEaueHUA GYHKONE BO Beell o0JACTH onpeneneHHMA.

HmeloT MecTo cleayiomue Doje3Hble YTBEDKACHHA,

1) Ecau y pyHruyLl cyecmeyem Yoy, MO OHG 0ZPAHUIELHE
CHU3Y,

2) Ecau y PyHKyuu cywecmeyem Yowme, MO OHE 02PAHUYEHA
egepxy.,

3) Ecau pyHryUR He 02PAEHUYERA CHUSY, MO Y Hee He cyujecmasyem
Yunnn-

4) Ecau hyHKyUA He 02PDAHUMEHA CEEPXY, MO Y Hee He Cyujecmeayem
Hrnute

128



3. I| YACNOBbLIE BYHKLIMM

Joxaxem ana opamMepa csoficrea 1) 1 3).

ITycrs dyrxomaa y = f(x) gocTMraer HauMeHRIDEr9 3HAYCHUA HA
MHOKecTBe X, JTO 3HAYAT, YTO CYINECTBYET TaKad TOUKa Xy € X, UTO
ana mobore x € X BRnonaseTca HepaBeHCTBO f(x) 2 f(x,). Ho aTo (cm.
onpeAeNieERe 3) KAK pas H 03HAYAeT OFPAHMYEHHOCTL QYHKIKH CHU3Y.

CpoifcTeo 3) MOXHO JOKA3ATEL METOAOM OT NpoTnaHoro. Ecau mpea-
NOJOMKHTD, YTO Ypeax CYIIECTBYET, TO IO CBOMCTBY 1) GYHKUHA orpa-
HHYEHA CHH3Y, YTO IPOTHBOPEYHT YCIOBHIO.

MIpamep 3. Hecneaosars (PyEKOAID HA OTPAHHYEHHOCTR, HANTH
HAMMeHbInee ¥ Eanbonbmee sHATEHHA GYHRIUM:

a)y=2x+2—6\f2x— H
6) y= Vvxi — Bx + 8 + 2x — 8x + 44;

B)y= Va2 — 4x + 13 - Jx* — 4x + 5;
_ 5x% +10x + 14
DY= "4
PemeEne. a)2x + 2 -6/2x - T=(2x - TN -6J2x -7+ 9 =
= (\/Zx -7 - 3)2. DyEKNEA § = (d2x -7 - 3)2 OPAHAMAET TOJBKO
HEOTPHIATENLHLIe SHAYEHWMA, SHAYMT, OHA OrpandMueHa cHusy. Ha
ypaeHeHHAS V2x — T — 3 = 0 Haxogum x = 8; B 3TOl TOUKe PyHKIMA
AOCTATAST CROETD HAMMEHBIUETO 3HAYCHHMA Yoo = 0. CRepxy dyBENNA
2
HE OTpAEMYEHA, IOCKOALKY BHIpaiXeHne (V2x — 7 - 8) momer npu-
HHMATH CKOJb YrOAHO G0AblIHe sHAYEHMA,

6) Beenem oBosHavenme: f(x) = Vx? — 6x + 8 + +2x — 8x + 44,
Hadigem ofinacte ompenenendn byaxknmu. Jlna $roro pemmum cucTeMy
HePABEHCTS

x* -6x+8>20,
2%* - 8x + 44 > 0.

H3 mepBoro HepaBeHCTBA HAXOINM: x¥ < 2; x = 4. Bropoe HepaBeH-
CTEO BHINONHEETCA NpPH JMOOHX SHAMEHHUSX X, HOCKONBKY THCKDHMHE-
HAHT KBAAPATHOrO Tpexuneda 2x? — 8x + 44 orpHnareneH, a crap-
mail koadwpiumerT DONOEATENeHE. 3HAYAT, PEIDEHHA MEPBOrO Hepa-
BEECTBA ABJIAKTCA M PEIOCHHAMHA CHCTEMEL.

Hrakx, D{f) = (—o0; 2] U [4; +0).

HmeeMm ¥ = \/(x -8F -1+ J2(x - 2)* + 36. Ha nyue (—o0; 2]
KBaApaTmaEse GyRrmur ¥ = (x — 8 — 1 n y = 2(x — 2)° + 36 He orpa-
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3 . Jl YACNOBLIE hYHKLIM

HAYEHH CBEPXY, YORBAKT H NPHUHAMAKDT HEOTPHOATEIEHEIC 3HATE-

mnA. TeMH e cpolicTRaMu o6AAfAIOT GYRKOAR ¥ = \f(x -8 -1,

y= 2(x — 2)* + 36 n nx cymma, T. e. QYHKIHA ¥ = f(x). U3 yOuiBa-
HER QYEKOUH cAexYeT, 4TC CBOETO HAMMEHbIIero 3aHAYeHHS OHA JOCTH-
TaeT B Touke x = 2. B3HAYAT, HA ayue (—oo; 2] uMeeM Yo = (2) = 6.

Ha nyue [4; +o0) kBagpaTHuHHe dhyHKoEA ¥ = (x — 3 — 1 u
2(x — 2)* + 36 He orpaHM4YeHH CBepXY, BO3PACTAIOT M TMPHHEMAIT
HEOTpHOATeNBHEE 3HAYeHHA. Temd ke cpoficTBaM#a obnagalor dyHK-

oMA i = J(x -8 -1, y= JZ(x -2 + 36 u ux cymma, T. e, PyHE-
oua y = f(x). Ha BospacTamua GyHKOMM CaeAyeT, YTO CBOery Hau-
MeHEINEr) 3HAUEHHSR OHA JOCTHATAET B TOYKe ¥ = 4. 3HAUWT, HA Jyje

[4; +00) AMEEM Ypumx = f(4) = V44 = 24/11. Bamernn, uro 24/11 > 6.
Ioaeenem wrorn. SaxapEaA GYVEKUMA OTPABMICHA CHESY A Yuum = 6
CBEpPXY OHA He OrpaHHYeHA B HAMGONBLIDErD 3HaYeHHS He CYIIEecTBYerT.
B) O1a OYHKUHNA BpoAe OB MOXO0MKA HA OPeAWAVIOVIO, HO eCTh CV-
IMecTBEHHOE OTJHYMe: TO, YTO BEPHO JJA CYMMBEI HeOTDHIATENBHBBIX
BoazpacTatomiux (Yorpaiomux) yEKnAE, He OPOXOAHT KIR HX PasHO-
crn. Ilpuaerca aexkats apyrae oyTe. Hveem:

Vel —4x + 183 -V —dx + 5 =

W ax 18-V —dx +5)V x4 18+ VAT~ dx +5)
B Ve —dx+18 + P —dx +5 -

(i —t!:c+13)2 - (2 —4:&:+5)2 _ 8
Jxt—dx + 18 +Jx® —4x + 5 Jx-27+9+Jx-22+1°

3ramenarens moctexsell ApobH DpHEHMAeT HAMMEHLIIee 3HAYe-
EHe 4 mpe x = 2; cooTBeTCTBeHHO cama Apobe mp:a x = 2 gocTHraer
HaubonplIerc 3HaYeHnsd, 0HO pasuo 2. OTcloxe, KCTATH, Cpasy cieny-
€T OrpAHHYEeHHOCTh (PYHKIIHA CBEPXY.

Hanee, QyHKIUHA OrPAHHYERR CEHSY, NOCKOJBKY mocaeaHAA apodb
TIOJCXKATENBHA TIPH JI00KX sHAaYeHHAX x. Ha ayue [2; +o0) dyHKIMA

¥= J(x -2P +9+ J(x - 2)? + 1 nonoxuTeNLHA M BO3PACTAET, SHA-

4HT, PYHKINA Y = 8
JE-2F+ 9+ J(x-2°+1

BAET, HAHMEHLIEer0 BHAYCHHSR ¥ Hee HeT.

IToapemenm mrorn. (PYHKIMA OrPAHEYEEA H CBEPXY, B CHHAITY, Y = 2,
HAMMEHbBIIeTo SHAYeHUA YV GYHKODUH HerT.

MOMOXKHTEIBLHA H YGH'
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3. HYUCNOBLIE PYHKLIMA

52> +10x +14 _ b6(x*+2x+4) -6 _ , 6
x4+ 2x+4 x*+2c+ 4 - (x+D*+3
Buamenarens mocrenHell xpobn MpPpHHEMEET HaNMMeHbIIee SHAYE-
EHe 3 NpH x = —1; cooTBeTCTBeHHO cama xpods OpH x = —1 AocTHrAeT
madbonemero sEaveHMsa, oHCO paBHo 2. OTcioga cleayer, 4To PyHKE-

r} Hmeem:

mua y=95 - B TOUKe X = =1 JOCTHTraeT HAWMEHLINEro 3HA-

(x+1)°+3
ueHHs, OHO pABHO 3.
Heaxee ana A060r0 sHAMEHAA X BHIOOJAHEAETCA HepABEHCTBO
6
5§ - ———
(x+1)°+3

[-1; +o0) pyuxuus ¥ = (x + 1) + 3 NONOKHUTENLHA B BO3PACTAET,

< 5, 3HAYHAT, DYEKINA orpaHAveHa ceepxy. Ha ayde

67%5—;3 TON0KATEThHA H YORIBAET, 3HAYHT, PYHKIHA
6

¥y=%- Gy +3
SHAYCHHA ¥V Hee HeT.

Hoasenem mrorm, PYEKOMA OrpaHHYeHa H CBepXy, H CHHIY,
Yoy = 3, HARGOTLINErO 3HAYEHNS ¥ QYHKIHUH HET. [ ]

B yuebmmKe AnA 8-ro0 Kiacca MBI BBeJH NOHATHA MAKCHMYyMa M
MaaAMyMa GyExonn. HanoMeuM ¢oOTBeTCTEYIOMUE ONpeHesIeHus.
B HUX ACHOJL3YETCH MOHATHE OKPEeCTEOCTH TOUKH. OKpecmuocmb
MOYKY Xo — 3TO HATEDBAJ ¢ LIEHTPOM B TOUKe X). JIMHHY IOJOBHHBI
STOr0 HHTEDBAJIA HASHBAIOT paduycom oxpecmuocmu. Hanpumep,
(1,97; 2,03} — oKpecTHOCTh TOYKH 2, 8 PAAAYC OKPECTHOCTH DaBeH
0,03. Korpga opu mayaeruMn ¢Bo#cTE QYHKOUHM IOBOPAT 00 ORpPECTHO-
CTH TOYKM, OGLINHO IOPEATIOAArAIOT, MTO STA OKPECTHOCTE LOENIHKOM
cOAepsRATCeA B obnacTa ompeaemeRnA PYHKIHH.

Onpedegenue 7, TouKky x, HASHBAIOT TOUKOH MAKcHMYMa (GyHK-
uuM ¥ = f(x), ecan y 3Tofl TOUKH CYIDECTBYeT OKPECTHOCTh, AJIS BCEX
rogeK KoTopoi (Kpome camMol TOUKHM X,)} BHIIOJEAETCH HEPAREeHECTBO
f(2) < f(xo). Toury x, HasEIBAIOT TOUKOH MHEUMYMA QYRRUMM § = f{x),
€CJIH ¥ 3TOM TOYKH CYIECTBYeT OKPecTHOCTh, AJIA BCeX TOYeK KoTopoil
(xpome camoit TOUKH X;) BHIOJARACTCA HepaBeHCTBO f(x) > f(xo).

byaKIHA y =

BO3pACTAET. Ho o2T0 23HAYHT, uTo Haubonsimerc

To4ukH MAKCHMYMAa H MHHAMYMa 00LeIABAIDT 00IDAM HAZBAHNEM —
movku axcmpemyma (oT nar. extremum — Kpainni), lna sgavenait
PYHKOUM B 9THX TOYKAX ACOONB3YIOT CHMBOXBL Yiuvs Humins
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3. YACNIOBLIE YHKLIMMA
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Puc. 120

Ha pnc. 120 npeacrasieH rpadmk HeKoTopoll dyEKIMH (mpenno-
aaraercd, 9To D{f) = (—oo; +00)). Kak BEaATE, ¥ Hee HECKOABKO TOYEK
SHCTPEMYMA: X; H X; — TOUKH MAKCHMYM&, 4 X; H X, — TOUKH MHHH-
MYyMa3.

OfpaTiTe BHUMAHHEE, 9TO Yoy M Ymaxs & TAKKE Yoy M Yy MOTYT
GBITE PABHE, HO MOTYT M OTAAYaTRCH, Hampumep, y hyExoum, rpadmx
KoTopoit mpencrapred Ha puc. 120, uMeloTCs ABe TOYKM MAKCHMYyMA
H JBe TOYKH MHHUMYME M B TO e BPeMSA HH Y,us BH uum HE CYINE-
CTBYIOT.

HanomenM emme Aea cBoiicTBa ¢yExnuH. Ilepsoe — c¢BolicTBO
BHNYKAoCTH GyHKouEM. CuMTaercsi, yTo QyHKYUA éunyKAd GHU3 Ha
npome:xkyTke X C IXf), ecnn, coequane molue XBe TOUKHE ee rpadHira
(c a6cumccaMm H3 X) OTDe3KOM, MH OOHAPYM¥HM, 4YTO COOT-
BETCTBYIOINAA YACTh I'padMKa JIEMKHT H MK e NPOBENeEHOI0 OTpesKa
(puc. 121, a). Pynruyur swnyraa seepx HAa nNpomexytre X c D(f),
€Cy, coeINEHE NI00He xBe TOURH ee rpadura (¢ abeuuccame as X)
OTPE3KOM, MH OOHADYKHM, YTO COOTBeTCTBYIOLIAA YACTh rpaduKa Je-
AT BH IDe ODOBeAeHHOTo oTpe3ka (puc. 121, 6).

v
A
£/
) 14
/¥
/
0 & 0| £
I
a) 6)

Pue. 121
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3. HYMCTIOBLIE PYHHLIMM

Bropoe ceolicTBO — HenpepuisHocmb PUHRKYLL HE NPOMENCYyM-
re X — oaHaUAeT, MTO rpabduK QyHEKIHE Ha JAHHOM [POMEXYTHS He MeeT
ToueK paspriBa (T. €. mDpeacTapnaser coboif COMOMIEYI0 THHHEIO).

A Tenepb BCIIOMHHEM O TeX (PYHKIMAX, KOTOPEE MB AZYYAH B
T-M 7 8-M rmaccax. IToerpoum mx rpadmrd ¥ nepearcadM csolicT-
Ba, NPHIEPKHUBAACD OIpefesIeHHOrO OPASKA, HAPHMEP TaKoro: of-
JaCTh OUpeiesieHNd; MOHOTOHHOCTE; OTPAHHYEHHOCTh; Hanbonemee 1
HAMeHbIee 3HAYeHUA; HeNpephBHOCTL; o0aacTh aRaveHuit. FHoTAA
GymeM TOBODHTh H O BBIIVKJIOCTH.

BrnocaeAcTBHH NOABATCA H JpYTHe cBoiicrsa QYHKUMIM, COOTRET-
CTBEHHO OyIeT MEHATHCA M NepedyeHb CBOMCTE,

1. Tmeiiman dymaumna y = kx + m

Tpadmxom bysrnun y = kx + m ap- BRTTTT T
nserca npamad (puc. 122, 123). y=kx+m(k=0)]

CeoiicTpe dyrruun y = kx + m (upu
BEz0:

1) D(f) = (—o0; +o0);

2} pospactaeT, ecym k > () (pme. 123, a), o}
yOrmaer, ecnu k < (0 (pme. 123, 6); |

3} He orpaHMYeHA HU CHH3Y, HH CBepXY; Pac. 122

4) Her Hi HauGONLIUTETO, HY HANMEHL-
merQ 3HAYEHHIL;

5) dbyEKDEA HenpepeIBHA;

6) E(f) = (—o0; +oo).

m

uY

Vi T 7 T ]
v;xr : N
2L FT Oy i I Y4 ‘3'-,;.
. T
0 E [1)| AN
|
a) 6)
Prc. 123

2. dymama y = ka® (k = 0}

I'padmronm GyEKIME ¢ = kx® Arndercd mapabona ¢ BepIIHHON B HAvA-
Jie KOODZMHAT H ¢ ReTBAMH, HANPARJICHHLIMA BBEPX, eciH & > () (puc, 124),
u BHM3, ecxu k < 0 (puc. 125). IIpamax x = O (ochb i) ABAAETCA OCLIO

napatoJIHL.
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Pac. 124 Puc. 125

Caoifcrea OyRKUAK Y = kx® and caydad k > 0 (oM. puc. 124):

1) D(f) = (—o0; +oo);

2) yompaer Ha ayde (—oo; 0], BospacTaer Ha ayue [(; +oo);

3) orpanduena CHmM3y, He OTPAHMIEHA CBEDXY;

4) Yopuu = 0, Yumns HE CYIIECTBYET;

5) HempepHBHS;

6) E(f) = [0; +oo);

7) BHIOYKJA EHHS.

O6paTATe BEMMaRHE: Ea TpomexyTie (—oo; 0] pyHRIHA YORIBaeT,
a Ha npoMexyTke [0; +oo) dyaxuuA BoapacTaer. Takme NpoMeKyYTHH
HAGEIBAIOT NPOMENCYMKAEMU MOHOMOHKROCIL PYHKINH,

CpoitcTea dyrxunn y = kx® gna cayvaa k < 0 (cu, puc. 125):

1) D(f} = (-o0; +o);

2) soapacraer Ha Jyue (—oo; (), yOripaer Ha ayue [0; +o0);

3) He orpaHMYeHA CHH3Y, OrDAHMYEHA CBEpXY;

4) Yuome HE CYIECTBYET, Yuuws = 0;

5) HenmpepwBHA;

6) E(f) = (—o0; 0);

7) BLOyKJIS BEEpX.

3. dymapn y = -E (k=0)

R
I'patarom dyarnmd ¢y = 3 ABLAETCA runepfona, 0CH KOODAMHAT
CAYKAT ACHMITOTAMH THOEPOOAN, & HAYANO KOODAMHAT — IEHTPOM

cummeTpua (puc, 126, 127),
CaoficTBa QyEKNUE § = % :
1) D(f) = (-o0; 0) U (0; +co);
2) ecna k > 0, To dyExnEa yOEBAET HA OTKPHTOM Jy4e (—oo; ()

H Ea oTKphiTOM ayie (0; +co) (cM. puc. 126); eca k < 0, To pyHRIES
pospacTaer Ha {—oo; 0) u Ha (0; +o00) (cM. pac. 127);
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N TR
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Puc. 126 Puc, 127

3) He orpaHHYeHA MM CHHM3Y, HH CBEDXY;

4) HeT HA HaAMEELINEro, HH HAROOJIBLIIEro IHAYEHHIL

5) ¢yExnus HenpepeHBHA HA OTKPRITOM ayde {—oo; 0) x Ha or-
KpHITOM Jayue (0; +oo);

6) E(f) = (—o0; 0) U (0; +oo);

7) ecim & > 0, To GYHKUHA BHUYKAA BBepx mp:a x < (), T. e, Ha
OTEPHTOM Jy4ae (—o0; 0), ¥ BEINYRIA BEHS OpH x > 0, 1. 6. HA OTKDHI-
ToM ayue (0; +oo) (cM. pre. 126). Ecam k < 0, To dyEKOMS BEITYRIA
BRepX mpH x > () ¥ BHOYKAa BEH3 OpH X < O (cMm. puc, 127).

Samevanue. Dyxoua y = % (cBOficTBO 2) YyOLIBAET M HA OTKPRITOM JIyIe

{~c0; 0), 1 Ha oTEpEITOM Jyde (0; +oo). Ho (pruManuel) oTcioga BOBCE HE
cefyeT, uTo oHa yOmpaer Ha Beel ynenopoli OpaMoii. BoasMHTe fBE TOUKH:
x, = -1, x; = 1; coorBereTBeHAO Iy = ~1, ¥ = 1. H3 x; < Xx;, Kak BUZUTE, He
creryer ¥ > Yu.
4. Dyviyms y = Jx
Tpaduxom GYHKOUH ABNAETCH BeTBh napabonm (pme. 128).
CaoiicTea dyERIUE ¢ = \/; : _

1) D(f) = [0; +oo); L] ! |

2) eospacTaeT; = ,Ec ——

3) orpaHuvena CEN3Y, He OTpAEMYeHA [—2 _,_U ]
CBepXy: —1

4) Vuou = 0y Yuuxs HE CYIIECTBYET; ol >

5) HenmpepHIBEA; |

8) E(f) = [0; +oo); Pec. 128

7) BMOYHIA BBEpX.
B npuHIADE MEL B COCTOAHMH AJIA BCEX NePEIHCIeHHRX BRINE (yHK-
umii ofocHoBaTH cBoiicTRAa 1) — 4). CaenaeM 39TO B KAYECTBe MPHMEDa

Ana QYHKIMA y = J; . Beegem mpuswiuHOe ofiozHavenme: f(x) = Jx.
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3 . YWACNIOBLIE DYHHLIMA

1) D(f) = [0; +c0). Peub uner o ecTecTBeEHOH# obsacTA ompenese-

HHA GyHROHHA, T. . o0 obaacTH onpexeNreHEHA BRIDAMNEHHA J; . OHa
3a/1aeTCA HepaBeHcToM X = 0, oTcioga n crexyer, ato D(f) = [0; +oo).

2) IIyers 0 = x, < x5, IIpegnonoxum, yro Jx_l ] J;g . Torna
(Jx_l )2 b (J.g )2, T. €. X; # X3, YTO ODPOTHBOPEYHUT YCAOBHIO. JHAYNUT,

HaIle¢ TIpeAnojo:eHde HEBePHO, & BeDHO HEepABeHCTBO J:J?l < Jx_g .
Hrak, n3 0 < x; < x, cneayer, uto f(x,) < f(x;), a #TO ¥ 03EAYAET, UTO
dynruna soapacraer Ha ayde [0; +oo).

3) AcHo, uTo GYHKUNA OrpaHNYeHA CHMSY, TOCKOABKY ANA J00o-

1o x # ( BRINOIHEAETCA HEPABSHCTBO \E # 0. Norkamewm, yro pyErOUs
He oTpaEHM4YeHa cBepxy. Ilpeanonoum DpOTHEHOE, YTO OHA OT'PAHH-
YeHA CBEpXY, T. €. CYIIeCTBYeT NONOKHTeNbHoe yucao M Taxoe, ITO

Aag moforo x # () BMIOOIHAETCA HeDABEHCTEC J; < M, BozsMeM TOY-

Ky %o = (M + 1)% Toraa f(xo) = V% = J(M + 1) =M + 1> M.

Hrak, MM OPeANOIOXKHIR, ITO AAS Joforo x = () BRIOOXHAETCH
HepaBeHCTBO vx < M, H B TO e BpeMdA HAIUIE KOHKDETHYI0 TOYKY
X9, B KOTODOI 3TO HepaBeHCTBO He BHNONHAeTcA. [losyaenEoe npora-
BODEUYHe O3HAYAET, YTO HAINE NPEANOAOXeHHe HeBEDHO, & NMOTOMY
(PYEKOUA He OrpaHAYEHA CBEPXY.

4} Ameem f(0) = 0 m gna moforo x > 0 BRIDONHAETCHE HepaBeH-
eteo Vx 2 0. Bro SHATHT, YTO Ypux = 0. A IOCKOABKY QYHKOHA He
OTPAHEYEHA CBEPXY, Yuns HE CYIIECTBYET.

5. dymapa y = |x|

I'patdvxom hyExnam seagerca ofbeMHEHAE ABYX Jydeil: y = x,

x20ny=—x, x < 0 (puc. 129),
Csoitcrea dymrmay y = |x|:

" 1) D(7) = (003 +ook;
2) yomBaer Ha nyqe (—oo; 0], Bo3-
e pactaeT Ha ayde [0; +oo);
\\4/ 3) orpamnyena cHUIY, He OrPAHH-
YeEA CBEpXY;

4) You = 0; Yuws HeE CYIECTBYET;
i §) HenpeprIBHA;
Pue. 129 6) E(f) = [0; +o0).

o
uY
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Puc. 130 Pre. 131

6. Dymaps y =ax* + bx+ c (a+# 0)

I'padmxom QyHKIMK ABIAAeTCA napabona ¢ BEPIIMHON B TOUKe (Xo) Vo)

rHe
b
Xo= "ggr Yo = f(xo),
¥ ¢ BeTBAMHE, HALIPABJICHHKIMHI BEepX npH 4 > 0 (pee. 130), 1 BEH3 —
b

opna a < 0 (prc. 131). IIpamaa x = —3; ABAAETCH OChI0 CHMMETPHH

napabokl.
Caolicrea byuxuua y = ax? + bx + ¢ pgna cayqan a > O

1) I(f) = (-o0; +o0);

2) yOuiBaeT Ha Avde (—oo; —%], BO3PACTAET HA Ay4Ye [—%; +oo);

3) orpaEmYeHa CHH3Y, He OIpDAHHYEHA CBEDXY;

4) Ynomx = Yos Yuans HE CYIIECTBYET;

§) HempepHIBHA;

6) E(f) = [yo; +o0);

7) BRIDyRJIA BHHS.

Caolicrea dyaxoum y = ax® + bx + ¢ gada cryvag a < 0:
1} D{f) = (—o0; +co);

2) BozpacTaeT Ha Xy4e (—00; —%] » yOEIBaeT Ha nyde [—%; +00);
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3 . YACTIOBLE DYHKLIMA

3) He orpaHMYeHA CHH3Y, OTpAHHYEHa CBEPXY;

4) Yuonu HE CYIIECTBYET, Yuens = Yo}
5) HenpepHIBHA;

6) E(f) = (-5 yol;
7) BHIMYKJa BBepX.

IIpumep 4. Ha puc. 132 npeacrannen rpathur dyaroud y = ax? +
+ bx + ¢. OnpepgennTs sHaKH KoabdHuHeRTOB 4, b, C.

Pemesde. Bere mapaoas HATpaBJAeHE BE€DX, 3HAYAT, ¢ > (.
ITapaBoaa mepeceraer ock ¥ B Touke (0; ¢), sgaunT, ¢ < (). AGcuucca

X, BepIZUHK Napaboan HAXOAHTCA 1o GopMyae xg = % . lTockoneky

a >0, xy <0, nenaeM BuBOn: b > 0.

[TTTIAT Orser:a>0,5>0,¢c<0.
iy‘:.;x‘;-b'x+p IIpumep 5. IlocTpouTs rpadms Gyek-
_ (2 —I)x* —5x +6)
l\ ll L A e B
- Pemerne. IMeemM:
(7] E x2-1=(x—1)x+ 1)
\ / x* - 5x + 6 = (x — 2)(x - 3);
\\ /c x2—x-2=(x-2x +1).
3HayAT,
(¥ - 1)x2 - 5x +6) _
xt e x~2 -
Prc. 132 (-l + D —(x—3) _
1% - (x - 2)(x +1) -
J-h-—a =(x — 1}x - 3).
\ Takmm obpasoM, ¥ = (x — 1) x — 3),
x # 2, x # -1, 'padbhuroM GYHKOUH ABIT-
\q eTcA napabona, NepeceKaloInad och X B TOY-
] Kax 1 7 3, ¢ ABYMS «BEIKOJOTHIMH» TOY-
P\ KaMe — aGcmAacceHl STHX TOYEK PARHH 2
ol u -1 (pmec. 183). [ |
o

-1]1 3 * Oprmep 6. I'paduk Kycounoit byEK-
I 1 oA ¥ = f(x), naoGpaKeEHLIH Ha puc. 134,
Prc, 133 COCTOHT M3 AYIH OKPYXXHOQCTH, YACTH
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Ay
]
7
i
\ y
L)
4
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y, 7
1 \-\(_,__.l__
[ [~a ] 1! |0 3 7 %
L1 |
Puc. 134

runepbonM X oTpeska npamoil. TpebyercA mpouHTaTh rpadEk H
nepefiTd or rpaduUuecKoro 3aJaHUA QYEKIAN K aHAJHTHYECKOMY,

Pemeunne. Ilepeuncium cpoiicTBa GyHKIAH,

1) DH=[-47

2) OyHKINA BO3pAacTaeT HA orpeake [—4; 0], yOmBaer Ha oTpesKe
{0; 3), rospacraer ma orpesre [3; T).

3) ®yHKIMA OrpaHAYEHA H CHHEIY, H CBEPXY.

4) Yo = T (mocTUraerca B TouKe X = 7), Yo = 0 (MocTHrAETCA
B TOUKe X = —4).

5) @®yHEKOUA HenpephlBHA B cBoeH 00nacTH onpemeneHNA,

6) E(fy=1[0; 7]

7) ¥ dyHROIEM eCTh ABe TOYKH SKCTpeMyMa: x = 0 — TOUKA MAKCH-
MyMa, IPAYEM Yo, = 4; ¥ = 3 — TOuURA MEHEMYMa, DPHYEM Yy, = 1.

CocrapuM aHanuTHIecKoe saxaHe ¢yuknun. Ha orpeake [-4; 0)
rpadrroM QYEKIMH ABIACTCA AyTa OKPYRHOCTH ¢ PAEXYCOM, PABHEIM 4,
¢ IeHTpoM B Touke 0; ypaBHeHHe 3T0i oxpysxEOcTH x% + Yy = 4%, oHa-
9HT, A4 94CTH BepXHell mOAyOKDYXHOCTH HONYUAEM I = J16 — x2.

Ha orpeaxe [0; 3] umeeM rpadnk ofpaTHOH NpONOPIEOHAILHOCTH
¢ KoapduuueHToM 4, CABMHYTHII BAeBO o ocH X Ha 1. 3HauwuT, Ha

9TOM NPOMEXYTHE Y = m.

Haxonen, ma orpeske [3; 7] naxa gacts rpadnka auHeitHo# GyHK-
uau y = kx + m, npudem 3Ta OIpsamad MPOXOAKT Hdepea Toukn (3; 1) u
(7; 7), a moromy KoadpUOHeHTH £ H M MOMEO HANTH, PEIINB CHCTE-
MY ypaBHeHHH

{1 =3k +m,

T=Th+m
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3 . HUCTNOBLIE ®YHKLIA

Ilonayunm: & = 1,5, m = —-3,5. 3naunTt, y = 1,5x — 3,5 (Ha oTpea-
ke [3; 7.

CocTaENM Temephs SHAMHTHYECKOE 3afaHue GYHKINE, 0OpPATHB Ipd
9TOM BHHMAHHE HA «CTEHIKOBEIe» TOUKH (x = 0 B x = 3). OHE He Joax-
HEl AyGaupoBaThes B 3af8aHmu dyaxnun, Hrax,

V16 — %%, ecim -4 < £ < 0,

¥y= 1 ,eecmd 0 < x < 3,
x+1
L,5x — 8,5, eet 8 x < 7. [ ]

§ 18. YETHLIE M HEYETHBIE DYHKLMM

B npepmpyiem maparpade MH TFOBOPHIH TOJABKO O TEX
cBoiicTBax yurmmii, KoTopslie B Tolf MImE HMHOM CcTeneHH BaM OHLIR
yiHe M3BECTHH M3 Kypca aareSphl 8-ro kinacca. 3amac ceoiicrs dyHK-
oEi 6ygeT mocTeNeEHo NONOAHATECA. O ZBYX HOBRIX cBolicTBax moii-

AeT pedb B HACTOAIIeM maparpade.
Onpedenenue 1, Dyrrmmio y = f(x), x € X HasuBaloT 9eTHOMN, ecan
AAA JO0OT0 IHAYEHAA X U3 MHOMKECTBA X BHITIONHASTCA PABEHCTBO
f(=x) = f(x).
Onpedegenye 2. Pyuxnmio y = f(x), x € X HASHBAIT HeTOTHOH,

ecan ana mobore sHaveHHA x H3 MHOKeCTBA X BHIOONHAETCH pa-
BEHCTBO

f(=x) = —f(x).

INNpamep 1. MoxasaTs, aro y = x* — uerHan yHRIEA.

Pemenue. 3uecs f(x) = x4, f(—x) = (-2)* = x4, Buaqnur, gns mo-
Goro SHAYEHAA X BHINOJNHAETCA paBeHCTBO f(—x) = f(x), T. e. dYEKIHUA
ABJIAETCA YETHOH, u

AHANOIMYHO MOMKEO JOKASATh, UYTO PYHKIMA ¥ = x%, y = 28, y = »*
TaKKe ABIAKTCH YeTHBIMHE,

NMpumep 2. MoxasaTs, yro y = x* — HederHAst OYHRIHS.

Pemeunne. Bgecr f(x) = %, f(-x) = (~x)° = —x°. Bmavwar, gia
nobore sHAYEHHS X BEINOAHAESTCSE PDABEHCTBO f(—x) = —f(x), T. . dyHK-
UHAA ABJASTCA HEUETHOH. [ |

AHATOrnYEQ MOHEO XOKA3aTh, YTO GYEKNMU = X, ¥y = x°, yy = *7
TaK¥Ee ABIAIOTCA HEYETHBIMH.
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3 . || YMCNIOBLIE YHKUMM

Mu samerunm, uTo y = &%, y = x5, y = x7 — HedeTrHHle QYHKIIHH,
y=x% y=x' y=x%— yernnie Gpyurouu. U soobme ana mwoboii pyHK-
HUH BUZA ¥ = X", TOe B — HATYDANLHOe 4HCIO, MOMHO CHENATL BhI-
BOJI: €CNIH 1 — He4eTHOe MUCIO, TO PYHKOHA § = X" — HeueTHAA; eCIH
# — 4eTHOE 4YHCHO, TO QYHKIOMA § = X* — 4eTHas.

CymecTBy10T QYHKIHM, KOTODHE He SBIRIOTCH HY 4YeTHHIMH, HH
HedeTHHMMH. Takoba, Hanpumep, GyHrnEs ¥ = 2x + 3. B camom jexne,
f)=5,af(-1)=1, 1. e. f(-1} # f(1} m f(-1) # —f(1). Bmauur, He
BREINOJIHAETCA HH ToxAecTBo f(—x) = f(x), BN ToxpecTBO f(—x) = —f(x).

Hrax, GiyExnasa MoKer OBITh YeTHO!H, HEYETHOMH, A TAKKe — HH
T0if, HE ppyroi.

Hsyuenne BOIpoca, SBAseTcA 3aAAHEAA QYHKOHA udeTHON wau
HeueTHOM, 00LMHO HASKIBAIOT UccaedosareM PYRHELLUL HE YeMHOCTb.

B oopepeneniax 1 1 2 pedr HAeT ¢ 3HAYEHHAX QYHKIAM B TOUKAX X
u —x. TeM caMBIM OpeANONATASTCR, YTO PYHKIMA ONIpexeneEa B B TOUKe
X, H B TO4Ke —X. DTO SHAYMT, YTO TOUKH X M —X NpHHEALMEHAT 00IacTH
onpenenedds GyHrupH. Ecod wracnoBoe MHOKECTBO X BMeCTe € KAM-
AEIM CEBOHAM 3JIEMEHTOM X COAEDIXHT M HPOTHBOIIONOMKHEBIM S/IeMeHT —X,
T0 TEKOE MHOMKECTRO HASHIBAIOT CUMMEMPUYLHbLIM MHONCECTBOM.

Cramem, (-2; 2), [-5; 5], (—oo; +00} — cHMMeTpHYELIE MHO-
#ecTBa, B TOo BpemMs Kaxk [0; +o0), (—2; 3), [-5; 6) — HecuMMeTpHUHEIE
MHOYKeCTBA.

Ecau gyrryus y = f(x) — wemnan unu nevemnan, mo ee o6-
aacme onpedenenun D(f) — cummempuvnoe muonecmso. Ecna e
() — HecMMMeTpHIHOE MHOMECTBO, TO GVHRUHA ¥ = f(x) Be ABAA-
eTca HY vdeTHolf, HH HedeTHOI.

VuATHBAA CKA3AHHOE BhIIIE, PEKOMEHEAYEM Npd MCCIeNOBAHAHA
(VHKIMA HA YETHOCTh HACIOAhI0OBATH CACHYIOIIMIA AJITODATM.

ﬁmpm HecrenopaHua dyEKUMH ¥ = f{x), x € X HAa Ite'moc'rm

1. YcTaBoENTE, CAMMETDHYHA JH 0GNacTh onpefeneHEd ¢GyHK-
mi. Ecy ReT, TO 00LABUTL, WTO GYHKINA He ABIACTCA HM MeTHOH,
HH HeueTHON. Ec/m A8, TO nepeiiTH KO BTOPOMY LOATY SJTODUTMA.

2. Ha#itu f(-x).

3. Cpasunrs f{—x) 1 f{x):

a) eciu f{—-x) = f(x) pna mofioro x € X, To QYHEKIHA YeTHAA;

6) ecrmu f(—x) = —f(x) anr moboro x € X, To QYHKNNA HeveTHAS;

E) ecJIA XOTHA ORI B ONHOH TOYKe X € X BHINIONHAETCH COOTHOIDE-
nue f(—x) = f(x) 2 xora 6t B oanoit Touke x € X BROONHAETCA
cooTEOmeRHe f(—x) # —f(x), To dYEKOEA He ABIAETCHA HA YeTHOMH,

@1 HEYeTHOI. /
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3. YWACJIOBLIEE DYHKLIMM

Mprmep 3. HecnegopaTk HA YeTHOCTh PYEKIA:
2 x—-4d
a)y=x'+35; B)y= 7 _g’

6)y=x5—;33-; rpy=+x - 3.

PemeHnne. a) ¥y = f(x), rae f(x) = x* + ;2;;

1) @yExnEs onpefeseHa OpHA BCeX 3HAYeHMAX ¥, Kpome (. Cre-
AoBarensHo, D{f) — CHMMeTpHYHOE MHOKECTEO.

2) f-x) = (-x)" +

oy =T

3) Nna moforo sHayeHHs x B3 ofaAcTH OnpexeneHHs QyHEOHE
BREINOJHASTCH paBeHCTBO f(—x) = f(x).

Takum obpasoM, ¥ = x* + % — YeTHAA QYHKIUA.

3
6) y = f(x), rae f(x} = 2* - 5.

1) dysxnuA onpefeneHa NPH BCeX 3HAYEHHAX X, Kpome (. Cae-
JOoBATENREHO, D(f) — cnuue-rpmnoe MHEOMECTEOC,

2) fi-2) = (-2 - s =2 - 25 = (2 5),

xs
3) Ona moboro sEaveHHA x B3 ofAacTH ompefeNeHHA (PyHKIHH
BRHIOOJHASTCS paBeHcTBO f(—x) = —f(x).

Takum obpaszoM, ¥ = x° — % — HedeTHad GYHKIAA.

x—4

B) y = f(x), rae f(x) = ;7.

1) ®yHEKOER OmpeaeNeHA OpPH BCeX 3HAYEHHAX x, Kpome 3 i —3.
3uaunT, oGnacTs onpeaeAcHEA GYHKIAH “— YACA0OBAA IPAMASN, A3 KOTO-
PO yAaNeHH ABe TOYKH: 3 M —3. 3T0 CHMMETPHAYHOE MHOIKECTBO,

2 ten= S5 -5

3) Cpammn f(—x) H f(x), saMeyaeM, ITO, BEDOATHC, HE BEINOJIHA-
0TCA HY TOXAECTBO f(—x) = f(x), Hm ToxIecTRO f(—x) = —f(x). YTobH
B 3TOM YOEJATLCH, BO3EMEM KOHKDEeTHOE SHAYeHHe X, EAIpAMep X = 4;

umeem: f(4) =0, a f(—4) = —g, T. e. f(—4) = f(4) n f(—4) # —f(4).

Taxum o6pasom, HYHKOHA He ABAAETCA HA ETHOII, HM He4eTHOIL.
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3 . HYMCTIOBLE (YHKUMA

r) ©yaKnus onpegenesa Ha ayde [3; +oo). Dror mya — cHMMer-
PHYHOE MHOKECTBO, 3HAIHUT, GYHKIHA — HM 4YeTHada, HA HeveTHad. Ml

Mpumep 4. ccaenorars Ha YeTHOCTH GYHKINIO;
ayy=|x|, x €[-2; 2); B}y = 2%, x € (-5; 5);
6) y = x|, x € [-3; 3); r)y = x* x € (-5; 5].

Pemerue, a) If)=[-2; 2] — cEMMeTPHIHOR MHOKECTBO, H JJISI
BCex BHaveHWit X BLINONHAETCA papencrso |—x| = |x|. BrauuT, 3ananH-
HAA DYHKIMA -— YeTHaA.

6) D(f) = [-3; 3) — HecHMMETPHUHCE MHOXeCTBO. B camoM gene,
TOYKA —3 OPHHALISKHT nonydaeTepsany [-3; 8), a oporHsononomEan
TO9Ka 3 He OPHHANTEXHAT STOMY TONVHEHTepBany. 3mauuT, GyHrmng
He ABNAeTCA HHM YeTHOH, HH HedeTHOMH.

B) D(f) = (-5; 5) — caMMerpaunoe mMuOKecTBO H (—x)° = —2° A
Beex sHadveHMH x s INf). SuaunT, 3a1eHHAA QYHKIHS — HedeTHad.

r) OVHKIHA 3aJ8HA HA NOJYHHTEPRAJE, KOTOPHIL He ARIACTCHA CHMMET-
PUUHEIM MHOMKECTBOM. 3HAYHT, QYHKOHMA — HH deTHAS, HH HedeTHAd. B

Teneps 06CYAHM TeOMeTPpHUECKHH CMEIC]I CBOHCTEA YEeTHOCTH H
CBOIECTBA HeueTHOCTH (PYHRIAH.

Ilyets y = f(x) — ueTHA® GYEKHEA, T.e. f(—x) = f(x) nna moboro
x € D(f). PaccmoTpuy fn8e ToukH rpaduka dymrnmmm: A(x; f(x)) u
B(—x; f(—x)). Tax xax f(—x) = f(x), T0 v Touex A u B abcuncem spns-
I0TCA NPOTHBOIONOMXHEIME YHCIAMM, & OpAMHATH OZXHAKOBH, T. €.
STH TOURH CHMMETPHYHH OTHOCHTENILEO ocH ¥ (puec. 135). Taxkum
ofpasoM, Iaa Kaxpaod Touxku A rpadbmka werHoli dyExkomud y = f(x)
CYIOECTEYET CHMMeTpHUHAA el OTHOCHTENLHO OCH I TouKa B ToTo Ke
rpaduKa. OTO 03HAYAET, UTO 2PAPUK YeMHOU QYHKYUU cuMMempu-
YeH OMIOCUTHEAbHO OCU Y.

Ilyere y = f(x) — HeweTHan dyaKuua, T. e. f(—x) = —f(x) Ana @0bo-
ro x € D(f). PaccMoTpuM zBe ToukH rpadmka dyErnmu: A(x; f(x)) r
B(-x; f(-x)). Tax raxk f(-x) = —f(x), To
y Touexk A H B n aGcuucehl H OPAHHATEI )
T s, —CnAD e

s To €. pHd4 .
EH OTHOCHTEeNBEO HEYAJIA KOODAHHAT B A
(pnc. 136). TaxumM obpasoMm, Ans Kax-
Aoit Tourd A rpaduka HeveTrol GyHK- -
InH ¥ = f(x) CYDIeCTBYET CAMMETDIUHEAS —x1 |0 x | %
el OTHOCHATENLHO HAYANA KOOPAHHAT
rouka B Toro se rpapuxa, 310 o3EaATA-
eT, 9TC zpadux nevemnod PyHryuu Puc. 135
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3 . LI YUCSIOBLIE YHKLIMA

177 |1 | CUMMEMPULER OMROCUMELDHO HANG-
(% (x)7|  na xoopdunam.
VAT BepEN 1 o0paTELe YTBeps#AeHUA,
’ Ecau zpapux gyrxyuu y = f(x)
- ’ CLMMEMPUNER OMHOCULMERLHO OCU Op-
dunam, mo y = f(x) — vemnan gynnyus.
’ B camMomM fene, cHMMeTpHA rpadura
Bl- dyERIIM ¥ = f(x) OTHOCHTENBEO OCH ¥
(—x3 f(~x)) 03HAYAET, YTO ANA A0GOr0 3HAYEHHA X
Puc. 136 #3 obnacTH onpepenedEus QYHKOUHA
’ COpABEAJIHBO PABEHCTBO f(—x) = f(x),
T. e. ¥ = f(x) — weTHan pyHKOHEA,
Ecnau zpagux pynxyun y = f(x) cimmempunen omrocumendvro
Havara koopdunam, mo y = f(x) — nedemuan Ppynnyun.
Crmmerpia rpaduka GyERDMM ¥ = f(x) OTHOCHTEABEO HAYATA KOOD-
AWHAT 03HAYAET, 4TO JJAA J60T0 3HAYEHHA X H3 ofaacTH ompegese-
HIA GyHRIUUM COpaBeAJIABO paseHCTBO f(—x) = —f(x), T.e. y = f(x) —
HedeTHAR (GYyHKIAA.

~
[~
®
=Y

IIpuMep 5. HUccaeaosaTs HA 4eTHOCTH PYHKIHI ¥ = 9 — %2,

Pemenue, Ilepsmii cnocol. Bynem meiicTBoBaTE mo ompenele-
RHI0: f(-x) = 9 — (-x)’ = V9 - 22 = f{(x).

BHAUUT, LA MobHoro sEaveHUs x U3 D{f) cnpaseAsuBo PABEHCTBO
f(—x)} = f(x), T. e. GYHKINA ABAAETCA YeTHOH. [ ]

Bropo# cnoco. I'padux GyHKIME — DOIYOKPYRHOCTE ¢ NEHTPOM
B HAYAJIe KOODAHHAT U paquycoM 3 (cM. puc. 113), oHa cMMeTpHYHA OTHO-

CHTeNBHO OCH . BHAYNT, y = V9 — x — veTHAsA QyHKINA.

HDpumep 6. Hoxasars, uto pyrxouw ¥y = f(x), x € X, rge X —
CHMMETPHIHOE MHOMECTEO, MOXKHO IOPEeACTABATL B BHAE CYMMEI YeT-
Ho#l N HeweTHOHl DyHRIUN.

Pemernue. CnpaBeganso tomaectso f(x) = M +
4+ @ - %) Brenen ofosnauermsa; 12 +2 %) _ gy, 1) —23'(—:) =
= h{x). Pyrxoua y = g(x), x € X apnserca 4yeTHoH, a byHKINA ¥ = A(x),

x € X — HeueTHoii. B caMoM gene, /(—x) = w =g(x), a (—x)=

= (D -1 _ M) D - _pia). Mirax, f(x) = g(x) + hz), Tae
dysrons ¥ = gx) — verHas, a dyExknma y = A(x) — HeuetHan., W@
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§19. oyHKWM y = x~ (m € 2),
MX CBOWCTBA U TPADMKM

B aTom naparpade peds HAET O CTEIeHHNX GYHKIHAX C 1eN0-
YacneHELIM OOKAsaTeneM, T. . 0 QyHRIHAX ¥ = x5, y = x5, y = x71°,
y=x7"HT A

1. Dymuwa y = x> (n € N)
IIpocreitmait coyuaii Taxkoll GyHROUM MBI pacCMATPHMBATHE B T-M
Kaacce — 910 Oula pyHxmua y = x2. PaccmoTrpam Teneps GPYHRUHO
y = x%, IlockonbKry 910 YeTHaA QYHRINA, HOCTPOHM CHAUAJIA TY YaCTh €€

rpadERs, KOTopaA pacroiaraeTed B NPABOH moayniockocTd (npy x =2 0).
CocTasum Tabmunoy sHaveHuli:

x 0 1

|n—- baf =

1

5|8 |parce

¥ 0 16

1,1 . 3, 81

Ormeram Toaxm (O; 0), 3 '1_6)' (1; 1), (2, %

oaockocTH (puc, 187, a); oOHN HaMEUAT HEKOTOPYIO IHHEI, NPOBEHeM

ee (puc. 137, 6). HofiaBEE K HOCTPOEHHOMY rpadMRy INHAIO,

CHMMETDPHYHYI? HOCTPOSHHON OTHOCHTENBLHO OCH ODAHHAT, NONYYHM

rpadux ¢pyuxmun y = x* (puc. 138). OH moxox He mapaboxy (Ho
napaGonoll ero He HASHIBAOT).

) Ha KoopauHaTHo#

7y L] y 'l
&1 (51
16 16
‘R_
] ]
1 4
]
—t1 —1 \
/ 1
» » o et
Ol 113 % o[ ii3[* o1 [ [*
2] 2 2 | 32 |
8 Pue. 137 % Puc. 138
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IIpesxpe yeM mepeunciaETk CBOHCTBa GVHKIINH, 38METHM, YTC MK
fyZleM OpUIEPKHEBATRCA TOTO Ke TOPAAKA, KOTODHI MCIOTh30BAIH B
§ 17, Ho ¢ omEHOH mOTpABKOHR: CEOUCTBY YETHOCTH (JYHKOHM OTBELEM
BTOPYIO IOSHITAES,

Caoiicrsa dynarmun y = xt:

1) D{f) = (-o0; +o0);

2) ueTHAd QYHKIAA;

3) ybriaeT ma ayue (—oo; (], BospacTaeT Ha nyge [0; +oo);

4) orpaHHYeRa CHU3Y, He OTDAHMYEHA CBEPXY;

5) Yauan = 0, Yauns HE CYLIECTBYET;

6) HempepHBHA;

7) E(f) = [0; +oo);

8) Bmnoykna BHHS.

Jru ceoficTea OHIIM TPOYHTAHEI N0 rpadHMKy, uTo B ofImemM-To0
B MATEMATHEKe He OpAHATO. OORMEO NoCTynmalOT EaofiopoT: HCCAeaYIoT
cBoifcTea PYHKOHEHE, A MOTOM, ONMHPAACHE HA Pe3VJRTATH IPOBEACHH(-
IO NCCAEAORARAA, CTPOAT €€ PpadHK. A MOMXeM JIH ML J0KA3ATHL XOTA
6B HeKOTODHIE M3 HmepedrcIeEHEIX BrIne cBoicTe? IlepBoe croiffcrso
0ueBHAHO (DOCKONBKY JI060e YHCI0 X MOMKHC BOSBECTH B UETBEDPTYIO
crenens). B § 18 poxasamo BTopoe cBolicTBo. MOKHO AOKA3ATEH H
TpeThe: B CAMOM Zeje, eClH X; > Xy » (, TO, IO CEOHCTBY YHCJIOBEIX
HEDABEHCTB, X} > Xj, & 9TO A 03EAYAET BOFPAcTAHUE (DYHRLIMA HA Ayye
[0; +o0) (em. onpenenenue 1 us § 17).

Ecam x, < x, €0, To —%; > —% = 0, (—x)* > (—xp)*, T. €. X% > xi.
Hrak, us x, < x; < 0 cnegyer, uro x! > x}, a 5T0 K o3HA4AET yOHBA-
HHe PYHKUUE Ha ayde (—oo; 0],

MosHO ROKA3ATHL YeTEepTOoe H mAaToe cpoifictea. OTrpaHMYeHHOCTH
GYERUMA CEM3y OUeBHAHA: AAA MOGOTC ¥ COPABEATHBO HEPABEHCTBO
x* 2 0. Orcroga, KCTATH, CPA3Y CHEAYET M TO, YTO Yuum, = 0 (HOCTHIA:
erca B Touke x = (). HeorpanuqesHocTs QYHEOHE CBEPXYy AOKAYXKEM
METOAOM OT OPOTHBHOIC.

1Ipeanonosum, uTo GYHKUHNA orpaEHieHa CBepXY, T. €. CYIIeCTBy-
er yncno M > 0 raxoe, 4To A8 M06OTO X COPABEANHBO HEepPABEHCTBO
x* < M. PaccMOTpHM 3HaueRHe DYHKIHH B TouKe Xy = M + 1. FMeeM
(M+1)Y>M+1>M. Hrax, xi > M, a 970 IPOTUBOPEUNT NPEATOIO-
JKeHHMIO O TOM, 4TO Jaa aioforo x COpaBefIdB0 HepaBeHCTBO x* < M.
Hame npeanono;xenne HEEERPHO, T. €, HYHKOAA He ABIAETCH OUPAHM-
9eHEOIf cBepxy. OTCIOIA, KCTATH, CIeAYeT H TO, YTO HaNGOaLIIero 3Ha-
9eHAdA ¥ (PYHKIHEHN HeET.
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3 . HYACSIOBLIE DYHHLMM

IIpr MenaHRM MOXHO NOACHHUTE (He JOKASATE) 7Y
cBoifcTRO BHUOYEKJA0CTE dyuxnnm BAN3. ITokakem,
HaIpuMep, ¥TO Ha oTpeake [0; a], rae @ > 0, rpadpur M
$¢yEKIEE y = x' pacmonoseH HIKe oTpeaka 04 [~ w
(puc. 139). \ i

Ha unTepBane (0; a) Bo3sMeM DpOHIBONLHYIO T
TOYKY X; M BOCCTABHM H3 2TON TOUKM mepmen- :
JUKYAAP K ocH x. OB mepeceveT rpadmr QyHKIUE OI X, 0
y = x' B Touxe P, a npaMy OA — B Touxke M [ i
(cm. puc, 139), Oppunara TouEn P pasHa x}. A deMy
pasHA OpAMHATA ToukH M7 lapaiiTe momcunTaeM. Puc. 139

IIprmaa OA DpoXoguT Yeped HAYAAO
KOODAMHAT, SHAYMT, ¢ YPABHEHHE HMeeT BUMJZ ¥ = kX; OHA TAKME UPOXOTUT
gepea Toury A(a; a'). [logcTasuB KoopAUHATE TOYKK A B YparHeHMe Y = kX,
nonyauM: a' = ka. 3meunr, k£ = a®, r. e. ypaBeenne upaMoii OA Taxoso:
y = a’x. Temeps AcHO, YTO OpAMHATA TOUYKHM M paBna o’x,.

Hrak, opgunara rouxu P paBma x{, a opgumara Trouxy M pasma a’x,.
Kakoe ¥3 atux umncen Soneme? ITockonesky 0 < x; < a, To mo ceoficTeam
YHCJIOBBIX HEpaBeHCTB x{ < a* |, ganee, x] - x, < a' - x, T.e. 2! < a®x,.
ITocnegnee HepaBeHCTBO OSHAYAET, UTO TOUKA P pACHONAraeTca HMMAe TOYKH
M. Orciona MOXEO cAeaTh BRIBOJ]: €CAM OPOBECTH IMPOUSBONBHYI) IPAMYIO
04, To okaseerca, wro rpadur GyHruMn ¥ = x* Ha oTpeske [0} a] aemuT HMKE
COOTBETCTBYIOUIETO YIACTKA UpaAMol OA.

|
"“‘-..,E__:L_.

»Y

Jhoban crememnasn GyHKmuEA y = x¥* (n € N) obaapaer TeMH Ke
ceoficTeAMHE, 4T QYRKIAS ¥ = x*, a rpadux yxEma ¥ = x> opu n =3,
4, 5, ... noxox Ha rpadux ¢pyHEoEH y = x* (puc. 138), Tonabxo
ero BeTBM NpM GONBIZMX IO MOAYAK 3HadeHHsX x Oomee KpPYTO
EanpaBieHsl BBepX Hu 0osiee NPMATH K OCH X
ea orpeske [-1; 1]. ) [

OTMeTHM ellle, YTO JUANA, CTVIRALIAR Tpa- I
buxom byERKHEHH ¥y = x¥, Kacaemcr ocu x
e mouke (0; 0), T. e. 0OlHA BEeTB: KPHBOH MNAB-
HO MEPeXOIUT B APYIYID, KaK Obl NpMKEIMAACH
K OCH X,

¥=(x-1)-

Ipumep 1. IlocTpouTs rpaduk GyHKIEH
y=(x—-1)F -2, 1
Pemernne. 1) IlepeitgeM K BcmoMora-

TEJBLHOH CHCTEMe KOODAWHAT ¢ HAYAJAOM B TOY-
ke (1; —2) (pme. 140). Puc. 140

vy
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3 . ‘ | HACTIOBLIE DYHHLIMA

2) Noctpoum rpadux byuruuu y = x* B HOBOI ¢CHCTEMe KOODANHAT,
HenoMb3ya koETpoabEEE TOukM: (0; 0), (1; 1), (—1; 1) (B HoBOH cHC-
TeMe KOOPAHHAT). 3aTeM 4eped KOHTPOALHBIE TOUKHE OPOBEIEM JIMHAIO,
MOXORYIO Ha TY, KoTopaAa Hachpamena Ha pac. 138, — aro u 6yger
Tpebyemulil rpadux (cMm. pue. 139). [ |

2. PyHruma y = x> (n € N}

ITpocrefimnii cnyyali raxoli dyakmun — y = x°. Ee rpabux npn
x # 0 3 npuHMMIe BHITAAAUT TAK Xe, KAk H rpaduk dyarony y = x*
npH x # 0 (cM. pac. 137). Hy)xHO JHIb yuecTs, 94TO HOBAA KPHBAA 9YTh
MeHee KPYTO HIeT BBepX H YYTh AAJBLIIE OTCTOHT OT OCH X HA OTpE3Ke
[0; 1]. Ilockonskry ¥ = x* — HeyerHad GyHKUUA, TO, JOGABAB JAHAI,
CHMMETPHYHYIO NOCTPOSHHOR OTHOCHTENBEHO HAYAAA KOOPAMEHAT, HO-
ayuum rpadur GyExodd y = x? (pre, 141), 31y KDUBYIO HAZBIBAIOT
rybmaeckoii napabonoi.

Samevanue. 3pect HalNIOnaSTCH OXHE M3 PEAKKUX CAYYAEB, KOraa
MATEMATHEY HCIONBIYIOT He OueHb yAauHEIL Tepuun. Ilapalona —
reoMeTpHYecKas HArypa ¢ onpeaeleHERIMH ¢BOHCTBAMHE. JIuHHA,
maobpaskenHas Ha pEc. 141, sTAMH cBoMcTBAME He 06IanaeT, ODOPTOMY
aydmie 6n170 6L NPHAYMATH efl Apyroe uaszsaHne («KybHuecKAsH
napabosas — 3TO UTO-TO BpOJAe «KBAAPATHOH OKDYXXHOCTHS).

OTMeTHM HEKOTOPBIE reoMeTpUYecKHe 0CO0eHHOCTH KyOmuecKOoit
napafionu y = x%. ¥ Hee ecTh meHTp cuMmeTpEM — Touka (0; 0), xo-
TOpaf OTAeNAeT JPYT OT APYTa JBe YACTH KPHABOI; 3TH CAMMETDHYHEIE
YACTH HA3BIBAIOT 8eMEAMU KYOuuecKoll napabonbt.

OfpaTiuTe BHEMAHEME, ITO BeTBH Ky(H4YeCKo# napabosul nepexonaT
oJHA B JpyTyio 6e3 HaloMa — IIJIABHO.

Csoiicrea byHknnau y = x3%;
94 U 1) D(f) = (~oo; +oo);
’1 2) vevernan QYHRUIHA;
3) BoapacTaeT;
ol 4) He OoTpPRHHMYEHA HHA CHHM3Y, HH CBEDXY;

5) HeT HH HaWMMeHBINEro, HW HANGOJBIIEro
3HAYEHHI;

i 6) HenpepHEHa;

> 7) E(f) = (~o0; +oo);

| 8) BHIOYKJA BBepx npu x < (), BRIOYKJIA
Puc. 141 PHY3 npH x > (.

=Y
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3. || YYCNOBLIE DYHKLIMM

T'padpur moboii crenennoll ¢yurmun y = x¥*, n=2, 8, 4, ...,
noxo¥ Ha rpaduk PyHKUMM Y = x° (oM. puc. 141), Tontko dem Gonpine
noKAZATENb, Tem 00flee KPYTO HANPABAEHK BBEPX (M COOTBETCTBEHEO
PHI3) BeTBA rpadmra. OTMeTHM elme, 4TO AMHEHA, CAVIRAIIAA rpadu-
KoM GyHKImM ¥ = 2 *1, kacaemes ocu x ¢ moxke (0; 0).

HNpamep 2. PemnuTe ypasternue x* = 3 — 2x.

Pemerue. 1) PaccMorpaM aBe dyEKIMA: y=x*H y = 3 - 2x,

2) MocTpouM rpaduk byaknur y = x5 (cM. pae. 142),

3) MocTponm rpadhur mapetinodl pyHrmEM i = 3 — 2x. 9o npaMas
AMHHA, npoxogaman depes Touky {(0; 3) n (1; 1) (cm. prc. 142),

4) ITocTpoeHEHe rpadAKK NepeceKAlOTCH CYAA [0 YePTeXyY B TOUKe
A(1; 1), nputeM IpocTaA NPOBepPKA MOKA3HEIBAET, YTO KOODAHHATH TOY-
kn A(l; 1) yaoBaeTBOpAIOT YPABHEHHK. 3HAYHMT, YDARHCHHAE HMEET
OOUH KOpeHk: x = 1,

OreerT: 1.

Mexay mpouyMM, reoMeTPMYECKAS MOAeNb, NPeACTABICHHAA HA
puc, 142, HarAAZHO UNMIOCTPHPYET CALAYIOMee YTBEPRACHAES, KOTO-
poe WHOIrAA NO3BONAET MIAINMHO DEINATh YDABHEHHA,

Ecnu pynnyus y = Kx) eoapacmaem, a pynxyua y = g(x) ybosa-
em u ecru ypaenerue f(x) = glx) umeem Kopens, mo amom Roperd —
efuncmeennuit,

JoxkasareascTro. IIyere x; — Ko- AY
peHb ypaBHeHHMA [(x) = g(x). Boznmem M3 C
ofnacTd onpeAeneHUs YPABHEEH: ai0foe 0|
SHaYeHHEe X, TAKOe, UTO X; > X,. PYEKIHAA
y = f(x) Bo3pacTaeT, 3HAYMT, B3 X; > X CJe-
Aver f(x)) > f(xz). ®yuRIAA y = g(x) y6uBa- 1 *4
eT, 3HAYHUT, U3 X; > X, caenyeT g(x)) > glxz).

HMonyuunack TAKAA HENOYKA:
f(xs) > f(x:1) = glx)) > glxy).

Tlonyumaock, uto f(x;) > g(x.), T. e. x;
He ABJAACSTCA KODHeM YDaBECHHS. {

ARaiorduno MosxHEO JOKABATL, YTO €CAH
B3ATL M3 06MacTH onpedeleHUA YPABHeHHS
mofoe 3HAYEHEHE X3 TAKQE, ITO X3 < X, TO X3
He ABAAETCA KOPHEM YpPABHEHHA. Pue. 142

-]
X
|
I

8
LA,

2
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3 . HUCNOBLIE PYHKLIM

Hrak, ypaBHeEHe HMMeeT eAHHCTBeHHHE KopeHb, uTCe H Tpebosa-
JIOCh XKOKA3ATE.

Bor Kak, ONHpAACH HA 3TO YTBepRIeHHe, ME MOMXeM DElINTh
ypaeReHHe 3 OprMmepa 2 Ges yepresra:

1) zarveTnmM, uTo OpH X = 1 BRINOJHAETCA PABEHCTEO

1°=83-2-1,

FHATHT, * = 1 — HOpPeHBL YPABHEHHS (3ITOT KOPEHB MEI yI'afami);

2) dyaxnma y = 3 — 2x youBaer, a GyHKmUA Yy = x° BoapacTaeT,
BHAYHT, KOPEHL ¥ 38JAHHOI0 YPABHEHHS TOJABKO OFHE H STHM KOPHeM
fABNAeTcA HalileHHOE BhIMTe 3HAYEHHE X = 1,

3. Ddynua y = x (n € N)

Brime MBI rOBOPHIAM O CTENEHHHX (PYHKOEAX ¢ HATYDAJhHEIM
nokasarteneM. Teleph HOTOBOPAM O CTeNEeEHHX (YHKHHAX € OT-
PHUATeALHEIM OefluM noxasaTenem. Haunem ¢ pyuromuu y = 272, wm,

1
4TO TO € CaMoe, Y = 7.

O6nacTe e€¢ oOpefeJeHAA — MHOMKECTBO BeeX AeHCTBHTeARERIX
uncen, kpome 0. ITo yeTHAR QYHKOHSA, 3HAYHAT, €CThH CMBCI CHATAJA
DOCTPOUTL ee rpadux opu x > 0. CocTasumM Tabnuny sHadersi:

ot

x 1 2

- R

2
4

L=TE ) ]

1
4

OrmeruM TOUKH (%; 9), (%, 4), 1; 1), (2: i) (3; %) Ha Koopgu-

HaTHOI maockoceTH (puc. 143, a), OHM HAMEYAKOT HEKOTOPYIO JHEHIO,
nposeeM ee (pmac. 143, 6). JoOapuB K Heifl BeTBh, CHMMETPHUYHYIO

OOCTPOEHHON OTHOCHTENLHO OCH ODXAHAT, NOIYIRM I'paddr GyHEDHAN
y= o5, wm y = x* (puc. 144).

Ceoiictea dyermua y = x™%:

1) D(f) = (—o0; 0) U (0; +oo);

2) vernan PyHKrOH;

3) ybmpaeT ma oTrpruiToM ayde (0; +00), BO3PACTAET HA OTKPHTOM
ayde (—o0; 0);

150



3. I HYHUCNOBLIE YHKLIMAA
HE Tk
\
—1 —1
» P
ol | 1 & ; K ) 1A ’==" %
|
a) 6)
Pue. 143

4) oTpAHNYEH: CHH3Y, He OrpaHNYeHs CBEpXY;

5) HeT HH HAMMeHLUIETO, HH HAHGOJBINETO 3HAYEHHIT;

6) HenpepreHa opa x < 0 (1. e. HA OTKPEITOM Jyde (—oco; () H
opu x > 0 (T. e. HA OTKpEITOM ayde (0; +oo));

7) E(f) = (0; +o0);

8) BMOYKIA BEMI M npe x < 0, i opa x > 0.

Jlokasem xaa npuMmepa vOnsan#e GyEKBHE opHE x > (.

ITycTs x; > x5 > 0. Io croiicTBAM YHCIIOBEIX HEPABEHCTB: *7 > X%,
1 1
= < g Te x? < x3%. Htak, gna oyekou g = f(x), roe fix) = x 2,
MEI ICKR38JIH, YTO €CHH Xy > Xz > 0, To f(x;) < f(x.), a aT0 ¥ 03HAMEET
ybmsanne QyEKIMM Ha OTKpEITOM Jyue ((; +oo),

Moo A0Ka3aTh 4eTBepToe H nsaToe csolicTea. QrpaEMYeRHOCTE
OYHKUIME CHHAY O4esmpHa: aasa moboro x # 0 cnpasesnuBo EepaBeH-

CTBO % > (. Heorpaan4eHHOCTH QYHKIWH r

CBEPXY JOK&KeM METOAOM OT IPOTHBHOTO,
IIpeamonoxuM, 4T0 GYHKIHEA Orpa-
HAYEHA CBEPXY, T. €. CYIECTBYeT YHCIO

M > O raxoe, uyro ana moboro x copaBes- 1 > y= }1?_

JHBO HEPABEHCTEO % < M. PaccMorpum 4 K
1 |

3EAYeHNe GYHKIHH B TOUKe X = Ml Prc. 144
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3 YUCSIOBBIE DYHKLIM

M1+1)=(M+1)2>M+1>M.HT3R, % > M, a 210

OPOTHBOPETHUT TIPEATIONOMEHHIO O TOM, YTO AJaa J1060ro X cupaBeiin-

HmeeMm f(

1
BO HEPABEHCTEO 7 < M. Hame opeamonoskeHe HeBePHO, T. e. QyHK-

ouA He ABIAETCA orpaHm4eHtoll crepxy. OTciona, KCTaTH, clexyeT u
TO, 1TO HAMOOALIIErc 3HAYEHHA ¥ PYHKIME HeT.

OcTanoch AORA3ATH, 9YTO M HaMMEELOIEr0 sHadeHHA ¥ QyEKIHU
Her, IlpenmomomuM, 9TO OHO €CTh, DABHO /M M JOCTHI'AETCH B TOUKE
xp > 0. Ho, B cuny yisiBaHEA QyEROuM Ba (0; +00), an8 X > Xy BhI-
OOJEAETCH HepaBeHCTBO f(x) < f(xo), T. e. f(x} < m. Buauur, m me
MoxerT OMTh BAMMEHLIIUM 3HAYeHHeM (QYHKIMH, }..m HE CYIIECTBYET.

T'patpuk noboit pyaknuy ¥ = x°2° (n € N) noxox na rpabux dyak-

IHA Y = % (cm. puc. 144). OTmMeruM, 4T0 KpHABadA Y = % QcuMnMomuy-

weeru npubiuxaemcs x ocan xoopdunam. TOBOPAT TaAKIMe, 9TO OCh X
(1. e. npamaa y = 0) SBASETCA 20PUIOHMAALHOU GCUMAMOMOL

rpadura QYHROMA ¥ = %, a ock y (T.e. mpamag x = () aenserca
EEPMUKARLHOIL geumnmomol 9Toro rpadeka.

IIpymep 3. Halith naumensmee B Hanbosbinee 3Ha4eHAA GYHK-

uam Yy = ;!; HA 38JAHEOM IOPOMEsKYTKe:
o [Ls)s of2-1) nu .

Pemenue, JIna oreeTa Ha NOCTABNEEHBIH BOIPOC MOMHO HCTIOND-
30BaTh rpadgux PYHKIHHN (cM. pac. 144), a MOMKHO ONEPATECA HA CBOMH-
CTBO MORBOTOHHOCTH. antee MEl Oyaem meficTBOBATH M TAX, M TaK.

a} Ilpa x > 0 pyHROHR ¥ = f(x), rae f(x) = }!; » YORIBART, 3HAYMUT,

Ha 38AHHOM TDOMEKYTKE CBOMX HAMMEHBIIero M HANGOJLIZEro SHa-
YeHHI OHA ZOCTHTAET HA KOHIAX NPOMEKYTKE, €CTH, PA3YMEeTCH, 3TH

KOHIH NPHHALMEHKAT DpoMeKYTKY. [las orpeska [%, 3] noxydaeM:

B = F(3) = § » s = 7[5 = 4.
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3. YACNOBLE MYHKLIMK

6) IIpn x < 0 pyRxKOHs BO3pacraer, 3HAYHT, HA 3aJaHEOM MpDO-
Me)XyTKe CBOMX HAHMEHBIero M Ranbosbmmero 3HaYeHHH oHA RoCTH-
raeT Ha KOMIIAX TIPOMEXRKYTKA, eClIH, PA3YMeeTCHA, STH KORNEI DPpHHALIe-
JKAT DPOMEXKYTKY. B paccMATPHBAEMOM CIIY4ae MMEeM! Y = f(—2) = 1 ’

8 Yoy HE CYImMecTByeT (DpaBE# KOHen He OPHHANIEKMT SaJAHHOMY

IPOMeXKYTKY).
B) C nomompio rpaduka Gyarmun (cM. prc. 144) yeranasmaeaem,
YTO Yyapw HE CYIIECTBYET, A Yuaus = 1. B

4, Dy y = x - (p e N)

Peur noitner o dpyakmuax y=xY, y=x3, y=x* u r. a. Onuy
TAKYI (YHKIND BH H3YYHIM B Kypce anrelpe 8-ro kiacca — aTo

Orma pyERIMA Yy =2, T. €. Yy = % Ee rpadmx ~— renepboaa (puc. 145).

Tpaduk aroboit QyHKUNA I = ?%:r MOXOMX
Ha rHmepboay.
1 i —
CpoiicTea dyHrman y = 2@~ 1; _11 y :_;'—
1} D(f} = (-o0; 0) U (0; +oo); ~. |0 £
2} seyeTHaA PyHRUIUA; -t
3) y6niBaeT H HAa OTKPBITOM JAy4e
(0; +00), m Ba oTRpEITOM Ayde (—oo; O);
4) ge ’ H
) He OrpAHAYEHA BN CHA3Y, HE CREDXY Pyc. 145

5) HeT HE HAMMeHbLIIEr'o, HH HEANG0IL-
IeTD 3RAYeHnH;

6) HenpepHBHA B Opu x < 0, u npu x > 0;
7} E(f) = (—o0; 0) U (0; +oo);
8) BMOyrAe BBepX OpH X < 0, BRIOYKJAA REM3 npy x > 0,

Hpamep 4. IToctpours rpadmx dyexuma y = (x — 1)° + 2.

Pemenne. 1) Ilepeligem ¥ scnoMOraTeNbHOE CHCTEMe KOODIH-
HAT ¢ HauaaoMm B touke (1; 2} (pac. 146, a).

2) IlocTpoHB NNHHIO, CAYRAMYI0 rpaduKoM QyEKOUERA y = x°°
B HOBOHN CHCTeMé KOODAHMHAT, B CTAPOH CHCTeMEe KOODAMHAT TOJYIHM
TpeGyemulii rpadwmk (puc. 146, 6). [ |
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3. l YUACTIOBLIE BYHKLPM
7 7
2 2
: y= (-1 +2
o 11 % ol 11 e
a) 6)
Puc. 1468

Honpenem utorn. Ecau n € N, To:
— rpadux QYHEDHH y = ¥¥" BHMIIAAWUT TAK, KAK NOKA3AHO HE

pac. 147T;

— rpadmr pyExkouEu y = x*°*! BRITMAZNT TAK, KAK MOKAasaHO Ha
pac. 148;

— rpadbuk GyEENUH y = x~*° BRIVIAAMT TAK, K4K MOKA3QHO HA
pac. 149;

— rpathuK GYHEIAA ¥ = ¥ %D puragauT TaK, KAK DOKA3RHO Ha
pac. 150.

1/} WITT 11
SN
y=*l-
N - ol _
7] X x|
Puc. 147 Puec. 148
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3. HYACNOBLIE DYHKLIMA

] Ft}
L Lo
1 1 1
= — ol '—=..$ o -
\h
Pue¢., 149 Pue. 150

§ 20. oyHKuMa y = ¥x,
EE CBOWMCTBA M IPADMK

Onpedenenue ], Incno b HAIHBAKT KYOHIECKEM KOpPHEM
(I1LIH KOpHEM TpeTheill CcTemeHN) M3 JHCJA &, eCJH BRINOJHACTCH pa-
pencreo B2 = g.

ITamyT Yo =b;a— noGKopeRHOe YUCARO, 3 — NOKAIAMeRt KOPHS,

TaxuM ofpazoM, paBeHersa ¥a = b; b* =an (%)" = ¢ 9KBHMEA-
JIeHTHEI, T. €, BEIPAYKAIOT OfHY H Ty K¢ 3aBACHMOCTD MY AeHCTBH-
TeNbEHMH uHcaaME ¢ # b, Kopoue »Te MOHO 3aDHECATE TaK:

3/5 =bh o b =g, & — IHAK FKBUBAAEHIIHOCTMU.
Hanpumep, §27 = 3, Tak xax 3% = 27; 1 = 1, rax kax 1° = 1;

30 = 0, rax xak 0°=0; ¥—64 = 4, Tax Kax (-4)° = —64; </3§ = %,

]
TAK KAK 8 =-2—7=3§.
2 8 8

Ky6muecknit KopeER 2/5 CYIEeCcTBYeT AN JI060ro YAcaa ¢. 310 yT-
BepKACHNE JOKABEIBAETCA B Kypee BHICIIe# MaTeMaTtuxkn. Mum fyzem
MONb30BATRCA UM Oe3 goxasaTeancTea. IIpn uzBneuenAn KyGHIECKOTO
KOPHA CPABHUTEILHO DEAKO IONMydaeTcH PANMOHANBLHOE YUCTe. Harre
NONYYAETCHA HPPANHOHANLHOE UMCIO, LIS KOTOPOro MOXHO HalTH
IHms npHOIHReHHOe 3HAYCHHE.
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3. YACNIOBLE DYHHLIMH

Joxa:eM INA OpuMepa, YTO 5 — MppAOMOHANLHOS Yucao. IIpeamo-

NOMHM IPOTHBHOE, YTO 5 — PALHOHAJIBHOS WHCNO, T. e, 2/5 =2 rge
n
3
L HecOKpATHMAR oGEIKHOBeHHAA ApolE. Toraa [ﬂ) =5, T.e. m*=5n"
n n

ITocnenHee paBeHCTBO o3HAYAeT, uTo m® i 5, T. e. HATYpAIbHOEe YHCIO M’ Ae-
nurex HA 5 6es ocTaTra (HAHNOMHEMM, YTO CHMBOJA | OSHAYAET «JelIMTCH HAs).
Ho 210 BO3MOMHO TOTZA M TOJABKO TOrga, Korga m : 5, T.e. m = 5k, roe
k — HexoTOpOe HATYPAJbHOe YyHcHo. IloacTapiM BeIpAXKeHMe 5% BMecTO m B
paeeHCTEO m® = 5n¥; momyumm (5k) = 5n3, orkyaa n® = 25k, Tlocnemree pa-
BEHCTBO O3HAYAET, UTO 1® ! 25 1 vk Tem Gonee n® : 5. Hororga un n | 6.

Hrax, nomyariu, yro m : 5 m n } 5. Orciona caegyer, aTo ApoSs % —
COKPATHMAA (6€ YHCIATENH H 3HAMEHATENsE MOXKHO COKDATHTH HA 5), A 9T0
IIPOTHBOPEMHT YCAOBHIO, COTMIACHO KOTOPOMY % — HecOKpaTHMad ApoGh.

TlonyyeHHO® MPOTHBODEYHE OAHAYAET, UTO HANIE NPEANONOMEHHe O Da-

DHOHAILHOCTH uYNcia Y5 HeBepHO, T. e. 3T0 UHCAO — HPPAHHMOBAJILHOE,

Kopelns Tperself cTeneHH U3 DONOKHTEABHONO YHACAA — IOJOMH-
TeJNLREOE YHC0, & KOPeHL TPeThell CTene N M2 OTPHIATELHOTO THCIA —
OTPHIIATENLHOE 4HCJ0. JTO CleAyeT H3 TOTO, YTO IPH BO3BeJeHHN
B Ky0 3Eax uHcaA He MeHAeTcH. COpaBeqInBO TOMAECTBO

= = .

B camoMm gene, nycth Y-x = b, a if; =c. Torga * = —x, a

¢® = x. Orcioga caepyer, uro & = —¢? wnm B = (—¢)®. U3 nocneguero
PpaBeHcTBa clefyer, YTo b = —¢, T.e. §-x = ¥,

IIpramep Ll Hoxasars, uro:

a) Yab = ¥u - Yo; s)gE:%(wm.

Pemeunne. a)Hmeem (2/5%/5)3 =(¥/E)a -(Q/E)a = gb., Bua-

anr, ¥a - 2/5 — 9TO 4MCHO0, Ky KOoTOpOro paBeH a¢b. A TAKHM IHCIOM

sBasercs Yab. 8Ha4nAT, {’/a_ =¥a - 2/5

8) orasmipaeTcs aHANOIHYHO. |
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3. HACIOBLE &bYHKLMM

PaccmorpuM pyHKIMIO ¥ = %‘f; » OTMETHM HEKOTODHIe €€ CBOMCTEA

u mocTpouMm rpadui. Beenem mpuBhivHOe ofoanaveHme: f(x) = -‘3/; .
1) D(f) = (—o9; +°0) (peus MAET 0 ecTecTBeHEHON 0bnacTH ompenele-

Hua GyEROMA — cM. § 8), IOCKOALRY, KAK MK OTMETH/H BIIe, KYGH-

YecKH# KOpeHh MOSKHO H3BNeYh H3 AK0oro jaeffcTBHTENIRHOTO YHCAA.

2) y= %—C — HeYeTHAA GJYHKOHA. JTO BEITEKAET M3 AOKAZAHHOLO
BHIIe ToMAeCTBA 3—x = —{/; .

Hy= %/; — BospacTaoinas PyHrmus Ha ayde [0; +00),

B camom pese, nverh 0 € x; < x,; HAM Hajo AOKASATE, YTO TOTAA
H %/x_l < \3/3:_2 . IIpenmonoskaAM MPpOTHBHOE, YTO \3/3:_1 2 2{:; . Torna, mo
cBOfiCTRY YHCIOBHIX HepPABEHCTE, (3/;:? )s - ({/x_z )8 + T 8. X1 # Xg, UTO

IDOTHBOPEIHT YCIOBHKD, 3HaYNT, Hame npeanoIoKeHHe HeBepHO, a

nomuy{/x_,<{/x_,.

4) OyHEOHA Y = 2/; He OrpaHHYeHa cBepxy Ha Jayde [0; +o0).
IIpeamonoxaM OpOTHBHOE: CYIIecTBYeT YHene M > ( Takoe, uTo ans

moboro x € [0; +°°) BHITONHAETCH HEPABEHCTBO {/; < M. BozrMem

Ha Jyde [0; +00) Toury x, = (M + 1), Torga f(x;) = %’f(M +1) =
=M+1> M. HUrak, MH HAIIAN TOYKY Xy, B KOTOpo# BHIIOJIEAETCA
HEPaBeHCTBO f(xy) > M. OT0 ODpOTHEOPEYHT OPeATNONONKEHHAIS O TOM,
yro g mwoboro x 2 0 Brmonaaercs HepaseHCTBO flx) < M. 3Haunr,
HaI¢ NpeJuoJoKeHHAe HeBEepHO, T. €. (PYHRUIHAA He OrpaHHYeHA
ceepxy. B 10 ke BpeMA oHa orpaHdAdeHa cHHAy: HA ayde [0 +00) BEI-
OOMHACTCA HePABEHCTEO ﬂ; 2 0.

5) HenocpeaCTBeEHEIM CIEACTEHEM NpeXLAYINEro cBolicTea SBIA-
ETCA CAEXYIOMEee CBOMCTBO! Yupny = Uy Yumas HE CYIIECTBYET.

Ilocrpouy rpadmk GyEKUMA y = %‘f; He ayde [0; +oo), Cocra-
BUM TaONHIIY 3HAYEHHH.

¢|lo|1]|8s]/32
8

y| 01| 2]1,5

ITocTporm Touxu (0; 0), (1; 1), (8; 2), {3%; 1,5} HA KOOpAHHAT-
HO#l maockocTH (puc. 151, a); OHH HaMe4alOT HEKOTOPYK JIHHHIO,
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3 . YACNOBLIE DYHHLIMM
Y EY
1 2 1A=
0 IS ol A
a) 6)
Pue. 151

npoeeaem ee (puc, 151, 6). Mu yInTHBAEM OIPH ITOM H TO, YTO QYHK-
OMA BO3pACTAET, M TO, 9TO OHA HE OIPAHHYEHA CBEPXY.

Boc¢noanaoeaBImuch TeM, YTQ = %/J_c -— HeyeTHAR GYHKOUHA, A0~

GapuM k rpadHKRy, DocTpoeHHEOMY Ha puc. 151, 6, BeTBh, CHMMeTDHY-
HYIO eMY OTHOCHTENLEC Hauana KoopaueaT. Toraa moay<dnm Bechk Ipa-

bux pysxumz y = ¥x (pme. 152).
CroiicTea dyasoun y = ﬂ;:
1) D(f) = (-o0; +);
D y= %‘f; — HedJeTHAA (yHKIUS;
3) dyexkuma y = {’f; BO3pAacTaeT HA Boeif YHCIOBOIM mpaMoit;
4) byarmas y = %‘f; He OPPARHEMYEHA HH CHH3Y, HHU CBEPXY;

5} ¥ OVEKUHAHE HeT HH HAHMEHBIIeT0, HE HAAOOALIIEro 3HaATeHAE,
6) PYHKIHA HeImpepHIBHA HA Beell UMenoBOH mpAMoil;

7
o -
[ 8 8%
| ]
Pue. 152
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3. YACMOBLIE DYHKLIM

)
10
y=10-=x
y=r

2 o

0 =
10 d

I
Puc. 153

7) E(f) = (~o0; +o0);

8) dyERIMA BHMOYKIA BHHE3 Ha (—°0; 0] # BHOYKIA BBepX HA
[0; +o°).

Dpumep 2. Peumnts yparEeHne Y¥x =10 - x.

Peme 2 ue. IlocTpous B ogHoM cHCTeMe KOODAHHAT rpadmiH
dyaonit y = ¥x n ¥ = 10 - x (puc. 153), ybexxaaemcs, 4To OHB IIe-

pecerarored B Toure (8; 2). Tak Kak y = Yx — Bospacraoman tbya-

KioudA, a y = 10 - x — yimeaioman pyHKIuA, 70 ¥ = 8 — eHHCTBEH-
HEAl KopeHb 3aJAHHOINO ypaBHeHHs (cM. ¢. 149),
Orsem 8.

NDpumep 8. [ocrpouts rpadux dyuxnun y = ¥x +1 - 2.
Peme uue. Ilepeiiaem ¥ BcnoMoraTenHo# cHCTeMe KOODARHAT
¢ BEa4anoM B Touke (—1; —2) (DyHRTHpHHe opAaMue ¥ = -1, y = -2 Ha

pre. 154) m sopuBaKeM» GYHKIAKR Yy = %/; K HOBOH cHCcTeMe KoOp-
auBar. Iloayauam Tpebyemuit rpadur (cM. puc. 154). [

NIpumep 4. IlocTpouTs u npountaTe rpadek GyHKROEH
-2—-x,ecmz x < -1,
y =

i'/;,ec.nax>—l.
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3. u HACNOBLIE DYHKLIAA

7Y

x=-1

O .-l-"""— fr 'x

y=-2
ey --Fr
L y=Yr +1 -2
N O T T
Puc. 154

P em e H 1 e. ITocTpouM IpAMYIO ¥ = —2 — X H BOZEMEM €€ YaCTh
npu x < —1 (puc. 155). IlocTpoum rpadux GyEKDHE y = -‘3/; H
BO3LMEM ero JacTh opd x = —1 (puc. 156). A Temeprn ofie mocTpoen-
HEI¢ JUHMH PacuoJ0iHM B OJHOH cucTeMe KoopawmHAT (pEc. 157) —
aTo 1 Gyaer Tpebyemulll rpadmx.

IIpounTaeM mOCTpOEHHEIN TrpadHK:

1) D(f) = (—0; +0);

2) pyHEIMA He ABNAETCA HM YeTHOHN, HE HedeTHOI;

3) yGuBaeT Ha (—°0; —1], roapacraer Ha [-1; +o°);

4) byHKIMA OTPAENYEHA CHH3Y H He OrpDAHHMYEHA CBepXY;

5) y byHROMN HET HANGOJBLINERO FHAYEHHA, A Yoo, = —1;

6) PYHRIIMA HellpepHBHA Ha Beelt uyHcaoBo# nmpamoi;

) E(H) =[-1; +20). [ |

Bapepmas aTy rIaBy, YHOMAHEM ele OJHO ¢BOHCTBO GyHKOHUH, KO-
TOpoe MHOI'A2 OBIBAGT MOJE3HBIM IpPH HCCIeNOBAHHH PYHEKOHM, TpH

v [
y=r_
_-..-l-"
_ -1 o
_aN O “xi [s] “x
2 E\ 9 __.-"
!I'\ -y
b Y
1 h 1
xX=- X =
L S i
Pue. 155 Pue. 156
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HUCNOBLIE DYHKLUM

7Y

Pne. 157

TOCTPCEHNH €€ IpadmKa, OPHA pelleHMH HEPaBeHCTB rpadHuecKHM
MeTOAOM. Peub HAET 0 NpoMeNymKax IHAKONOCMOAKCMEE GyYHICYLY,
T. €. 0 TeX IPOMEXKYTHAX OCH X, HA KOTOPHX (PYHKOHSA COXDAHAET
nocroAeusl spak. Tar, Aa8 Gyaxoun, rpadHK Kotopoll Haobpamen
Ha puc. 157, npoMemyTHAMHA 3HAKONOCTORHCTBA GyAyT: OTKpHITHE
ay4a (—o0; —2) — saech QYEKNMA TPHHAMAET NOIOKHUTEILEHE 3HAUE-
mna; (—2; 0) — Ha 3TOM nHTepBANe QYHKINA NPHEHMAET OTPANATENL"
Hble sHadYeHHA; (0; +00) — Ha 2TOM OTKPHTOM AYyde PYHKUMA DPHHH-
MAET MOMOMEUTENAbELIe JHAYSHNA.



TNABA
4 MPOTPECCHM

§ M. Yucnossie nOCNEBOBETENLHOCTH

§ 22. Choscraa 4MCAOBLIX NOCHA0BATONLHOCTEN
§ 23. Apuimernueckas nporpeccus

§ 24. leomerpuveckas nporpeccus

§ 25. MeTog MaremarnvecKoM MHAYKLMH

§21. WCnOBbLIE NOCNEAOBATENLHOCTH
1. Onpegjenenwe WCNOBON

nocnejoBaTenbHOCTHM

PaccMOTpHM deThipe PYyHKRIMA:

D y=2, x€[0; 1]; 3) y =

2}y = x% x € [0; +oo); Hy=x2*, xecN.

Onpm sageHwl ogHoll M Toif ke dopmynolt y = x%, Ho obaacTu ompe-
Aenennda GyHroui pasmnunail. B meppom cayuae I(f) = [0; 1]). BobTo-
pom — D(f) = [0; +oo). B TpeThem o0nacThk onpefeleBERs QYVEKHEH
He yKazaHa. CoraacHo JeiicTsyiomeil 3 MATeMATAKEe AOTOBODEHHOCTH
OoApa3yMeBaeTcd, 4UTo B 9ToM caydae D(f) copnapaeTr ¢ o0aacThio
OnpelesleHAA BHIPpAMKEHWUA, 3ajaiomere GYEKIHIO, T. €. ¢ 00JMACTLIO
onpefeNeHHA BHpaxeHns x2: D(f) = (—oo; +oo). HaxoHen, B 4eTBEpTOM
caydae o0nacThi0O onpeAeleHUA PYHKINH ABIAETCA MEOMXKecTBOo N
HATYpaILHEIX unucer: D(f) = N. Ipaduru otix dyernuii uaobpament
Ha pEc. 158—161.

CornaceTecs, 9T0 HEPBHeE TpHA PYyHKOAK Golee NDHBHYEH IJAA Bac,
HeKeJJH 4eTBepTad. Ha NMpoTAXReHHH TpexX JeT M3YUeHAs aaredpH B
MIKoJe ME PACCMATPHBAJH CAMEe pasHbe GYRKUAK, HO 00JACTHIO HX
onpeaeyeHna TPAKTHYECKH Beerna On1J KaKoi-TH60 MpOMexXyToK IIH
o0 BeINEEENE HECKOJBKHX NMPOMERYTKOB, a rpaduk dyHKIAKE cocTo-
AN U3 OTHOH HIN HeCKOJMLKHX CICIIEHKX AUEH. A Kaxk o0cToUT Aeno
¢ uerseproll dpyurumeli? Ee o6xacTs onpenereENs — MHOMeECTBO
HATYPANLHBEIX YHCEN — COCTOMT U3 OTAGNBELIX TOYEK (MATEeMATHKHU
roBOPAT: M3 MIOIHMPOBAHHEIX TOJEK»s), COOTBETCTBEHHO, W rpaduk
GYHKHEH COCTOMT M3 OTHeNLEHX TOYeK. BO3HHEKAeT Bompoc, 4 BYKHO
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4. | NPOrMPECCHM
5 v uh
] o
! |
H /
I /
L i
14 /
4 1
0 i £ 0 |- 2_3 £
Pme. 158 Pac. 159
) 75 T
9 !
1
16
[
\ / '
\ [ .'
\ I-"I' 1
AEEA of $
f
\ / ) 7
N
it 4
e o
_-|3-|2—|1_91_3_= x Oi 1234
Puc. 180 Puc. 161

JIM AZYYATE GYEKIAM, 38JaHHEe HA MEOYKECTBE HATYDAMLHEIX YHCeN,
BCTPEJAIOTCA JM OHH B DeaJBHOH JKH3EM; TOuHee, BCTPeUAalOTCA JIH
CHTYallHH, MATeMATHYECKHe MOAENA KOTODHX IpefCTABNAIT coboii
GYHKIAK ¢ 06nacTei0 onpeneneHna N7

BenoMEHM 38789y U3 yuebHEKA <Aarebpa—7»: «Ha cxnane ume-
erca 500 T yrna, kamaeiil geas nogsosaT no 30 T. Cxoneko yrias 6y-
HIeT Ha CKJaJe yepes AeHb, 2 AudA, 3 aua, 15 auelt u . 2.7

Ecnn 38 x NPpHHATH YHCIO AHelf, 4 38 ¥ — KOJANYecTBO YIJIA (B TOH-
EaX), TO MATEMATHYECKOH MOJEABI0 CHTYARRH OyAeT AEHelnad GyHK-
KA, 38J0HHAA HA MHOMKecTBe N BaTypalbHBIX 9MCe:

y=500+ 80x, x e N.
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4. MPOTPECCHMM

Enre npumep. Ha Gaaxoscrmil cuer monosmany a py6b. BaHk exte-
MeCAYHO Ha CYMMY, HAXOAALIYIOCH HA cueTy, Eauncadger p % . CKOJbKO
JeHer He c4eTY CTaHeT depes Mecan, 2 Mecsnoa, 12 Mecaues 1 T. 4.7

OKasMBaeTCA, MATEMATHYECKOE MOTENBIO 3TOH CHTYALIAHE CAVEHAT
dyuxnua y = a - 2%, x € N; sgech y — cymMma BKaaga (B pyGnax),
X — YHCAO IMOAHBX MECANEB, NPOIMeAINNX ¢ MOMEHTA OTKpPHITHA Cue-
Ta, & k “— HeKOTOPHHA NonomuTensHHR KoxhdHUIHERT, CBA3BAHHEIH C
GaHKOBCKAM OPOLEHTOM P (0OKYHO HCHCABEYIOT DPRONIHMEHHYIO
dopmyay k = 0,014p).

OTBeT HA DOCTaABACHHLIN BOIpOc ME nONydIAnn: GyHKINN, 3a1aH-
HBEI€ HA MHOJKECTBe HATYPansHLIX yuces (i = f(x), x € N), EyxHO H3y-
Y&Th.

A gavem mmcatk ¥ = f(x), x € N, He Ipome JU B TAKEX CIyIafaX
uAcaTh ¥ = f(n), TOTOBOPHBIINCE PA3 M HABCETAA, ITO APIYMEHT N —
HaTypansHoe 9Acko (7 € N)? Tak u caenaeM. B paccMOTpeHERIX BHIIe
npAMepax:

BMeCTO I = x%, x € N, ganumem y = n%;

pmecto ¥ = 500 + 30x, x € N, nanemenm y = 500 + 30n;

BMecTO ¥ = ¢ - 2%, x € N, manumem y = @ - 2*°,

He mpakTHKe oKa3amoCh YAOOERM BmecTo f(1) NHCATS ¥, BMECTO
f(2) — y., BMecTO f(3) — Y5, BMecTO f(R) — Yy,. BHAYeEMA DYHKOEM
¥ = f(n) mosxno sanucaTs nocredosamensio ogHo 32 xpyrum: f(1), f(2),
f(3), ..., f(n), ... HIH, B COOTBETCTBHH C YKA3AHHOI EBRIIE AOTOBQ-
DeHHOCTLIO, Y1, Y2y Yas «ees Yas -.. . Hampamep, and GyHEDEE y = n?
noaydaeM:

y1=12=1;
p=2"=4
ys=32=9;

ya=4*=16mu T, 1.

IlonyuerHNEe 3HAYEHHA 3aDNIIeM RocledosamerbHo OOHO 34

ApPYrHEM:
1,4,9, 16, ..., n%, ...

Yucno 1 B aTolf 3anMcH HAXONATCA HA NepBOM MecTe, 4 — Ha
BTOpOM, 9 — HA TpeThem, 16 — Ha vyeTBepTOoM, & n? — Ha N-M MecTe.

IloauepkHeM elne pas, YTC CIEAVIOMIME 3AINCH:

1}y =Ff(x), x €N,

2)y = f(n),
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4. | | MPOrPECCIM

3) f(l)' f(Z), f(3)$ sany f(ﬂ), e AR 9‘1, ys, ySs seay ym e T panIK‘{HH
o $opMe, HO OAHEAKOBH N0 COAEP:RAHMNID,
Onpedexenye 1, Pynxnuio suaa y = f(x), x € N HasupalorT Qyuk-

mHel HATYPANBHOTO APTYMEETA HIH THCIOBOMH MOCIeNOBATEAbEOCTHIO
7 0003HAYAIOT Y = f(R) HAK Y1, Yoy Yss eoes Yns =or »

Buavenud y,, Y2, Y¥s (X T. A.) HASBIBAIOT, COOTBETCTBEEHO, NEPELIM,
amopuim, mpembvus (H T. 1.} wienamu nociedosamensvrocmu. B cam-
BOJE Y, YHCAO N HASHBAIOT UHAeKkcOoM, OH YKA3HBAET MOPANKOBHH
HOMEp TOTO HJIH MHOIC 4JeHs NOCIeAOBATENBHOCTH (B 3aIMCH ¥, i,
Yas eees Yns -+ ). HEOTHA ANA 0G0IHAYESHAS TOCTSAOBATENBHOCTH HCIIONE-
ayerca sanuch (y,).

MuoroTouns B 0003HAYEEHH MOCAEAOBATENRHOCTH (MMEETCA B BAXY
BAUACH Y15 Yz, Yas ooe 5 Yas +o.)} OBHAYAKOT, YTO NMPABEE Iy PACIIONATAIOTCH
JaneHelire YWieHHN IOCAeNOBATENBHOCTH (Yy, Yss Ys H T. I.), PAIOM € Y,
HaxoasTea (2 B caAyuse HeOOXONHMOCTH M 3ANMCHIBAIOTCA) I, (ciepa)
HA Yn+1 (copasa). Yneny y,_, NpeflIecTBYeT Y,_s, 34 Y, CleAyeT
Yas2 U T. K.

Jna o0o3EAYEHAA YWIEHOB IOCJeAOBATENBHOCTH HCNOIB3YIOTCH
pasaHyEnie GYKBBI, HAIPHMED: X1, Xz, Xas +ers Xy onvy WA Gy, Oy, 83y eney
Qpy veey HIH bl, bz, bs, weay b,,, “na

Kax u3pecTHO, (PYHKOHEA MOKeT GHITE 3AJaHA DAITHIHEIMKE CIO-
cofaMH: AHAMUTHYECKH, TpadHIecKH, CJIOBeCHO M T. X, (¢Mm. § 16).
IlocnexoBaTeNbHOCTE KOK YACTHHIH cayyall DyHKIHM TOXKe MOMCHO
3AAABATH PASTHMYHEIMH CIHOc0o0aMH, CpeAH KOTOPHX OCOOEHHO BAaMKHEI
TPH: aHaAUMuUReCKkUil, cr0eechbtil 1 pexyppermuviil.

2. ABaNMTHMECHOS 3AflaHWE
YHCNOBOH NOCNEAOBATENLHOCTH

T'osopsaT, 9TO MOCHENOBATENLHOCTh 3AAAHA GHAAUMURECKY, €CAH
yxazama dopMyna ee n-ro uneHa y, = f(n). Hampuwmep, y, = n® ~— 310
AHANHTHYIECKOS 38JaEHe MOCAef0BATENLEOCTH 1, 4 9, 16, ..., n%, ...,
[ 4] KOTODOH A pedb BHIIIE.

¥EKa3zae KOHKpeTHOE 3HAYeHHe 71, HeTPYAHO HAlTH 4ileH Dnociaeno-
BPATEJILHOCTA C COOTBETCTBYIOMMM HoMepom. Ecau, Haupumep, n = 9,
To Yy =9, T.e. o = 81; ecim n = 27, TO Y = 275, T. €. Yy = 729
A eCJIH B3AT onpefe/eHHLIA YWICH NOCTeA0BATEARHOCTH, TO MOXKEO YRa-
3aTh ero Eomep, Hanpumep, ecinu y, = 625, To na ypasuenas n? = 625
HAXOAWM, 910 1 = 25, 310 smagar, gro 25-i wien aagamanoii nocaexo-
paTensHOCTH paBeH 625.
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4. || NPOIPECCIM

Jna nocnemosaTelbHOCTH Y, = (—1)“% Haxopdm:

1
yi=(-1). 1=-L
=(-1y¢. L -1,
ys—( 1) 2 = PR
1 1
ya=(-1)- 3="3
—(-1p.1_1
y4—( 1) 4 - 4
AT I
TakuM o6pasoM, MOJIVYAEM DIOCIAENORATENLHOCTE

4 1 11 1yl
1) 5’ 3 Z: -"!( 1) R’
BaMeTAM, YTO 3TY K€ NOCHeA0BATENIBLHOCTE MOXMCHO OBLIO 38JATH
AHANWTHYECKHA B BAAe KycodHoif ¢dyEKumA y = f(n), roe

—%, €CJIH R ~— HeYeTHOE HATYDAILHOE YHCIO0,
fim=1 |

—, EUJIH B — 4YeTHOE HATYPANLHOe YHCIO.
n

Kak H B npefsiayiieM IpUMepe, HeTPYAHO HANTH 4WiIed HOCAeN0BA-
TENRHOCTH C S8JaHHLIM HOMepoM. Hampumep, Yar = —%, aYp= %

Ecnz y, = C, T0o peus ugeT o mocneporaTensuoctd C, C, C, ...,
C, ..., KOTOPYIO HASHEAIOT CMALUOHAPHOU.

Kax sunure, sHas QoOpMYAY n-ro 4WieHA OOCIeXOBATENLHOCTH,
HeTpyaHo HaliTe ee mepewil, BTOpod, TpeTHil uneHn m BooGme Aoboi
iJeH ¢ YKASaHHEIM HoMmepoM. [opasno TpyaHee pemaTs 06paTHYIO 3a-
BAYY: YTA A5l B & T b BOSMOXHYIO QOPMYAY A-TO 4leHa OCAefOBATENb-
HOCTH, InA Ro'ropojfl VKAa3AHO HeCKOJLKO NepBHX YIeHOB.

Opamep 1. Haiita oqHy 13 BOSMOXMHEX HODMY R-TO WIEHA O~
CAeA0BATEALHOCTH:

a)1,3,579, ..
6) 4, 8, 12, 186, 20, ...;
B) 7, 11, 15, 19, 23, ...;

2 3 4 5 6
T WL LT A
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4. MPOIPECCHH

Pemenue. a) [IpuBeaera mocaeRoBaTeILbHOCTE HEYETHRIX HATY-
PaJBHEIX YHCeX. ARAJIMTAYECKH OHA 3afaeTca dopmymoht iy, = 2n — 1.
6) y, = 4n (noCTEeAOBATENBLEOCTL HATYPANBHEIX YACENT, KDATHHY 4).
B) Kamani# unen srof mociaeaoBaTeJLECCTH Ha 3 6ojblne COOT-
BeTCTBYIOIIEre wiaeHa NOCTeX0BATeNLHOCTH H3 NYHKTa 6), SHAYHT,
Y, = 4n + 3. Ha puc. 162 nmaobpaker rpadiK mocregoBATETLHOCTH
Y, =4n + 3, . e. rpadux pyaxnun y = 4x + 3, x € N. OH cOCTOHT H3
Todex npAMolt y =4x + 3 c abemmecamu x =1, x =2, x=3, x=4u T 1.

n+1l
r)yn"_‘ nt

ODpumep 2. Jasa mocnenopaTeALEoCTh Y, = 24n + 36 — 5nl,

a) CKOJIEKO B Hell IOJIORATEARHBX YIeHOB?

6) HaiiTn HanGOABIIAN YJeH MOCHeXOBATENBHOCTH,

B) ECTH JIM B NOCAEAOBATENLHOCTH HARMEHBIOM yner?

Pemenue. 3aeck yaoOHO TepefiTH K «bYyHKIMOHATRHOMY OIIpeze-
JEHHIO NOCTEAOBATETLHOCTH: PeYb HAeT o GYHKINM i = 24x + 36 - 51?2,
xeN.

a) YUToOH OTBETATR HA IOCTABAEHHEIA BOIDOC, DEIIMM HEpDAaBeH-
cteo 24x + 36 — 5x* > 0,

H3 ypasrerma 24x + 36 — 52 = 0 maxopum: x, = 6, x, =—g.

YpasHerre ocu caMmeTpuu mapafontt y = —5x° + 24x + 36 MoxkHO HaliTH
no dopMyae x = % , moxyunm: x = 2,4, Ha puc. 163 cxemariiecku

7Y 4 [ | ¥ H
"’ |64|8 .
191 4 i N
7 T N W
Fi 1 b 4
154 | [ 4 HE\E
7 36F |, x
1+ | # o \‘%
7 JT 120 \ x
74 __% 1 \1%
[ O ]
3¢ ' j £
L 1-2L-3 5- 64— 7.
.l . { I
K Ol 1.2.3.4 1% { . \
Il i / I \
Pre, 162 Prmc, 163
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(¢ pasuMmMu MacmTabamu Do ocam) naobpaxkeH rpadnk GYHKIHH
¥ =-5x*+ 24x + 36.
HepapeHCTBO

24x + 36 - 52> 0

8
BRIONHAETCA IPH —¢ < ¥ < 6. B aToM HHTepBane COREPKHUTCA NIATh

HATYpaAsHLIX uHucea (1, 2, 3, 4, 5); cooTBeTCTBeHEC B 3aJaHHOH MmO~
CAeAOBATEALHOCTH IATH TOAOKHTENLENX WIEHOB: Y1 Vs Yo Vo Ys-

6) I'padur nocaeTOBATEALHOCTH COCTOHT M3 TOYeK napaboiwl ¢ ab-
couccamu 1, 2, 3, 4, 5, 6, ... . Cpeau Aux mMoxHO HAHTA TOUKY
¢ Eanboasmelt opauaaTtoi. fAcro, wTo ato 6yaer Touka, Haubomee GaAMa-
KO pAaclolomxeEHaA K ocH napabonan. VpepHeHHe OCH, HATIOMHNM,
x = 2,4, 6mxailiian TOUKa NOCIEeIOBATEALHOCTH HMeeT abeumeey x = 2,
SEa4HT, HANGONLIIHM TIeHOM OOCHeZOBATENBHOCTH ABJAAETCA lfy.
OcTanock BHYMCANTL SHAYMEHNE BTOPOTO WieHa NOCIefCBATENLHOCTH
Yo = 24n + 36 — bn*:

y: =24 -2+ 86 -5 -2 =64.

B) WieHnl DOCIEROBATENLHOCTH, HAYKHAN C TPeThErG, PACIONATA-
1oTes Ha npasoil BeTsr mocTpoerEHOIl napafonsl. HauMersmero cpefu
HHX HeT.

OreeT a) 5; 6) y, = 64 — HaubonpmKi 4leH NocAeZOBA-
TENLHOCTA; B) HAHMEHLINETO HUJeEA ¥ MOCAeA0BATENh-
HOCTH HeT.

3. CnosecHoe 3afianne NOCREROBATENLHOCTM
CyTb 3TOTO ciocofa 3aIAHMA TOCNeA0BATENLHOCTH IOACHHM HA IpH-

mepe. FI3BecTHO, 4TO N 1,41421... . C 5THM HDPPAIHOHATBHBIM YHC-
JIOM MOMKHO CEASATE AB€ MOCHENOBATEILHOCTH:

1) nocrenosaTeILHOCTh NeCATHYHHX NDPAGIHKEeHAR YHcaa \/E o
megocraTey 1, 1,4, 1,41, 1,414, 1,4142, 1,41421, ...;

2) mocnenoBATENBHOCTD ASCATHIHRIX MpAOAMAeHNd ancra Jé no
usburrry 2, 1,5, 1,42, 1,415, 1,4143, 1,41422, ... .

B oforx caygasx OpasriIo COCTABICHHA TOCAEROBATEILHOCTH OIIH-
cano caosamd (He doprynoit).

Eme ogMH TIpEMED — OOCAEA0BATENBHOCTE MPOCTHX YHCEIN:

2,35, 7,11,13, 17, 19, 23, 29, ... .
ITocaepopaTensHOCTE 384aHA CIOBECHO.
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4. PoyppeHTHO® 3a03He NOCNAJOBATEMHOCTH

Basunill qna npunoxesnii cnocod 3aAaHEA DOCAeHOBATENILEOCTH
COCTOMT B TOM, UTO VKASLIBAGTCS NPAEUN0, NOFEOARIOULEE SLINUCALUMY
n-ii waeH ROCAeA0BEMEALHOCINY, ECAN USBECMHLL €€ npeduidyyue wie-
kbl IIpy BRIYACAEENA YIeHOB OOCAEROBATEIBHOCTH IO JTOMY NPABHITY
MBI KaK OH BCe EpeMA BO3BPAINAEMCH HASAI M BRISICHAEM, Y€MY DABHEI
opeaslayvinue 4ileHb. Tako# cmocob safaHHA MOCAeZ0BATETLHOCTH
HASHIBAIOT PeryppenmibiM (OT JAT. CNOBA recirrere — BO3BDAIIATLCA).

Yaiie Bceroc B TAKHX CAYUARX YVKA3HIBAIOT QOPMYAY, DOZBOMAIOLIVIC
BHIDASHATE 7-H YJIeH NOCNef0BATENHHOCTH 4Yeped mpefhgyliue, # 3a-
ZalnT 1—2 HayaAbHRIX YJeHA NochaeNoBaTensHOocTH., IlpnBegem
NPHMEDEL.

Npumepd. )y=h Ya=Ys-1 +4,ecoun=2, 3,4, ... . HEuMH
CAOBAMHE, 7-# yeH NoCAeOBATENLEOCTE DONYIAETCA U3 NPEARAYIIEr0
(n — 1)-ro unena opufaBaeHAeM K HeMy drcaa 4.

¥ =3;
=th+4=3+4=T;
=y +4=7+4=11;
Yi=ys+4=114+4=15ur. 1.
TeM CAMEM mOAYIAEM OOCIEX0BATENBHOCTH
3, 711,15, ...
3aMeTHM, YTO 3TY IOCHENOBATEILEOCTh HETPYAHO BAJATH AHAJIH-
THYeCKRn: Y, = 4n — 1. B

Oprmep 4 1 =3; yuo=2y,.,ecomn =2, 3, 4, ... . HBuMA
CIOBAMH, 71-i uleH NOCAefOBATeILEOCTH TOJNYHAEeTCa H3 NPeEAYINeD
(n — 1)ro wiede YMHOXKeHHeM ero Ea 2.

=23
Yy=2h=2-3=6;
Ys=2y=2-6=12
Va=2y;=2-12=24nr. 1.

TeM caMBM ooJayyaeM nocaenoBaATENBHOCTE

3,6,12, 24, ....
SamerHM, YTO H 3xeChH HETPYAHO mepefiTH X AHANMATHYIECKOMY 2a-
AAHWK0 NIOCAE€A0BATENBHOCTH: I, =3 - 2771, B
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MNpamep 5. h= Ly=1, Yo =Yn-2 t Yp-1, 000 N = 3,4,5, ...
HUHEIMH croBAMM, n-i 9JeH DOCIeAOBATENLHOCTH DPABEH CYMMe ABYX
OpPeAIIeCTBYIOMMX MY YJE€HOB.

n=1
y2=1;
Ya=ph+tp=1+1=2;
Y=Yt ys=1+2=3;
Y=Y+ y,=2+3=5;
Ve=Ys+Yys=83+5=8;
=yt ys=5+8=13;
W=t +y:=8+13=21;
o=t + 1y =13 + 21 = 34;
Yo=Y+ 5 =21+34=55ur a.
TeM caMBMM TOAYIAEM HOCHAETOBATEALHOCTE
1,1, 2, 3, 5, 8, 13, 21, 34, 55, ... . [ ]
9TY DOCAEAOBATENLHOCTE CHEMMANEHO H3YUAKT B MATEMATHKE,
OOCKQJIBKY OHa 0DNajaeT LEJEIM DANOM HHTEPECHRIX CBOicTE, Ee Ha-
SHBAIOT ROcAedosamenvrocmoly) PuboHayYly — N0 MMEHHA MTANBAR-
cxoro matematara X111 pexa. 3anaTe mocaeoBaTeIbHOCTE PrdonaTan
PEKYDPPEHTHO — Jerko, A AHANNTHYECKH — TpPYAHOC {(OHA 3aJAeTCH C

(58] - (L))

nomomew bopmyan Buré: y, = 713(

IDIpumep 6. IlocnegoBarenbHOCTE (Y,) 33A8HA PEKYPPeHTHO:
=1 y:=2, y.=5y,-,— 6y,_y, ecom n > 2, 3amaTh 9TY NOCAENOBA-
TeBHOCTh AHAJTATHYECKH,

Pemerue. HailijeM ReCKOABKO HAYAABHEHX YIEHOB IOCJEI0BA-
TeMLHOCTH!

n=1.14

Ya= 25
Ya=bya— 6y, =5-2-6-1=4;
Ya=5ys —6y=5-4-6-2=8;
Vs=5y,—6y;=5-8-6-4=16;
Ve=5y; — 6y, =5-16—-6-8 =32,

TMoayunau nocnefosarensnocts 1, 2, 4, 8, 16, 82, ... . BosHHKaeT
eCTECTBeHHOE NpeaNoaoKeHNe, HTo ¥, = 2"~ ', UTo6H yOeIHTBCA B €T0
CTIPABeLTHBOCTH, IPOBEPHM, BEITONHAETCA M1 A14 ¥, = 2" ' sajanHoe
B VCJIOBHH PeKypPpPeHTHOE COOTHOImeHMe Y, = BY, -1 — 6y -2-
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Eeam y, = 2", 10 yp-1 = 2" 7%, Yu-2 = 2" %, Torma
BYpo1 — OYp2=5-2""2-6.-2"=2"%.(5.2-6) =
= 2u—3 . 22 = 2u—l = Ype
PeKyDPeHTHOE COOTHOIIGHHE BLINOIHSETCH, HAINA AOPALKA IOA-
TBEDAUJIACE.
OTseT: y, = 2"\,

Npumep 7. lHocaegosarensHoeTs (¥,) 3ajaEa peKYpPPeHTHO!
h=a U=y _,— 4Ya-1 + 4, ecnz n > 1. IIpa KaKkax s3HATCHEAX
MAPAMETPA 4 NOCASTOBATEILHOCTL ABAAETCA CTAIHMOHAPHOH?

Pemenne. IllocaegoBarensraocts (y,), ¥ xoropoit i, = &, Gyaer
CTAMOHAPHON, ecIy KaXAbIA ee YAeH paBeH &, B YACTHOCTH, Y, = 4,
Yn-1 = &. Toraa pekyppeHTHOE COOTEOUIEHHAE

Yo=Y~ MW+ 4
npuEHMaeT A ¢ = a® - dg + 4, 1. e. ¢? — 5a + 4 = 0. Pemus aT0
YpaBHeHHe, HAXOZHUM: &, = 1, d, = 4.
Oreer: np a = 1 wam npe g = 4.

Cpegd peRyppeHTHO SHNaHMEHX NoCaeAcBaTeNsHOCTEH 0cofo BH-
JAeNdIT OBA NPOCTHX, HO BAXKHBIX ¢aydad: 1) yxasan nepBuil ureR
IOCTenOBATENLHOCTH Jf; = 4 W 38JaHO DEKYPPEeETHOe COOTHOINeHHe
Yn = Yn-1 + d (¢ © d — uncan); 2) yrasaH DepBH WieH mocaeAosa-
TeNBHOCTH }fy = b M 384aHO DEKYDPEHTHOE COOTHOUIEEHE Y, = p_ * §
(b ¥ ¢ — yucaa). B oepsom cayduae roBOpAT, UTO 3a0aRa apHgmMe-
TAYeCKAA Oporpecceus (cMm. opumep 3), Bo BTOpoM — 4YTO 3aJaHA
reoMeTpIuecKkas nporpeccua (cM. apamep 4). Iloapobuee o mporpec-
cuAax peyh noéner B § 23 u 24,

§22. CBOMCTBA “YMCNOBbIX
NOCNEAOBATENGHOCTEA

Yucaosad NOCAeq0BATENBHOCTh: — YaCTHERIE cayualt aHe-
n080E HYEKOMH, 4 MOTOMY HeKOTOphle cBoiicTBAa QYHEKIEH MOMHO
IEPeEeCTH H HA NOCNeROBATeILHOCTH.

Onpedenenpe 1. IlocnexopaTeAbHOCTE (If,) HASHIBAIOT OrPABMYCHHOMN
CBepXy, C/IH CYIMECTEYET TAKoe Hucno M, 910 a4 aroboro 7 € N BHIION-
HAGTCA HEPABEHCTBO Y, = M. HHEIMA clIoBAMHA, IOCIEZ0BATENEEOCTh
0ZPAHUNEHA C6EPXY, €CTIH BCE e¢ WICHK He GosEINe HEROTOPOTO YHCHA.
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Yucao M HAsHBAOT SepxHell zpanuuyed MOcAeA0BATeNLHOCTH.
fcHo, 4TO eCAHM MOCTENOBATENLHOCTL OTPANHYeHA CBepXY, TO ¥V Hee
6eCKOHeUEO MHOTO BepXHWX TPAHMIL.

Hanpumep, mocaenosatensrocts —1, —4, -9, —-16, -25, ..., -n?, ...
orpaHIYeHA CBepXy; B KauecTBe BepXHell MpaHHIB MOMKHO B3ATH YHC-
a0 -1 (uan moeboe yucao, Goasmee yem —1).

Onpedenenue 2, IlocnenosarensHOCTh HASHEAKNT OrpaHdYcHHOH
CHH3Y, €CIH CYINecTBYeT TAKOe WHCAC M, 4To Ans aieboro n € N BhI-
NOXHAETCA HepABeHCTBO Y, » m. HHNMH CcA0BaMH, OocHe-
BOBATEJIBHOCTDh 0ZPARUYEH( CHU3Y, ecliA Bce ee YJeHH He MeHbIIe
HEeKOTODOrCo 4uCIA.

Yneno m HASHIBAIOT HuxHell zpanuyeii nocaeaosaTensEocTH, Ha-
npumep, mocaenoesaTenLdocts 1, 4, 9, 16, 25, ..., n%, ... orpanuuena
CHH3Y; B KaYeCTBe HH¥Hel rpanEdMobH MOKEHO B3ATH 4Hcao 1 (Aam
noboe YHCI0, MEEBINee YeMm 1),

Ecau nociepoBaTeNsHOCTE OIPAHHYEHA H CBEPXY, M CHHAY, TO ee
HASEIBAIOT OrPAHHYCHHON mocaezosaTeasaocTsiy. Hanpumep, orpa-

1 1
HAMeHHOH sBIseTcA NOCNeAOBATEILHOCTH 1, %, 3 %, ey groeee o
B KayecTBe BepXHe rpAEHNEI MOY¥(HO B3ATEH YHCAC 1, B KA9eCTES HAMK-
Helt — yueno (. Ecnm oocTporTs rpadek aTo# DOCHeROBATENLHOCTH,

1
T. €, rpaduK QYHKIHH § = = % € N, To MO}KHO 3aME€THATH, UTO BECh

rpad¥K pacooNoKeH B IOJ0CE MEXKAY NBEYMA POPAIQHTANBHRIMH IpA-
MEIME (B naHEOM caydae 9ro ¥ =0y =1 — puc, 164), Ho e sroM M
COCTOMT, KAK M3BECTHO, FeOMETPHIECKHI IPH3HAK OTPAEHYEHHOCTH
dbyarmum (cM, § 17).

OcofeHEO HAPMANHEIM CTAHOBATCH CBOHCTBO OTPAHUYEHHOCTH IO-
CIefOBATENBHOCTH, €CIM YNeHH NOCIefOBATEILHOCTH OTMETHTEH TO4-
7] T KaMd Ha aHceaoBoM mpamoii. Orpa-

i HAYEHHOCTh M0CAeA0BATeNLHOCTH O3Ha-

7 =5 Y8eT, 4TO Bee YJeHH MOCAeR0BATeNbEO-
T CTH IPAHANNEHAT HeKOTOPOMY OTpes-

y y=1 Ky. Tak, nsobpasmp 4YJeHH MNOCAER0-

1
BATEJIBHOCTH Y, = '; TOYKAMH HY YHCAO-

[ a¥

O
T
i
—
< 3
=]
o
]
=]

[ 1] BOH IpAMOil, 3aMeuaeM, YTO BCe OHM
npuragnesxar orpesky [(; 1] (pre. 165).

g
2
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.1
12
|

=Y

_ml'-l

F—a ] =

—Ga =
|

1
|2
|

Puc. 185

NDpumep 1. Hecnenosars Ea OrpAEHYEHHOCTh NOCNENOBATENb"
HOCTB
1

1 1 1 1
==+t =+ =+ =+ ..+ F=.
PTATR B VA n
Pemenne. YTo6H GO DOHATHO, ¢ KAKOH DOCIENOBATEILHOCTH
MIeT pedb, BHIIHIIEM BEeCKOALKO €8 UJeHOB:
1

A 1.1 1.1 1
Tt 0 e i £ (v S i
M T. A
OTa nocneoBATENLHOCT OrPAHMYEHA CEH3Y: BCe ee WIeHH YIOBJe-

TBOPAIOT HeDABEHCTEY Y, » 1. BuacHuM, ABASETCA A DOCAE€X0-
BATENBHOCTE OrPAEMYEHHQIL ¢BepXy. PaccMoTpaM ee n-if 9aeH (n > 1):

1 1 1 1 1
==+ =+ =+ =+ ...
LN B - SN SN 7

+

+ ==
n
B aroit CyMMe N CIaT8eMBIX, IIpHYeM HAMMEHBLINHM H3 HHX ABIA-

eTCA TOC/eNHee CIATAEMOE % Bmauur, ¥, > n - %, T. 8. Y, > .

TlockoneKy YHCIO JE MO3XHO BHOGpaTes Sonpme Jofioroe 3aTAHHOTO
qacaa M, To ¥ i, MOXRHO BHfipaTt Gonbme n0HOre 3a5aHHOTC THCIA
M. 910 sHAUMT, YTO [OCNENOBATELHOCTL He OTpAHMHYEHA CBEpXY.

OTseT: NOCNeJOBATENLHOCTh OU'pAHHYeHa CHMAY H He OTpAHH-
YyeHa CBepXY.

Onpedesenue 3. IlocnepoBaTensHEOCTE (If,) HAZHEBAOT BOIPACTAIO-

meif, eCa Ka AL ee ujeH (KpoMe Neproro) OoJnime NpeAnIyINEro:

M<P<W<Y< o <Y1 U< oees

Hanpmmep, nocnegosatennmocts 1, 4, 9, 16, 25, ..., n%, ... —
BO3PACTAICIAA.
Onpedenenye 4, IlocnegosarentuocTs (y,) HasnsaoT yonBalomeil,

ecn KKAul ee dieH (KpoMe DIepBOTO) MeHBITe MPeAbIAYINero:
NZWZ WY e P Y1 Y > e
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|-

s oo — YOHI-

HaopemMep, DoCIegoBaTeILHEOCTL 1, %, %, %, ey

BAICIIAA.
Bogpacraomuae 7 yORBaoIOAe MOCIENOBATEIRHOCTH O0BeIIHAT
oMM TEePMAHOM — MOHOTOHHEE MOcaenoBaTensmoctH. Hampn-

mep, DocnexoBaTensHocTy 1, 4, 9, 16, 25, ..., 3, ... 1 1, %. %, i, very
%, «ss — MOHOTOHHEIE, & IOCHEAOBATENLHOCTDH 1, —%, %, —i-, .
(—1)""%, ««s — HE MOHOTOHHASN.

HeceneayoTr nocaenoBaTeTBHOCTH HA MOHOTOHHOCTDL ¢ IOMOIOBIC
OpMBeAeHHLIX BHIIEe onpeneileHuil, Ho MHorAa OGLIBaeT YACOHO He-
MOAB30BATEL CASAYIOIIee AOCTATOYHC OTeBHAHOE YTBepIKAeHHE: echil
dynruus y = f(x) eospacmaem {ybwsaem) Ha aywe [1; +oo), mo no-
caedosamenvrocmsy y, = f(n) ecapacmaem (ybvieaem ). Hanpumep,
dyEKIONA ¥ = x° BOspacTaeT Ha ayde [1; +co) H NMocAefOBATENBHOCTD

1
Y = n? BOBpACTAET; PYHKIHA f = 7 YOuBaeT Ha ayde [1; +oo) u mo-
1
CACAOBATENLHOCTS If, = o YORIBAET.

Npamep 2. HeeneposaTs HA MOHOTOHEQCTE HNOCHEXOBATENLHOCTE
2

n
. = 5_,,-
Pemesnme. Bumumem r-it u (# + 1)-# 9aeHRl DOCTEN0BATEND-
2 F
HOCTH: Y, = = R . YTGOLL CPABHHTEL 9TH YJeHBl, COCTABHM

5_,1 R+l = 5,”1

o _ (41} p_ (@+2n+1)~bnf _ 241 4nd
yn+1 yn_ 5n+l 5.; - 5u+1 - 5n+l

Jst HaTYpaneHLEIX sHaveHH 1t cOpaBeIMBE HepaBeHCTBA 2n < 2n°
u 1 < 2n% Cnosmms ux, monyzum: 2n + 1 < 4a2, Bnauur, aas aobeix

2n + 1 — 4n?
HATYPAJILERX BHAYCHWH 1 cCIpaBefiuB0 HepakeHCTBO e <0,

T. € Ype1— Y <0,
HTax, aaa mofkX HATYDAABHEX 3HAYEHHI 1 BHOOJMHAETCA Hepa-

BEHCTEO Y, 41 < Yfny A DTO THAYHT, TTO DOCACAOBATENEHOCTE (i,) yombaer. Bl
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Mpumep 3. HeenenosaTe Ha MOHOTOHEOCTS NOCAEXOBATENLHOCTE
1

= adn

Pemenue. PaccMorpem QyHKOHIO ¥ = —ﬁ;. Ecnx x > 0,

TO 3HAMEHATENEL APOOH ¢ YEeAHUYeHMEeM X YBEJHYHBAETCH, IHAYMT,

1
Ap()ﬁb m YMEHBRIIAETCA H, COOTBETCTBEHHO, 3HA4YeHHe BHIDA-

1
seHMA —— = yBeanmuusaerca. OTcioja BHBOA: KIHA BO3-
<+ 2Vx ¥ )| A: PYRKL

pacraer npu x > (0, a sSHeuHT, BoapacTaeT U Ha ayue [1; +oo). Ho Tor-

A8 H TOCAe0BATENLEOCTE lf, = —m BO3pAacTaerT. [ |

IIpumep 4. ITocnegosaTensHocTs (y,) 36A8HA PeKYPpPeHTHO:
Vi=@ Ya= Yty ~ 8Ya-1 — B, ecnm n > 1. flokasare, 9TO OpH & > 5
MOCAEA0BATEARHOCTS ABIACTCA BO3PACTAOIIEH.

PeureHue. IlocaenoparensHocts (y,) Oyaer pospacraiomeii, ecan
Yr = Yn-1 BIA m0Goro HOMepa n > 1. Bocnommsosapmuch 3amaHEEIM
PEKYPPeHTHHM COOTHOIIEEHEM, 3alHlileM MHTeDecyiolllee HAC Hepa-
BEHCTEO B BHAE

yﬁ_]_ayn-l_s‘}yn—l (1)
H pellliM erc, MOJA0KHB ANA yaoGcTBa Y, ; = 1
P2-8t-8>t tP-4t-5>0; t<-1, t>5.

Cnyuait, xorma £ < —1, T. e. y,-; < —1, HAC ABHO He HHTEpECYeT:
B 9TOM caydYee DOCAeIOBATEABHOCT:E He MOMKET OHTH BOIpacTalOme,
TIOCKOMBKY [0 YCIOBHAK ¥, = & > 5. Ocraercs cnyuai & > 5. Bemu ¢ > 5,
T. & Yp-1 > 5, TO HepaBeHCTRO (1) BHIONHACTCA, SHAYHT, ¥,y > Ys—1.

Hanee GyaeM paccysxaare Tak. [lo yciosmio y, = ¢. Ecom a > 5,
T. & 3 > 5, TO BHINOJEAETCA HePABEHCTBO Y; > ;. OTcloma crenyer,
YyTO Y; > 5, HO TOI'ZA BRIMONHAETCA HEPABLHCTERO Y; > y;. OTCIOnA che-
AyeT, 4T0 ¥ > 5, HO TOTAa EHNOJHASTCH HEPABEHCTBO I, > I H T. X,
TeM caMBIM AOKA3AHO, UMTO 38JaHHAA NOCNE0BATENBEOCT: DK & > §
BOSpPACTAET. B
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§23. APMDMETMMECKAS MPOTPECCHS

1. OCHOBHbIE NOHATHR

Onpedenepye. UNCIOBYI0 DOCIEXOBATENLHOCTE, KA
q/IeH KOTOpoil, HAUUHAA CO BTOPOro, paBeH cCyMMe NpefbiAyIIero duie-
HA M HeROTOpOro uwiciaa d, HasnealoT apudmernaeckoil nporpeccuei,
a gacno d — pasHocThio aprdmeTHuecKoill mporpeccnn.

Taxum obpasom, apEdMeTHYECKAA TPOTPeccHa — 3T0 YHCAOBAA
OOCHAeAOBATENLHOCTL (@,), BAAAHHAS PEeKYPPEHTHO COOTHOIIeHHAMA:

a=a, @,=8,_1+d
n=234,..)

(¢ m d — zagaHHEIe YACHA).

MosxEo JH, TIAAA HAa YECHAOBYI) NOCHEA0BATEILHOCTD, YCTAROBHTD,
ABIAETCH a¥ 0HA apudpmerHyeckoi mporpeccueli? Mosxeo. Ecnu B
yOenuIECh B TOM, YTO PasHOCTE MeXKAY JIODEIM 4JeHOM IOCIeA0Ba-
TeABHOCTH M NPEAINECTBYIOIEM €My LIeHOM HOCTOAHHA (T.e. &2 — 8y =
=4y - = 0, — Q3 = ...), TO NepeA BaMM — gpAdMeTHYECKAS OpOTrpec-
cus. Paaymeerca, npd STOM OpeamoJaraercs, 4To obEapy:meHHas
3AKOHOMEPHOCTh BHEIIOAHAETCA HE TOJNBKO AJX ABHO BRINACAHHEIX
9J1eHOB NMOCHef0BATeALHOCTH, HO M AJA Beell DocaefoBaTeXLHOCTH
B OEI0M.

Npumep 1.1, 3,5, 7,9, 11, ... .
S1o apudMeTHYECKAA [POTDECCHA, ¥ KoTopod 4; =1, d = 2,

Opamep 2. 20, 17, 14, 11, 8, 5, 2, -1, 4, ... .
St1o apudMeTAYEcKad MpOTPeccHd, ¥ KoTopoil a, = 20, d = -3.

Npamep 3.8,8,8,8,8,8, ...

910 apadmMeTHYECKAS Hmporpeccus, ¥ xotopolt a, = 8, d = 0.

OdeBHAHO, YTO APUDMEMUNECKAR NPOZPECCHA AGAAEMCR B03-
pacmanuieli nocredosamenviocmoio, ecau d > 0 (cy. npumep 1), u you-
eatoweil, ecau d < 0 (cM. npumep 2).

Jdna ofo3EaveHHA TOTO, YTO NOCAENOBATENBEOCTh (4,) ABIAETCH
apudmeTHueckoif nporpeccreif, HHoraa GHBaeT yXOOHA CIleAYIOIIAS
3anACK:

+ iy B3, B3y ceiy Qpy aan

3HaYOK + 3aMeHAeT CAOBOCOYETAHUE «ADH(PMETHYECKANA MPOIDECCHA».

176



4. NMPOIPECCHN

Ecmu B aputbue'muecxoﬁ oporpeccHas OTEPOCHTI: BCE JJI&HH, CIe-
AVYHILAEe 38 KAKHEM-TO KOHKPEeTHEIM WI€HOM OOCJIea0BATEARHOCTH,
HAOPHMED 38 &, TO ODOAYVUHTCA KOHEYHAR apu@uemuuecrcaa npo-
ZPeCCUR

+ dyy Qgy Bgy eees Qe

Huorna B KOHEeYHOH apndme’rmeenoﬁ IpPOrpecCHH Y,ﬂ.OGHO JamnHA-
CHBATH HE TOJABKO HECKOJABKO YJIEHOB B HaAYaNe, HO H HECKOJBKO 976~
HOB B KOHIIE, HAIIDEMED TakK:

+ @y, oy Bgy asay Qp-2y Bp-1s Qpe

B crepyiomux NYHKTaX 5TOro nmaparpada paccMoTpuM HanbGoaee
BR)KHEIe CcBOMcTBa apH(pMeTHUeCKOH NPOTPECCHH.

2. ®opMYNa n-To YneHa
MM METHUECKON MPOTPeCcCHM

3agaEne apAdMeTHIECKOH OpPOTPecCHH, 0 KOTODOM HAET Dedb B
OUpeNe/IeERH, ABNAETCH pexyppenmivim. Bo MBorux cnyiasx oHO
HeynoGHo: 9TO0Bl BEIYHC/AATE, HANPHMED, (10, EAL0 OpPeaBAPHTENLHO
HaliTH npefmecTsyiomye 99 1aeR0B DOCAEX0BATENLHOCTH. OTY BRIVHC-
IATEALHYI0 paboTy MOMHO CYLUIECTBeHHO YIOPOCTHTL, €CAH YAACTCA
HaiTH GdopMyay n-ro YieHA, T.e. DepeliTH K axdiumuieckomy sada-
R0 apugmemunecioli npozpeccuil.

Paccmorpnm apupMeTHYECKYIO NPOTDECCHIO @1, (g, T3y +ees Bpy onn
¢ pasEOCTEIO d!

a,=a,,
a=a +d,
ay=a+d=(@,+d)y+d=a,+ 2d,
a4=as+d=(a1+2d)+d=al+3d,
a5=a4+d=(a1+3d)+d=al+4dn'r. p:

Herpyaao ZOragaTeCs, 4TO NIA 0000 HOMepa N CIPABEATHBO

paBEeHCTEO

a, =a, + (n — 1)d. (1)

Do gopmyra n-zo waeHa apughmemuneckoll npozpeccuu.

«HeTpyAHO AOTAJATLCAY, «MOMXHO COOOpPABHTLY K T. X. — 9TO CTH-
aueTHYecKHe oBopoTHl M3 0O6MACTH HMHTYHMIHHE. PasymeeTcs, MaTe-
MATHKH HMH NOJB3YIOTCA, HO B OCHOBHOM JJIfi OTKPHTHE KAKHX-TO
HOBEIX (AKTOB, a He AndA X obocHopaHuA. Popmyny (1) M «Opo-
YYBCTBOBAJNH», HO He o00cHoBANH. IIpuBexeM A0OKAa3aTEABCTRO.
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4. ‘ | MPOTPECCHM

Ecoim n =1, 10 @, = a, + (1 — 1)d — BepHOe paseHCTBO, T. €.
dopmyaa (1) ana n = 1 sepra.

Ipexmonosam, uro dpopmyna (1) BepHA ANA HATYPATLHOPO YHMCIA
n = k, T. e. NpeANOI0OMHM, YTC BEDHO PABEHCTBO 4, = 4, + (k — 1)d.
Jorasem, dro Torga dopmyna (1) BepHa ¥ Ans CHeRyIOImerQ HaTY-
panbHOTO uncHa n =k + 1, T. e. AOKe&sKeM, UTO G, = 4; + kd.

B camoM zene, no onpeieNeHHI0 apHdMeTHUYeCKoii mporpeccmu
.y = 4, + d, 3HA9IHT,

=g +td=(a,+(k-1)d)+d=gq, + kd.

A Teneps cmorpuTe: 1A 1 = 1 dopmyna (1) eepEa (3T0 MH Opo-
Bepwau). Jlanee Mul fioKasand, 4ro ecad diopmysaa (1) BepHa ans 9uc-
Aa n =k, To oHA BepHA H AnA 1 = k + 1. Hrak, ¢opmyna (1) sepua aasa
n =1, 3EAYAT, OHA BEPHA H JAA N = 2; TAK KAaK OHA BEpHA AndA n = 2,
TO OMa BepHa ¥ jus n# = 3 ¥ 1. A 3mauuT, dopmyaa (1) Bepra AnA
A1060TO HATYPAABHOTO YHCIAA M.

IIpunBeaeRAEIl MeTO[ pacCyKJeHHAE HOCHT HAZBAHNE Memod Ma-
memanmuvecroll undyxyuu (DoapobEee MEI MONOBOPAM 0 EeM B § 25).

Banumem ¢opmyny a-ro uideda apHdmerHueckoll mporpeccHn
a,=a, + (n— 1)d 8 sBupe ¢, = dn + (@, — d) r BBegeM ofOZEAYCHHSA:
a, =y, a—d=m. Illonyaum y = dn + m, nau

y=dx+m, x€N.

3HAuNT, ApHGIMETUIECKYI0 NPOIPECCHI0 MOKHO DACCMATDHBATH
KeK auneitnyo ¢pynrxyup (y = dx + m), sadaxuyio Ha Muoxecmee N
HAMYPAALELLX wucer, Yriuopoit xosddunnent sroit anpeinoii GyRkK-
oHH paBe d — pasHocTH apudmeriaeckodt nporpeccud. Ha puc. 166
cxeMaTHYeCKN Hao0pasker rpadHE apudmeTndecKoif mporpeccH —
H30JAPOBAHHEKIE TOUKA HA NpaMoii (¢ abcimnccaMu x =1, x =2, x =3
HT. L)

BEN
-
= *..Tr""
1T 12 Y ¥
o
o [+«1 6 101
Puc. 166
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4. MPOFPECCMM

BepreMcs K npaMepaM 1 1 2, paccMOTDeHHEIM BHIIE.
11, 3,5, 7,9, 11, ... . 910 apudMeTHUYecKAA NpOrpeccHd,
y kotopoit a, = 1, d = 2. CocTaum GopMyny n-ro wieHa:
a,=a; +(n—1)d;
a,=1+n-1)-2;
a,=2n-1
(sameTum, 9To 3TY OPMYAY HETDYAHO OBlNC YrajaTh, IVIAAd HA 38-
BAaHHY IOCHeAOBATENBHOCTh HeueTHHX uncen 1, 3, 5, 7, ...).
2) 20, 17, 14, 11, 8, 5, 2, -1, —4, ... . 910 apupMeTHIECKAH
oporpeccus, ¥ roropoit @, = 20, d = —-3. CocrasuM GopMyny n-ro
ieHAa:

a,=a, +(n — 1)d;
a,=20+(n-1)-(-3)
a,= 23 - 8n.
IOpumep 4. Jaga apadmerduecKkas oporpeccHs
1y Gy B3y eee 3 By van s
a) HasecTHO, uTo ¢, = 5, d = 4. Haittn a4,
6) H3secTHO, uT0 ), = -2, d = 3, a, = 118, Haitrn n,

B) HzBecTHO, 9T0 d = —2, 829 = 83. HaliTh a,.
1) HamecTHOD, uTO Q; = 7, Gy; = —35. HafitTn d.

Pemenue. Bo Beex cayuaax B OCHOBe peINeHHA JexHT GopMyaa
R-TO 9neHa apudMeTHdecKoi mporpeccHn

a,=a, +(n-14d.
a)asm=4a,+21d=5+ 21 -4 =89,

6)118=-2+(rn-1)-3;
118 =3n - §;
n=41.
B)83 =4, + 38 - (-2);
a; = 159.
r)—35 =7+ 14d;
d=-3.
OreeT: 8) 89; 6) 41; B) 159; r)-3.
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4. ” MPOrPECCHUA

IIpamep 5. IIpy peleHHH AeBATOre 4neHa apupmerHaeckod
OpOrpeccuH HE Bropoli ee wieH B 4ACTHOM mOAYMaeTcs 7; npH nene-
HWH XeCATOrO “IeHA NpPOTPECCHHM HA ee NATHH wieH B 9ACTHOM HONy-
qaeTcA 2 U B octarke 5. Halitn apagumaTuit wrer srolt nporpeccuu.

Pemenne. Ycnonna 387849 MOMKHO KPATKO 38ITHCATH TRK:

1) + Q1 Qgy Qgy veey Qny wnn3
2) a; = Tag
3) dip = 205 + 5.

Bocnoassosapmuce dopMmyno#t n-ro aiaena apudmMerngeckoi
OPOrpecCHM, TOJYTHM:

ay = a, + 8d;
ag=al+d;

alo=a1+9d;
05=al+4d-

Toraa BTopoe ycnoBHe safaqun (d, = 7@;) MOSKHO 32mMHCATL B BHAE
a, + 8d = T(a, + d),

d= 6‘11-
TpeTbe ycropue sagaul (@, = 2@, + 5) MOXHO 3ANMCATE B BHJIe

a+9d=2(a +4d) + 5,

d=al+5-

B uTore nonayuaeMm o4eHb OPOCTYIS CHCTEMY ABVX JHHeMHEIX ypaB-
HeHHH ¢ ABYMSA NepeMeHHEIMH ¢, H d:

d= 601,
d=a + 5.
Pemus crcreMy, HaxonumM, uTo 4, = 1, d = 6.
Ocrajoch BHYACIATE ABAANATHR yneH mporpeccHu:
dn=a;+19d=1+19 -6 = 115. [ ]

Npumep 6. Moryr nz uncna 0, 37T n 2J1_3 OHTE WIeHAME OFHOMH
apudmeTHuecKkod mporpeccun?

Pemerue. IlpegmonoxaM, uTe 9TH 4YACIA ABAAKTCA INACHAMH
oxHolt apAdQMeTHYecKOl TIPOrpeccun; OYCTh NEPBHIA YleH OporpeccHH



4. || MPOIPECCHN

PABEH 4, & pasEocTh nporpecced paBaa d. Torpa 0 =a + kd, 37T =a + md,
213 =a + pd, rpe k, m, p — NoNapHO PASNHYHLIE IeAbEe HEOTPH-
naTensHue YHCaa. BuINTA nepsoe pABeHCTBO H3 BTOPOTO, HOJYUHM:

37 = d(m — k); BHUTA NepBOe PABEHCTBO H3 TPETHErD, NOJYYHM;
— d(n — 2V13 _p-k 3p-B
213 = d(p — k). Buaqnr, =7 “moE™ e. V13 = 2m k) . o

AYYAIOCH, 9T0 183 — panm@oBaTRHOE YHCIO, YTO HEBEPHO. SHAYHT,
HAIDEe NPeAIoJ0MeHAe HEBEDHO, T. €. 3ANAHHEIe YHCJHA HE ABAAKTCH
WieHAME ORHOH apudMeTHYecKOH OporpeccHH. |

3. DOpMYNa CYMMB YNIGHOB KOH@UHOM
apupMeTHUSCKOH MPOTPECCHM

IlycTs pasga KoHe4yHad ApH(pMeTH4YeCKAA NPOTDECCHS
+ @3, Qgy A3y cony Qn_g5 By-15 Gpe
OGogEAYMM dJeped S, CYMMY ee 4JeHOB:
S,=agtayt+ag+..+ta,_:+e._;+a.

PaccMoTpnyM KOEKDeTHHH npHMep oThickanus S,. Jlama KoHeu-
Had apEdMeTIdecKas mporpeccus 1, 2, 3, ..., 98, 99, 100. Cyumy eo
YJIeHOB BEITHCIHNM CIeAYIomuM ofpasom:

Sw=1+2+3+...+98+99+100=
=(1+100)+ (2 +99) + (3 + 98) + ... + (50 + 51) =
=101 +101 +101 +...+ 101 =
50 cnaraeMEx

= 101 - b0 = 5050,

I[IpuMepHo Ta e MAeA ACOOAL3YETCA AJIA BEIYACIEHHS CYMMBI
YjIeHOB MPOH3BOALHON KoHeuHoif apmdpmernueckod mporpeccuu.
JAA HaTeIA 3AMETHM, YTO

agta,..=a; + a,.

B camoMm fene, mo ompenenedd0 apadMeTHdYecKol nporpeccHH,
a=a, +d, a,,=a,—-d. 3saunT,

a+a, =(a+d)+(a,-d=a, + a,.
AHaOrAYHEQO MOKHO VCTAEORATH, UTO
a;t+a,_.=a,ta,_=a,+t+a,



4. || I'IPOI'PECCVI_/I

” BOODINE CYMMA LACHQ, HQXOJRULE20CR HA k-M Mecme Om HAMAAL
KOHeuHoll apupmemiueckoll npozpeccuu, U wieHd, HAX00AULZ0CR Ha
k-m mecme om ee Konya, pasHA CYMMe Nepeozo u nocrednezo wienos
npozpeccuu gy + a,_,,1 =4, + 4,

Teneps BHuACIEM S,. HMeem:
S,=a,+a;+ay+..+a, +a,,+a,
S,=a,ta,_,ta,_ s+ ..+a+a+a.

CH0)KHAE 9TH B4 PABEHCTBA, TONYIAM:
28, =gy ta)+ (@ ta, )+ia,+a,_2)+ ...
vt (@aozt @) + (@n_ 1+ a2) + (@ + ay).

B npaBoil yacTH paseECTBA N DA CAArAeMEIX, KAKIAAA Tapa, Kax
MB YCTAHOBAIH BHINE, DABHA &; + &,. 3HAYHT,

28, =nla,+ a.);

_ Mm + a,)
S'_ 2 -

910 QOPMYRE CUMMbL NEPSLLX N UAEHOG apudmemuvecroit npo-
gpeccuu.

Npumep 7. Haga apadMernyecKas NpOTPECCHA
Ayy Qoy Agy vevy Ly +0n s

a) HapecTHo, uTO €, = 5, d = 4. Haittm S;,.
6) HspecTHO, uTO a; = 7, Sy = 140, Hafira d.

Pemenne. a)ag=a, +2ld=5+ 21 -4 =89;
Sy =22 tam) _ 4y . 5+ 89)=1034.

2
6) Sy = 2'_(.“.1_2"'_“_32;
140 = 47 + ag);

35 =T+ ag
ag=28.

Tenepr npEMeEMM K dy bopMyny rn-ro uneHa apu(pmerudeckoi
nporpeccun; a; =4, + 7d; 28 =7 + 7d; d = 3.

OrserT: a) 1034; 6) 3.
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4. || MPOTPECCUM

Npamep 8. a) HaliTn cymmy BeceX 4eTHHX TPexSHAYHEIX HA-
TYPANLEEIX yicen; 6) HANTH cYyMMY BCeX TPeX3HAUYHBIX HATYDANBHBIX
uncesd, KpATHEX 11, HO He KpaTHEIX 5.

Pemenuae. a) Peus HpeT 0 cCyMMe 4aeHOB KOHeUHOH apudme-
TEgecKoil mporpeccun 100, 102, 104, ..., 998. ¥V sroif mporpeccun
a, = 100, a, =998, d = 2. Hy®RHO BHYHCAATL S,, HO AMA PTOTO CHAMA-
Ja Hano V3HATHL, Y€MY PABHO R, T.e. CKOJBKO YJIeHOB CONePRHTCA B
yrasagHol apHpMeTHuecKol DporpeccHu.

Bocnoasayemea dopmayiodt @, = a;, + (n — 1)d:

9298=100+(n—-1) - 2;
n = 450,
Hrak, a, = 100, n = 450, a5, = 998, Briancanm S 4.

o= 220 0B+ B8 _ 225 - 1008 = 247 050.

6) Tpexsuavurbie yucaa, Kpatarie 11, MOKHO NPeNCTABHTL B BHe
Koreunolt apudmernueckoit nporpeccun 110, 121, 132, ..., 990. Yncao
YAEHOB 2TOH IPOTPecCHH paBEo 81, m ux cymMma S’ BRIYMCHAETCA Clae-

gviomuM obpasoM:
5 =

110 + 990
2

Ho mo yenoedio 3a0a9d M3 HATMCAHECH mporpeccdd caexyer yaa-
JIATE YMCJ4, KpaTHEIe 5, 1. €. wdacna 110, 165, ..., 990. Itu 17 yucen
TaKEe 0BpASYIOT KOHEUHYI0 ApHGMeTHIECKYID OpPOrpecCHI, INpHYeM
ux cymMma S BLIUMCIReTCR cregyiomum obpasom:

s**:%-n:sso-w.

Hurepecyioman Hac cymMMa S panHa 8 — §”. BHaunr,
8§ =550 - 81 - 550 - 17 = 550 - 64 = 35 200.
OrseT: a) 247 050; 6) 35 200.

Huoraa oKasmIBaeTCHA NOJNE3HOE BAAOHIMEHEHHAR (OPMYJIA CYM-
MBI it WieHoB apudMeTecKkoli nporpeccun. Ecan B dopMmyne gas S,
Y4YecTh, UTO &, = a4, + d(n — 1), To moayunm:

- 81 = 550 - 81,

go=mtdn=D

Npumep 9. Typucr, JBHraAcs o mepecedeHHoll MecTHOCTH, 38
ueppHit 9ac oyt npomen 800 M, a 38 KaRAWHE clegyiompEl 4ac



4. u NPOMPECCIMA

npoxoawsr Ha 25 M MeHBINe, 9eM 3a npeAnAymmAii. CKONBKO BpeMeHH
OH NOTPATHJI HA BeCh OYTh, PABEKIH 5700 M?

Pemenne. llepeuit sran, Cocmasaenue MamemMamuvecKoi mo-
denut.

3a mepemi# gac¢ Typact npomen 300 M, 3a BTOpoit — T7H M, 3a
TpeTHE — 750 M ® T. 4. MareMaTHYeCcKo# MOAeNbI0 SBIALTCA KO-
HewHAS apudMeTHYeCKAs TpOrpeccHd

+ a,, aﬂ! aﬂs wevy an!

vy rotopoii a, = 800, d = —-25, 8, = 5700. Hago maitTet n (B 9acax —
BpeMA ABMAMEHHA TYPHCTA).
Bropoii aTan. Padoma ¢ cocmasaennoll Modenvio.
Bocoonsayemca sropoit dopmysoit ana S,
g ~2mtdn-1
n 2 ¥

2-800-25(r - 1)

5700 = 2 n;
298 — 9_‘.1_%‘____12 ‘n
(obe gacTH ypasHeHHA pasgemid Ha 25);
456 = n{65 — n);
n® — 65n + 456 = 0;
m= 8, Ry = 57.

Tperuii oTan. Omeem xa sonpoc 3adayu.

B sagaue cupammnsaeTcd, CKONIBKO BpeMeHH OB B IYTH TYPHCT.
970 BpeMa Mul 000o3HaYHAH OYKBON n 1 NOXYUHAHN ANA R ABe BO3-
mokeocTH: 1 = 8 mnn n = 57. [lepemennas n HMeeT B APYTrolt cMEICT:
OHA MOKA3HBAET YHCJO B3ATHX HAYAJBHBIX 4IEHOB apAdQMeTHYecKOl
nporpeccun 8§00, 775, 7560, 725, 700, ... . Ilepauit pas cymMMa unesoe
aroil mporpeccun pasHa 5T00 opm n = 8:

800 + 775 + 750 + 7256 + TOO + 675 + 650 + 625 = 5700.

9T0 3HawAT, uTO OyTL Kmanol 5700 M Typuer npeoxoneeT 3a 8 ua-
coB. Ho Ka¥ mOHEEMATE BETOpOe 3HadYeHme nt = 577 OHo o3Hagaer, ITO
a; + az + ... + ag = 5700, C MaTeMaTAYECKOH TOYKH 3peHHAA B 3TOM
3AIMCH HHKAKOTO HPOTHBODeYNA EeT. Ho cMoTpUTE: 3Aech 4y = @y +
+ 41d = 800 — 41 - 25 = =25; oTpEUATeALERMA GYAYT W BCe NOCAENY"
10IEe YICHR! apHipMeTHYecKoil TporpeccAr. A M0 CMBICIY 3aJa4UM Hac
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4. NPOrPECCMA

HHTEPECYIOT TOABKO NONOEATEALHbIE YAeEbl OPOrpeccHH (moxbeM
BBepx). IloaToMy 3HaUeHHe n = 57 HaC He yCTpAMBRET.

OrBerT: 8 u.

4. XapasTepHCTHISOCKO® CBOHCTBO
apudMmeTHIECKON NPOTPECCHM
IIycre mama apubmMeTHIECKAA IPOTPECCHA &y, O3, Qa5 +nvs Sny vev o
PacemoTpum TpH ee wieEa, CAeAYVIOMKe ADYT 38 APYTOM: &, -1, Gns sy
HasecTHO, 9TO
&, — d= n-1,
g, td=a.:.
CnoxHME 3TH pDaBeHCTEA, MOJAYIHM:

By + Gnsy
6, = S,

9TO0 sHAYHT, 4T0 KaAMA uiaen apudmervueckodl mporpeccm
(KpoMe mepBOr0 H IOCTEJHEro) paBeH CpexHeMy apMPMeTHUecKOMY
OPeALIeCTRYIOMEro ¥ OOCAeAVIOIIEro UIeHOS,

Bepro # ofparEoe: ecTH NOCIEAOBATENLHOCTD (@,) TAKOBA, YTO ANA
ae0oro i > 1 BHITIOARAETCA PABEHCTRO

1 +
an=ﬂn120m+1,

T0 (a,) — apnpmeTHUecKAd NPOTPECCHA.
B caMom Jesie, mOCAeAHee PABEHCTBO MOMHO IEDENHCATh TAK:

Q= Qp-1 = Gp+) — Qs

OTO 3HAYHMT, B YACTHOCTH, 9TO G — &) = 83 — (3, U3 — Gy = Gy — Uy
H T. 4. AHBIMH cloBAMM, PASHOCTE MERAY MIOOEIM YIeHOM IOCAen0-
BATENBHOCTH H NPeAIIECTBYIOIIHM €My WICHOM BCEra OJHA U Ta JKe,
4 9T0 K 03HAYAEET, YTO 3aAaHa apubMeTHIECKAA NPOTPECcCHA.

Tem caMuiM MBI JOKa3aJH CIELVIOINYIO TeopeMy.

Teopema. Yucnoean nocnredodamenvrocme ASAREMCR apupme-
muveckodl npozpeccuell mozda u moavxo mozda, Kozda xancdui ee
YRER, KpOMe nepeozo (i nocrednezo & eaytae Koueinol nocie-
Jdosamenvrocmu), pasen cpeduemy apudmemiiecxomy npedute-
cmeyIwezo U ROCREIYIOUERO YAEROE [ XapaxmepucmiLecicoe c8oll-
cmao apudmemurecoll npozpeccu ).

185
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Npamep 10. [Ipy xaxom sHavennd x gdcxaa 3x + 2, Sx — 4 u
11x + 12 ofpasyioT KoHeuny0 apHdpMeTHIeCKYI0 OporpeccHio?
P em e ne. CormacHo XapaAKTePHCTAYECKOMY CBONCTRY 3afaHHbIe
BHIDRYKeHNS AOMMKHB VAOBAETBOPATDL COOTHOMEHHID
Br — 4= (3x+2) +2(11x + 12)-

Pemum 5T0 ypaBHeHMe:
10x - 8 = 14x + 14;
x = -b,b.

IIpu sToMm smavewud x 3gNaHHHe BHpameHua 3x + 2, bx — 4,
1l1x + 12 npHHUMAIOT COOTBETCTBEHHO 3HadeHns —14,5, —31.,5,
=48,5. 310 apH(pMeTHYECKaAS IpOrpeccHdA, ¢& DA3HOCTH paBHA —17.

OrpeT: -5,5.

Npumep 11. [Ipy KaKux 3HAYEHHAX DApPAMeTPAa G KODHH
ypaeHernsd 3x° — (2a + 10)x2 + (6a + 3)x = 0, B3ATHE B EEKOTODOM
nopAaKe, oOpA3YIOT KOHEYHYI0 ApH(pMEeTHUEeCKYI0 NPOTpeccHIo?

PemeEMe. [lepenuineM ypasHEeHH® B BHAE

x(83x2 - (2a+ 10)x + (Ga + 8))=0.

BraunT, Aubo x = 0, aubo 3x? — (2 + 10)x + (6a + 3) = 0.

M3 KBagpaTHOre YpaRHeEHA HAXOAHM eule ABa KODHSA!
_g o 2t
x=3, x="3".

23 +1
Hrax, aucna 0, 3, —3 AOIKHH B ONpefleleHHOM NOpAAKe

00pa3oBHEATE APHOMETHUECKYIO TPOrPecCHi0. BO3MOMHRL TDH BADHAHTS

20 +1 -
PAcCTIONIOMEHNSA YHCIa — g HA TMCAOBOH opsmoii: sesee wuena 0;

mexny uncaamu O u 3; npasee uncna 3. B neppoM cayuae ynucas

2a +1
3 0, 3 obpasyior apadpMeTHIHeCKYI0 NPOIDECCHI0 TOTAA M TOABKC

TOrA4a, KOrga 2“; 1_ -3, T. e. Xoraa ¢ = —5. Bo propom ciryuae wncina 0,

20 +1
3 3 o0pazynT aprdMeTHYIECKYID IPOrPecCHI0 TOrja ¥ TOJLKO

23 +1
TOrA8, KOrAa YHCIO — g3 PABHO CPeAHeMY apadpMeTHIecKOMY uHcen 0
2a+1 3 7
3, T.e. ecan 3 - 3 W3 sTroro ypapHeHHMSs HAXONHM: G = 1
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Haxonen, 3 TperhbeM cayuae unciaa 0, 3, 2a3+ 1 obpaayior apmdme-

TAYECKYIO TPOTDECCHI0 TOTAA M TONBKO TOrha, KOrAa 2a3+ 1 8, T.e.
Korma a = 8,5.
Orper: =5, 1,756 i 8,5,

Npamep 12. A3pecTHO, YTO CYMMA NEpPBHX 7@ YA€HOB NOCHe-
mosarensHocTH (y,) pasna an® + bn + ¢, Thoe a, b, ¢ — pelicTBATeNB-
grle wdcaa. IIpm Kakux 3HAYEHHAX &, b, ¢ DOCIEAOBATENRHOCTE (U,)
ABNAeTCA ApUQMETHYECKOH# TporpeccHeil?

Pemenue. IlocnenopaTeabnocTs Syaer apudmMeTHaeckoll npo-
rpeccHeldl TorAa W TOABKO TOTHA, KOTAA AJXA J060TO N BHTOMHAETCH
COOTHOIIeHHe

" + A+
Yne1 = .9__29'_2.,
HJIM, YTO TO e CAMOe,
2yn+1 =l t Yoss- 2)

Ho no yenoBuy HaM HMaBecTHa MAms cymma S,. MoxHo 1l ¢ ee

TOMOINBIO HAHTH Y,y Yo+ 1y Yus2! MOKEO, CMOTDHTE:

S"=y1+y2+ya+“‘ +yn_l+y“;
Spca=tht ittt Yo

Un = Sn - Sn-l-

Hmeem:
S,=ant+bn +c;
S.oi=an -1 +¥r-1)+ec;
S, -8S,.,=2an—a +b.

Hrax,

Yo=2an —-a+b. (3)
Torzga

Vo1 =20(n+1)—-a+b=2an+a+b;
Ynsz=20(n+2)—a+b=2an +3a + b,
Yucna y,=2an—-a+ b, y,.1=2an+a+b, y,a=2an+3a+ 0
YROBJETBOPAIOT COOTHOMeHMIO (2) opM mMOoOMX sBavyeEHax a ¥ b.
IIpozepenne paCcCY:RAGHUS BePHH JHIOE LIS 1 > 1, NOCKOABKY
MH HCTIONL30BANH $OpPMYAY AAA S, -,. 3HAYHAT, dopmyaoil (2) Heapad
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noabaoparsea npu 1= 1. Ecou r =1, 1o monyuaeM: y; =S, =a + b +¢;
o dopmyne (3) Baxoxam: y,=3a + & ya=6a + b, Onauuceny, =a +
+b+e y:=32+ b, ys = Ha + b AVLKHEO BHNOJHATECA COOTHOIMESHAES
(2, r.e. 2Ba +b)=(a + b + &)} + (5a + b). Ilocne yapomenuit mory-
qaeMm ¢ = 0.

OTreeT: ¢=0, a g b — mofele AeHCTBHTEALALE YHCIA.

IIpumep 13. HaliTta yernipexaHayHOe YHCAO, KpaTEoe 45,
undpH KoTOPOro oGpasyioT KOHEUEYI) ApAGMETHISCKYIO IPOTPECCHIO.

Pemenne. IIycrs x, y, 2, ¢ — mocaegoBaTeNbHEE INQPH HCKO-
moro umena p. Tak kak p kparHO 45, To p genures Ha 5 # Ba 9. Jem-
MOCTh Ha 5§ BO3ZMOMKHA JHMIOL B ABYX CAYYASX: KorJa nuwdpa equHnm,
unena p pasda 0 wm 5. Urar, mbo t = 0, mufo ¢t = 5. JexwmocTs Ba 9
BOSMOMKHA TOIZA M TOJARKO TOIAA, Korga cymma mndp aucaa p KpaTHa 9.
D10 3HAYMT, YTO

x+y+z+i=9n,necN.

Bopouem, yIETHEEBAA, 9TO X, ¥, 2, § — uudpH, a ¢t =011z 5 (T.e.

BO BCAKOM cnydae { < @), MO}KHO cOelaTh YTOYHEHHE:
x+y+tz+i=9n,raen=1, 2 uan 3,

OcTanocs y4ecTh, 4TO MAGPPH HECKoMOro uwuena obpasyior apud-
MeTHUYeCKYI0 Oporpeccuio. CornacHo XapaKTepHCTAYECKOMY CBOHCTBY
qHeaa X, Y, 2, t ofpasyror apudMeTAYECK Y IPOrpeccHio TOrAA M TOb:

x+ 2 +
KO TOrAa, Korga y = 3 H ='L2——,I‘IJII‘I, uTO TO He CAMOoe:

x+z=2y,
y+t=2a

i

CyMMUDYH BCe CKa3aHEOE BHIOIE, NPHXOAMM K COBOKYIHOCTH ABYX
CHCTEeM YpaBHEeHMIi:

t=0,

x+z=2y,

‘y+t=22,
lx+y+z+t=9n(n=123)
(t = 5,

x +z =2y,

‘y+t=22,
x+y+z+t=9n(n=123).




4. MPOrPECCHA

Pacemorpum mepeyio cucTeMy. Iloacrasne saaverne ¢ = () 3 TpeThe
yPaBEEeHMe, noayunwm i = 22, Ilogcrases 22 BMeCTO i BO BTOpPOE YpasB-
HeRHe, noayynM ¥ = 32, HakoHen, moacTaBme x = 32, y=22m ¢ =0
B YeTREDTOE VDABHEHHMe CHCTeMEl, moayumm 6z = 9n (n = 1, 2, 3).
Ilpm r =1 7 n = 3 DONY4YAIOTCA HeleNke 3HAYCEHS Z, IDH i1 = 2 noJay-
yaeM Z = 3. Hrak, sHaueHne nadpW 2z HaiaeHo: z = 8. Toraa
x=38z=9, y =2z =6, a 3EAYNAT, HCKOMOe 4Kcao paBHo 9630.

PaccMoTpHM RTODYIO CHeTeMY. [loficTapHB 3HaYeHHe ¢ = § B TpeThe
ypaBHeHMe, noayunM i = 2z — 5. Iloacrasne 22 — 5 BMecTO i BO BTOpOE
ypaBHeHHe, TonyduM x = 3z — 10. [logcraBms x =32 - 10, y =22 -5
# ¢t = 5 B yeTBepTOE ypaBHeHHYe, moxyuum: 62z — 10=9a (n =1, 2, 3).
910 ypaBHeHMe OTHOCHTEJILHO 2 He HMeeT mpu i = 1, 2 mym 3 mHary-
PANBEHX peIneRHii.

OTrpeT: 9630.

§ 24. TEOMETPMUECKAS NPOTPECCUS

Jis ymoberea uwMTaTens STor naparpad MH DOCTPOHM IO
TOMY Ke ILIaHY, YTO M NpeXHAVIOHE.

1. QCHOBHBIE MOHATHS

Onpederenye, TUCcIOBYI0 TOCAEAOBATENBHOCTE, BCE YJIEHHE KOTO-
poit oTaHyRER oT 0 B KaXKARH YieH, HAYARAA CO BTOPOTO, NOMYYACTCH
N3 IpeBIAYIIETO YMHOMEHHEeM €0 HA OZHO M TO Ke YACHIO ¢, HA3H-
BIOT reomeTpuueckoii mporpecemeit. IIprr »ToM uHcnIOC ¢ HASHIBAIOT
3HAMEHATeJIeM reoMeTpHUecKoii Iporpeccun.

TaxuM 06paaoM, IeOMeTDHYECKASA NPOTDECCHA — 3TO YHCAOBAR
nocaexoBaTeNnhbHOCTh (b,), 36J8HEAA PEKYPPEHTEO COOTHOIICHMSMH}
by=b, b,=b,_, - q

n=234,..)

(b n ¢ — 3apannnle yuena, b = 0, ¢ # 0).

Mo HO a1, MIALA He YHCI0BYIO IOCAeA0BATeILHOCTE, YCTAROBHTE,
ABIAETCR NH OHA Peomerpadeckoli mporpeccueii? MoxHo, ecan BH
y0egHIHChE B TOM, YTO OTHOMIEHHe A00010 1eHA NOCIeXOBATeILHOCTH
K IPeALAVIOeMY WIEKY NOCTOSHHO (T.e. by t by = b3 1 by=b, 1 b= ...),
TO mepen BAMH — I'eOMeTPHUYEeCKAS IpPOrpeccHs.

Npumep 1. 1, 3, 9, 27, 81, ... .
ST0 reoMeTpHYECKad NporpeccHd, ¥ Koropoi b, = 1, g = 3.
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4. |I MPOMPECCUMA

3 38 3
[[pnn(ep 2. 3, E’ Z’ E’ 16°* " *

OT0 reoMeTpHYecKad IPOTPECCHA, ¥ KoTopolt b, = 3, ¢ =

1 1 1 1
Hpnmep 3. 5, —1, 5, _E’ ﬁ' —%, PP

.

bol=

OT0 reoMeTpHYecKasn IpPOTPeccHA, ¥ Kotopolt b, = 5, ¢ = —%,

IOpamep 4.8, 8,8,8,8,8, ...
ST0 reoMeTpHEIecKad OpPOTPecCHs, ¥ Koropoit b, =8, g =1.
SaMeTHM, UTO 9Ta NOCHEAOBATENRHOCThR ABIAETCA H ADHADMETH-
gecKo# mporpeccmeit,
Ecxn nmocienoBaTensHOCTE
bls bz; bs: ey bm s
RBIAGTCA TeoMeTpHYecKod mporpeccHeill, TO M TOCIENOBATEILHOCTE

KBaApaToB, T. e,
b2, bE, b3, ..., B, ...
ABNAeTCA reoMerprudeckofl mporpeccmeil. ¥V Bropolt reomerpuaeckoi
OpoTPeccH NeperId ywieH paBeH bf, a 3HaMeHATe b paBeH ¢,
OYeBHIHO, UTO ZeOMEeMPUYECKAR RPOZPECCUR ABRREMCA B803DPA-
cmawiyeil nocaedosamenvrocmoio, ecau by, > 0, ¢ > 1 (cM. opumep 1),
u youvteawugeii, ecan b, > 0, 0 < g < 1 (cm. opumep 2).

Jnda obo3HeMeHNA TOro, YT0 MOCIEROBATENLEOCTS (b,) ABAACTCS reo-
MeTpudecKol nporpeccreil, HHOTAA OHEAET YAODHA CHEAYIOMIAA 3ATHCE:
b1 B By vy By

3HayoK -+ 3aMeHNeT CAOBOCOYEraHMe «TeOMeTpHYeCKasl IPOTPeccuss.
Ecan B reomerpuueckoli mporpeccd or0poCHTH BCe 4ieHEl, cie-
Ayoiue 33 b,, TO TOAYUHMTCA KOKEXHAR ZE0OMEMPUNECHAR NPOZPECCUR

- bl’ b!’ ba, dany bn-ﬂ! bn-l: bn'

2. Ddopmyna n-ro uneHa
FEOMETPHIECKOH NPOTPeCccHM
PacemoTpM re0MeTPHYECKYID Tporpeccrio by, by, bs, .oy by, oo CO
aHaMeHareneM . HMeeM:
b= bh
b = blq’
bs = byg = (hg)g = b’
by = byg = (b1g®)g = i@,
bs=bg=MbgFW=bgtur &
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HerpyaHo morajaThCfl, 4TO AXA J1I060TO HOMEPA I COpPABEXIMBO
pABEHCTBO

b, = byg* . 1)

Omo GopmMyra n-20 YAEHA ZEOMEMPUNECKOI NpOZpecCUll.

IlonpobyiiTe aokasars dopMyny (1) MeToaoM MATeMATHYECHON
HHAVKUIAH AHAMOTHYHO TOMY, KAK 3T0 OLA0 cAesaHo 18 GopMyan
n-ro uneda apudmeriaeckodl nporpeccnu (cM. c. 178),

Iepenamem GoOpMyAY -0 II€HA MeOMeTPAYECKON TpOrpeccHH
b, = bg"" ! B BUge

b=4 . ¢

N BBefleM obGosHadeHHdA: b, =y,

noapobHee,

q
% = m. llonyaum y = mg", aan,
y=mg*, x€N.

ADIryMeHT X COZEpIKUTCA B MOKASATeNle CTeNeHH, IMO3TOMY TAKYIO
GYHKOUIO HABHBAKT Nokd3amerbhol Qyrryuell. IEayuT, reoMeT-
PHYECKYI0 TPOTPEeCcCHI0 MOMKHO DACCMATPHABATE KAK ROKAIAMEIbRYI0
ynryuo, 3ad0annyio Ha mroxecmaee N namyparoublx wucen.

He puc. 167 maobpesren rpadux ¢yurmuu y = 2°, * € N, a Ha

puc. 168 — rpaduk byskmum y = (%) » ¥ € N. B ofonx cayvyaax noay-
YaeM H30AMPOBABHHE TOUKH (¢ abcmmccaMr x =1, x =23, x=3u 1. 1),
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JeRATINEG HA HEKOTOPO#E KpHeol (Ha HTHX PHCYHRAX DPEICTABNEHA OXHA
M T8 K€ KPHBAA, TOJLKO H0-DAasHOMY PAcIOI0MKeHEas H H300paKeHEanA
B paSHEIX Macmrabax). 3TV KpMBYI0 BazmBaior axcroxenmoii. log-
po6Hee 0 noxasatensHOR byHKOHU H ee rpaduke peds moifger B crap-
mMHEX KJaccax.

BepHeMca K mpHMepaM M3 OpeAsIAYINEr0 OYHKTA.

11, 3,9, 27, 81, ..., — reoMeTpHUeCKasa OPOrpeccHi, y KOTOpol
b, =1, ¢ = 8. CocTraBaM GopMyIy R-TO YieHa:

b,=1-3"1 r. e b,=3"1

3 3 3 3 "
2) 3, 3’ 4* g’ 1§’ -~ — TeOMETPHUECKAA NPOrPeccHs, ¥ KOTopoit

b=3,¢= % CocrannM GopMyIy A-TO YNEHA:

lu—l

b=3-(3) .
35, -1, L L L _1 . .
1 * % T25° 125 625 "t ° 0 reOMEeTPHYECKAA Ipo

rpeccus, v Roropoit b, = 5, ¢ = —%. CocraBim GopMyay n-ro uieHa:
1 -1
b,=5- (—3 .

IIpamep 5. HaHa reoMeTpAYecCKas mporpeccus
bl’ bﬂ! bs: wady bn! LEL ]

a) HasecTHo, uTO by = %, g = —-3. Haiirnm b,

6) UspecrHo, uro b; = 3, ¢ = 2, &, = 1536, Hatira n.
B) HamectHo, ut0 ¢ = -2, by = —512. Haditat b,.

r) HasecTHo, aTo b, = 14, b; = gﬁ Haittur g.

Pemenue. Bo Bcex ¢ayvaax B 0CHOBE PEIDEHHSA JemRHUT (hopMyaa
n-TO YJeHA FeOMETPHYECKO mporpeccuy

b,, = blqn_l.
2) by = big" = 2 - (-3 = -162.
6)1536 = 3 - 2°°%; 512 = 2"~7,
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Mockonbry 512 = 2°, moayiuaem, wron — 1 =9, n = 10,
Bybr=b, - ¢° -512 = b; - (-2)% b, = -8,

1 1 1 1
r)b?’:bl'qﬁ;§=14'qe;qs=ﬁ_4;q=§l‘l.ﬂﬂq=—§_ .

HOpamep 6. PasgHOCT: MeXAY CeJBMHM H DATHM YileHAMHA
reoMeTpaYecKOol mporpeccHy papHa 48, cyMMa OATOTO X MMECTOTO 4e-
HOBE NpOrpeccur TaikKe papHa 48, HafiTH asemaguaThiii unen aroi
OpoTpeccHH.

Pemenue.

Yeaosus 300aYH MOXKHO KDATKO 3ANHCATh TAK:

1) = bl'! bm bS! LR bm T

2) b-; - b5 = 48;

3) b; + b; = 48,

Bocnosassyemcs GopMyaol n-ro wieHa reoMerpHueckoil mporpec-
CHHM!

by = bnq"; bs = big*; bs = big’.
Torpa nTopoe venopue sanaun (b; — by = 48) MoxEO 3amHCATE B
BHOE
"-"lqﬂ - le' = 48v

bg'(g® - 1) = 48.
Tperse yveaosue 3anaun (bs + b = 48) MokHO 3andcare B BHAe
' + bg® = 48,

bya'lg + 1) = 48.
B mrore MH NONYYRIH CHCTEMY ABYX YpaBHeHHIT ¢ JBYMA mepe-
MeHHHMH b, 1 ¢!
big*(g* - 1) = 48,
bg'(g +1) = 48.
IIpnpasHAeM JieBBHe YACTH OOOMX YPABHEHHH CHCTEMEL:

big'g® - 1) = big'(g + 1)
¢-1l=g+1
(MEI pasgendmy ofe YACTH YpABHeHHSA HA BeIpadkeHHe b,g*, oTIHYHOE
OoT HyJAdA).
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Ha ypaenenus ¢° — g — 2 = 0 paxoxam: g, = 2, ¢, = 1.

IlopcTaEue 3HayeHMe ¢ = 2 BO BETOPOE€ YPABHEHHE CHCTEMH,
noayummM: b, - 16 - 3 =48, 1.e. by = 1.

ITopcTaBne sHadeHHe ¢ = —1 BO BTOpoe YDABHEHHe CHCTEMEI,
noayaamM: b, - 1 - 0 = 48; 3T0 ypapEeHMe He HMeeT PeIleHHi.

Hrak, b, =1, ¢ = 2 — 971a mapa ABaseTCA pemeEHeM COCTABICHEHOM
CHCTEMEl YPAEHeHH,

B sapaue Tpebyerca Beuscints by;. Bocmoasayemca dopmynoit
7-T0 WiIeHA FeoMeTpPHYeCKOH IporpeccHH:

bz = big' =1 - 21" = 2048, [ |

3. DOPMYNA CYMMM UNEHOB KOHENHON
reoMeTpHYecKoi NporpeccM

IIycrs pama KoHeYHAS! eOMETPHYECKAs mpolrpeccHs
- bl: bz, ba, saay bn—z’ bn-l’ bn-

OGoagauumM uepes S, CYMMY ee WIeHOB:

S,=by+ b +by+...+b,_2+b,_,+0b,.

BrisepeM HopMyny AN HAXOEICHHA TOH CYMMEL.

Hauyrem ¢ ¢camoro opoctoro eaydas, Korga g = 1. Torga reomer-
pHAYeCKas IPOrPecCHs COCTOMT H3 i YHCeN, PABHEMX by, T. . HMeeT BHf
by, by, b1y ooy by CyMmMa 9THX gHCENX paBHA 7tb,.

IIycrs reneps g # 1. Jlna saxosaenna S, IpAMeHUM ACKYCCTBeEEEIH
nIpHeM ~— BHIIOJRMM HEKOTOPhbIe NpeobpasoBaEMs BHIPAMERUS S,.q:

Sg=(h +bg+bz+...+b, g+b, +b)g=
=bhg+bg+bg+ ...+l g+ b, g+bg=
=b,+ b+ b +...+b,_1+b, +bg=
=(b1+bg+b3+...+bng+bn1+b)+b,,q bl
=S, +bg-b=8,+Br1-¢N-g-b=8,+bg" - b.
Hrax,
8.g=8,+bg - b (2)

Brunonaasa opeolpasoBanmns, ML, BO-IEPBHX, HOJLIOBANHCH OIpe-
LeNeHHeM PeoMeTpHuecKol nporpeccim, COITACHO KOTopoMY big = b,,
bﬂq = by, bﬂq =By oy Bye 2q = b, 1, n-lq Bas

BO-BTOPHX, IPHGABMIIH A BRIYAK b, 0OTYEro 3HAYCHHE BHDAYKCHAA,
pasyMeercs, BE€ ASMEEIIOCE;

B-TPETHHX, BOCHOJAB30OBANKCH (POPMYIOE 1-T0 UJAEHA PeOMETDH-
yecKoif DpOrpeccHH:

bag = (0rg" g = bug".
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Ha dopmyan (2) Bupakaem S,:
an - Sn = bl(qn - 1)’
SAg — 1) =b(g" — 1),

g, = he -1
g-1

310 hopMyna cyMMBL N LALHOB 2eoMemplieckoll npozpeccuu (nna
cayded, Koraa ¢ # 1).
IIpamep 7. Jana KoHeYHAA reOMeTPHYECKAA OPOrpeccHA
bl) bﬂ; ba' maay bn-
Hapectro, uro b, = 3, ¢ = 2, n = 6. HaltTa:
a) CyMMY 4YNeHOB mporpeccaH; §) cyMMy KBAAPATOE ee YACHOR.

_bhig"-1) _ 32 -1 _ -
PemeHHue. a) Sg = -1 = 2-1 =3 .63 =189,

0) Bume (cm. ¢. 190) M yiKe OTMEUYANH, YTO €CAM BCe WIEHE
reOMeTPHYECKOM nporpeccMd BoIBeCTH B KBAZPAT, TO NOJYIATCH Deo-
MeTPHYECKasA TPOTPeCCHs ¢ MEPBRIM YJeHOM pi W 3HaMeHareseMm g2,
Torga cyMMa IIeCTH WIEHOB HOBOH mporpeccEn Gyfer BRIYACIATHCH

b4 2y

% . lHopcrasnp B a1y bopmyny b, =3, g =2,

no opuyae Sg = 1

Oomy4nM:

S, =2(52’-‘E1:Il‘) = 8. 4095 = 12 285.

OrBeT: 2) 189; 6) 12 285.

Mpumep 8, Haiita BocEMOIl WieH reoMeTpHuecKoii mporpeccnn,
y Kotopoit b; = 3, b, = 96, S, = 189.
Pemenue. IlogcTasum aaHdnie sHaverus 8 popmyny b, = byg" 1

96 = 3¢ 1;
g ! =32,
Janee HMeem:
S = hig" - 1),
n T q — 1 ’
189 - 20,
q =
63(g-1)=¢"-1. 3
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Brimre ME gaman, 4To ¢* ! = 32. ¥MEoxHB 06 HacTH 3TOTO
paBeHCTBA Ha ¢, moayuumM: ¢° = 32¢. IlomcraBum 32 BMecTo ¢" B
dopmyay (3):

63(g-1)=382¢ - 1,
3lg = 62,
g=2.
3Had, uTo b, = 3 u ¢ = 2, nerxo HalTH by

by=3- 2" =884, B

4. XapauTepucTHUeCcKO® CBOHCTBO
FeOMOTPHUECHON NPOTPeCcCHM

IIyers naHA reoMeTpHdecKad mporpeccEd by, b, by, ..., by, .
PaccmoTpus TpA ee YieHa, CAeAyIOIOHE ADYT 38 APYTOM: B, _ 1, Bay Bas1e
HapecTRO, 4TO

b,
E =Ua-1s
by =bysr.

HEPBMHOJRHB 9TH PABEHCTB&, MOMYIHM:

b.f =by_1basre

9T0 3EAYNT, YTO KBAAPAT KAKAOTO YWIEHA FeOMETPHYECKOE MPorpecean
(kpoMe mepBOrc H IocAefHero) paBeH NPOM3BedeHHI0 IpeiImecT-
BYIOIIETO M NOCNeAYIOMWIEro WIEHOB ITON NpOTpeccHH.

BepHo B ofpaTHOE: ecau mocaeaoBaTenbHocTh (b,), rae b, # 0,
TAKOBA, YTO AJAA A1000r0 n > 1 BHIOIHAETCA PaBeHCTBO

bﬁ =by b 15

o (b,) — reomeTpHuecKkas IporpeccHd.
B cemoM pere, moclenHee PABeHCTBO MOMKHO IEPENHCATE TAK!

bn : bu—l =0h 0 bu'

9To 3HAYHT, B YACTHOCTH, UTC by 1 by =bs 1 by = by : by m 7, g. HERIMN
cA0BAMM, OTHOmEeHHe J1060ro 4jeEAa NOCAeA0BATEIBHOCTH K
IpeAmecTEYIOIOeMY 4leHy BCerna OJHO H TO e, 4 3TO H O3HAYAET,
yTo 3ajaHa reoMeTpuYecKasd IPOTpPeccHd.

DaKTHYECKN MBE ACKAIANH CAeAVIOIIYI0 TeopeMy.
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4. MPOTPECCIMM

Teopema. Hucroeas nocnedosamenviocms, 6c¢ WIeRbl KOMOPOR
OMAUNKY OM KYAR, AGAREMCA 2e0MempPuiecKkol npozpeccuelt moz-
da u monwio mozda, xozda xeadpam xamdozo ee unena, Kpome
nepeozo (u nocrednezo, 8 caywae xonewnoll nocredosamenviocmu),
pader npouseedenuio npedutecmayiomezo u nocredyrouwezo Laenoe
{( xapaxmepucmuieckoe ceolicmeao zeomempuieckotli npozpeccuil ).

B npeguaymem maparpade Me OOAYYHIH XADAKTEePHCTHYECKOE
CBOICTBO apudMeTHYeCKOH mporpeccHn: ai000l ee 4ieH paBeH cpel-
HeMy apudpMeTHIeCKOMY NpeJRAYINEro M OoCHeAVICIIEro YNeHOR.
OOpaTHMcA Tenephk K XAPAKTEPHCTHYECKOMY CBONMCTBY reOMeTpHIe-
cKoif mpoTpeccHMu M BHINOJNHHM HeROTOphle IpeodpazoBaHHA:

b: =by a3
‘\fb—i- = dbn-l n+1 :
|bn| = dbﬂ—lbﬂi-l -

Uncno Vab EaswBsaior cpedruM zeomempuuecxwum wucer o4 u b,
Taxkum obpasoMm, mocregHee PABeECTEBO O3HAYAET, UTO MOJYns 2100020
YACHO 200MeMPULECKON NPOZPeccull Paser cpedHemy zeomempuie-
cKoMYy npedwdyugezo u nocaedyouiezo vaeros. B rakoii opMynupoEre
AHAMOTUMA MeXAY XAPAKTepHCTHYeCKHMH cBOHCTEaMH apudme-
THyeckol H reoMerpHyeckoil mporpecciit craHoBMTCH OTUeTAMBei,

NDprmep 9. IlpH xakoM sEavendd x yuena 10x + 7, dx + 6 =
2x + 3 ofpasyioT reoMeTPHIECKYI0 IpOrpeccHro?

Pemenrnue. CornacHo XxapaxTepucTHIECKOMY CBQHCTBY 38 aAHHEIE
BRIPAXKEHAS JOJKHE YAOBNETEOPATH COOTHOIIEHMIO

(4x + 6)* = (10x + T)2x + 3).

PemnM aTo ypasHerme:
16x? + 48x + 36 = 20x® + 44dx + 21;
4x® —4x - 15=0;
x =25, x=-1,5,

Topcrasasa x; = 2,5 B aagaEHle BLpaxerRua 10x + 7, 4x + 6,
2x + 3 maxoamM coorpercTBeHHO: 32, 16, 8. OT0 KOHeuHAN reoMeT-
puueckaa nporpeccusa. [loxcrasaaa x,; = —1,5 B3 3a7aHEKe BHpae-
Eng 10x + 7, 4x + 6, 2x + 3 Eaxogum cooTBeTcTBeHEO: —8, 0, 0 —
9T0 He TeOMETDHUYECKAS IPOTpPecCHs.

OrserT: 2,5.
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4. MPOFPECCIN

5. Pasieie 300844 HA NPOTPECCHM

Npamep 10. Baanu TpA yucaa, KOTOphie 00pasyioT KOHEUHYIO
BOSPACTAIOIIYIO MEOMETPHIECKYIO mPOrpeccHI0. 3aMeTHIH, 4TO €CIA
BTOPOE YHCIO YBEIHIHUTE HAa 2, 4 IePBOE H TPEThe THCIA OCTABATE Ges
HN3MEeHEeHHA, TO NOIYAHTCA aApndmMeTHIYecKaA nporpeccus. Ecnu mocie
3TOrC TpeThe THCIC YBEeJAHYHATH Ha 9, TO CHOBA MOAYIHTCH Ieo-
MeTpudecKas mporpeccHs. Kakue tpd yicena Oenn B3ATH cHagana?

Pemenue.
VenmoBds 33029A MOMHO KPATEQ 3aIMCATE TAK:
1) = by, by, bas
2) + by, b + 2, by
by, b+2,0;+09.
CornacHo xapaKTepucTHYeCKOMY CBoMcTBY apEdMeTHuecKoi
NpoTpecCHH, YCIoBMe 2) o3HAvaeT, UTO
bz +2= b‘ ; ba;
2(b1q + 2) = b]_ + blqg;
bl + ¢ - 2q) = 4.
CorzacHo XApaKTepHCTHYecKOMY CBOHCTBY reomeTpuuecKoit npo-
TPecCHH, YCIoBAe 3) 03HAUAeT, 4To
(bs + 2) = by(bs + 9);
(hg + 2)* = by(byg® + 9);
big® + 4byg + 4 = big® + 9by;
by(9 — 4q) = 4.
Taxum obpasom, monydaem cHCTeMY ABYX ypasHeHHE ¢ xByMa
mepeMeHHBIMHA b, H gt

{bl(1+q2—24)=4,
(9 - 49) = 4.

IIpnpasEAB JeBbie yacTH o6OMX YpABHeHW CHCTeMBI, MONYSHM:
bi(1 + ¢° - 29) = bi(9 - 4q);
1+¢g2-2¢=9-4q
(Mp1 pasgenuan obe YACTH YpaPHeHHA HA MHCI0 by, OTIH4YHOe OT HyIA);
F+2g-8=0
th = 2, g = —4.

IloacTaBHB 3HAYeHHe ¢ = 2 BO BTOpOS YpaBHEHHEe CHCTeMEI, Io-

ayanm b, = 4. Buan by, U ¢, HeTpYAHO IAmMCATH TPH WHCHA, obpa-
Sy0IIe TeOMeTpHYeCKYI0 nporpeccHio: 4, 8, 16.
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4. u MPOTPECCHM

IloacTasns 3EAYeHNEe ¢ = —4 BO BTOPOe YDABHEHHE CHCTEMH, IMO-

ayuum b, = % B srom cayuae TpH uHEcaa, ofpasyiomue reomMerpH-
YeCKYI0 IIPOTPECCHMIO, BEIMMANAT TaK: %, —;—g, %

U3 apyx EalileHENX TeOMeTPHYECKAX NPOrpeccHit TOALKO NepBad
ABJIACTCA BO3PACTAIIEH, KaK TOro TpefyeT YCjAoBHe 3afadu.

OrserT: 4, 8, 16.

MDpumep 11. Ilecroit unex Bospactaomell reomerprmueckol
nporpeccuu Ha 18 Goxbime ee natoro wieHa. Ilarwit, cexbmoii 1 pe-
BATHIH wineHnl aTolf mporpeccHH ABASIOTCA OQHOBDEMEHHO IEPEEIM,
ETODHM 4 OFMEHANOATHM WieHAMH HexoTopoit apudmMeTHuecko# npo-
rpeccud. Halira mepBee nATE WieHoB 310l apndmerayeckoil mporpec-
CHHA.

Pemenue. IIycre ¥y, by, by ...y By ... — BaNAEHAA PeOMeTpH-
yeckasa oporpeccun. Ilo yenoesnio mecto# ee unern Ha 18 Gonpme ma-
TOT'O, 3HAYHT, by — b; = 18.

Ilyere a,, a3, @34 ..oy @y ... — HCKOMAS ApHPMeETHIECHAS
nporpeccra. COrMACHO YCIOBHIQ SAfAYH BHIOIEAIOTCH CIEIVIOI{NE
COOTHOIMEeHHUA:

a, = by; az = by a1 = by,

Bocrnonnayemcs TeM, uTo pasHocTs d apudmeriecroll mporpeccun

paEna g, — a,, T. e. d = b, — b, Hanee
bg =11 = + 10d = bﬁ + ].O(b'; - ba) = ].Ob-; - gba.

HTax, ME COCTABMIM ABR COOTHOINCHHSA AJNA reoMeTpPHYecKOH

NpOrpeccHn:
{bs—bs=18, Te{hqa—bl94=13,
b =106, - 9%,  |bg® = 10bg® - Obgt.

PemuM sty cacremy. Pasnenns ofe 9acTH BTODOTC YPABHEHHSA CH-
cTeMH HA OTIHYHOE OT EYJs BHpaxenne b,g', noayuum: ¢* - 10¢® +
+ 9 = 0. 9ro 6uxBagpaTHOe ypaBHeHne Hmeer 4 Kopua: ¥1, ¥3. Ho no
YCAOBHIO TeOMETpHYeCKAA IPOTrPecCHR BOSPACTAIOIIAA, CIeIOBATENb-

HO, M3 YKA3AHHHIX veThipex 3HAYeHNH B KavecTBe 3HAMeHATENA
IIpoTpeccHA MOXKHO B3ATH TOMBKO sHaueHwe 3; urak, ¢ = 3. [Togcra-

1
EUE 9TO 3HAYeHWE E MepBO¢ YPABHCHWE CHCTEMBl, IIOJOYYHM b, = re
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4. || MPOPECCHM

B 3anave TpeGyeTca HANTH NEpPBEIE NSITh YICHOB aprMeTHIECKOH
mporpeccan. CHayana Haltnem a, u a,:

Gi=bs=bgt=¢ 3 =9 a=b=bg=g 3 =8L
d= dy — ) = 72.
Tenept MOKHO JAITHCATE IepBhle IATE WICHOB apH(pMeTHUECKO

OporpeccHn:
9, 81, 153, 225, 297. |

Npuamep 12. BeraacauTs cyMmy:

a) 100% — 992 + 982 — 972 + 962 — 95° + ... + 22 — 1%

6)3 + 33 + 333 + 3333 + ... + 333... 8.

n oadp

Pemenne. a) Ob0osHAUNM ACKOMYIO0 cYMMY Gyxnoit S:

S =(100% - 99%) + (98 - 97%) + (96> - 95H) + ... + (2 -1 =
= (100 — 99)100 + 99) + (98 — 9TN98 + 97) + (96 — 95)96 + 95) +

+o 2102+ 1)=199 + 195+ 191 + ... + 3,

Uncna 199, 195, 191, ..., 3 — o10 50 uneros apmbmeTHyecKoi
mporpeccdn, y Koropoit a, = 199, d = -4, Cymmy 50 wremoB mpo-
rpeccud Halinem mo msBectHO# dopMyme:

§=%tle 50- “’92*3 . 50 = 5050.

6) O0o3EaYHM ACKOMYI0 CYMMY OyKBoi#l § m paccMoTpuM 385:

35=94+904+900+ 00909 + ...+ 999..90=
=(10-1)+(10* -1+ 10 -1+ A0 -1+ ..+(10°-1) =
=(10 + 10° + 10° + 10* + ... + 10" - n.

B cro0Kkax coflepuTCd CYMMA 7 41eHEOR TreoMeTpIdYecKoll mporpec-
¢uM, ¥ Koropoit ¥ = 10, g = 10. 3ty cyMmy HalifeM mo RIBeCcTHOIR
thopmyne:

g = 4@ -1 _ 100" - 1)
n = q—l - 9 N

10(10° - 1)

10 n
Mrak, 38 = 53— — 7. amaur, S = 5-(10" - 1)—%. .

Npumep 13. Cpegu uineHOB NOCHEAOBATEABHOCTH (Y,) €CTH JHC-

aa l, -JE, J§ MokeT aH 9TA MOCAENOBATENBHOCTE GHITH TeOMeTpH-
YyecKoil mporpeccHei?
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4. " MPOTPECCHM

Pemenne. Ipegnonoxnm, 4to (y,) — reoMeTpHYECKAA NPOrpec-
CHA ¢ NePBLIM YICHOM I, B 3HAMEHATE/eM g, 8 Iucaa 1, JE, J3 — ee
k-it, n-it @ m-#t wrens. Toraa

L=y % V2 =yg" 5 VB=pa
H3 3TAX PABeHCTE HAXOAHM, 4YTO JE =g 4 «/5 =g i

BoaeegeM ofie yacTH nepeoro pABEHCTEA B cTeneHs 2(m — k), a obe

MACTH BTOPOTO DABEHCTBA B cTeleHb 2(n — k)

gm-k _ qsm—mm—k); ;L g qa(m—k](n—k].

TaxnM o6paszoM, moxyaman, uro 2™~ * = 3", Ho paseHCTBO cTeneHei
€ OCHOBAHHMAME 2 H 3 H LUeJOIHCACHABIMA NOKA3ATENAME HeBOZMOM-
HO, 3BAYHUT, NPEATIOIOMEHHE 0 TOM, 4TO (}f,) — reoMeTpHAYecKasd Ipo-
rpeccHus, HeBepHO. |

Tlpumep 14. PasnoXuTs HA MHOMHTEIIH:
a)x"~ y* (n € N); 6) x*»*! + y**! (n € N),
Pemerne. a) Paccmo'rpnu HOHeUHYI0 reoOMeTpPHYMeCcKYyI0 npo-

rpeccHio 1, (—) (y) (%)n-l. ¥ oToil DpOrpeccHA NepBLIH WIeH
papeH 1, 3HaMEHATENHs NpOrpeccHH %, JHCJIO 4WIeHOoB 1. HaiifeMm ee

CYMMY:
v (Y o (¥Y ¥ ( _1)
1+;+(;) () + o (L )

VYMEORUM ofe YACTHA 3ANMHECAHHOTO PABEHCTER H3 x"“:
(¥ -1)

x(%—l)

Vi e et L xy iyl = %;
S C AR Cb o 2 ' o b a2l "M S S R B

TaxuM 00pasoM, MBH ODOAYYHAN GOPMYIY PasIOXKeHHEA ABYYICHA
X" — y" HA MHOXKHTENH. BrInumeM ee YacTHRE CIydaud;

x? =y = (x— yNx + y)
-yt = (x - yhx* + xy + y);
2 -yt =(x - Yo + 2y + 2yt + P
-yt =(x - y)xt + Py + 22+ 2o + P

ol ke (g e @ e ) -

204



4. NPOTPECCIM

6) TIpoBeeM AHANMOrHYHLIE PACCYIRACHNA ANA KOHeYHOH reoMeTpn-
F 3 2n
i _¥ {vy _{¥ v »
yecKod mporpeccus 1, plS (x) , (x) s eoey (x) . ¥ oToil mporpeccHn
HOepPBRIA WIeH paBeH 1, 3HAMEHATENs ONPOrPECCHH PABeH —g, YHC0
unrenos 2n + 1; malinem ee cyMmy:

ENOREC R K

¥ _4
YmuoxHM ofe YacTH 3aMHCAHHOTC DABEHCTBA I:a x?:
oo - ool - LT
x \x x/ T \x x(l+%) !
gl gyt

X2 — xBly 4 g B8y gplaclyogin o iy
xinr1 4 ym;+1 = (x + y)(xzu — xs»—ly + xsn—sys - xan—aya +
+ .= xytil 4oy,
M nonyunny emte ogHy GOPMYTy PASTOMKEHUA ABYILAeHA HA MHO-
SKMTeNH. BunumeM ee YaCTHLIe CAyd9am:
x4 Y= (x4 Yo - 2y + P
x5+ yt = (x+ yhxt - 2%y + 2%y - apt + Y. a

§25. METOA MATEMATMYECKOW MHAYKLUSA

1. DenyKums w miayKumss.
MOoNKAR M HENOMHAR MHAYKLUMR

B ocHOBe BCAKOrO MATEMATHYECKOr( HCCHCHOBAHUA JIEIKAT
AeAYKTHBHEIH M WEAYKTHBHRIA MeTOmLl. Hedyxmuenuviii MeTOx
paccy:RIeEMit — 2TO paccysmaeHHe or odmero K 4aCcTHOMY, T. €. pac-
Ccy:KaeHHe, MCXOAHLIM MOMEETOM KOTOpPOrO ABJAeTcCA obimiee yTeep:xK-
JeHHe, A 3aKJIOYMTeNbHLIM MOMEHTOM — 4Y&CTHEIA peayasTaT. Ecnnm
MEI IIPY PelIeHHH KOHKPeTHOTO NPHMEPE AENaeM BHIBOAKL, ONHPAACH
Ha KAKYIO-TO TeopeMy, TO 3TO ASAYKTHBHO® paccyxaexume. Cnoso e
undyryua (A undyxmueHsvili MeTOI PACCYXKACEHH) NpAMEHAETCH
K PACCYXKACHNAM, OIPH HOMOIOH KOTOPHX MOJYYAT 00mme BHBOAH,
ONHpAACE HE PAJA YACTERIX YTREDHKACHHIN,
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4. MPOFPECCM

IIpuBegeM nmpuMep paccy:KaeHHA no HHAYKOuH. Tpebyerca ycra-
HOBHTb, YTO KaXKAOe YeTEOE HATYDAJBHOE YHCJIO B Npefeaax oT 4 mo
100 Mo:HO OpelcTABMTL B BAJE CYMMB ABYX OpocTHX umcex. laa
9TOr0 MpocTo mepelepeM Bce HHATepecylolnde HAC YHCJAA M BHITHIIEM
COOTEETCTBYIOIINE CYMMEIL:

4=2+2;6=3+3;8=3+5;10=5+5;
12=5+T;14=T7+ 7; 16 =3 + 13; ...;
90=7+83;92=3+89;94=5+89; 96 =7 + 89;
98 =19+ 79; 100 =3 + 97.

911 49 paBeHCTB (MLl BHIOHCANH TONbKO 13 M3 EHX, HeZoCTAIO-
mue 36 paBpeBCTB BH LIDH KEJAaHHH MOX<eTe COCTABMTH CAMM, HAIIDH-
mep 50 = 7 + 43; 62 = 3 + 59 n 1. A.) noKazuBawT, 4T0 cHOpPMYIH-
PoBaEHOe oblljee yTBep:KAeHHE (NIpo X0foe MeTHOS YHENAO B IIpenesiax
ot 4 go 100) pepHO, oHO GRLNO AOKA3aHO HepeBopoOM Scex BOIMOMHELX
4aCTERIX CNYyY4eB. JTO TAX HASKIBAEMAS NOXHAA uHIyKuyud, Koraa ob-
mee yTBepPIKAeHHe NOKASKIBACTCA JAS KOHEYH020 MHONCECTIBR IAEMEN-
MO8 PACCMOTPEHUEM KAMAONO 3JIEMEHTA MHOMKECTBA N0 OTASIEEOCTH.

Ho Bens uame obinee yTBep:KAeHAS OTHOCHTCH He K KOHETHOMY, &
¥ OeCHOHeMHOMY MHOMKECTBY, KOTZA PacCMOTDETE N0 OTAEJLHOCTH
Ka)XARIH 3/eMeET MHOMKeCTBA HeBOZMOKHO. B Takmx cayuaax ofimee
VTBEpAKIcHNE, MOJYYHABIOAS HOATBEPEACHAE B PAAC YACTHBIX CHAY4a-
€B, CYHTAETCH HE AOKABAEHHM, 8 YZaldHHbLLM, NONYICEHLIM Henoi-
HOil undyxuueii. EcTecTBeHHO, OHO MOMeT OBITH BePHLIM, B0 MOKeT
OrTh 1 BepepREIM. IIpuBeReM HMpHUMepHl.

1) PaccMATDHEAITCHA CYMMEI HePBEIX /I HeWeTHRIX HATYDANBHEIX
YyHCEeJ:

1=1%1+8=4=241+8+5=9=3%
1+3+5+7=16=4%1+3+5+7+9=25=5%

BrigpuneM rumoTesy, uro 1 + 3 + 5+ 7+ ... + (2n — 1) = r%.
TpopepuM ee A IDECTH H CEMH CAATASMEIX:

1+3+5+7+9+11=236=6%
1+3+5+7T+9+11+13=49="T7%,

I'umoTesa noaTBepAuAack. HO Bce paBHO YTBeDHAeHHEe OCTACTCH
THIOTE30M, MOKA OHO He NORa3zano. Bopouem, moxasaTn ero HeTpyAHO:
1+3+5+ 7+ ...+ (2n — 1) — ar0 cyMMa n “LreHOB apudiMeTH-
YeCKOH IpOrpeccHH; IHAYTHT,

G ot ,_l+@-1

= nZ
2 2 n=n-.
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4. MNPOIPECCMA

2) PaccMaTpuBalOTCa CYMMEL KYGOB NePBLIX. 7! BATYPAJLHRIX YHCEJ:
1P=1=1%
1°+2°=9=3"=(1+ 2)%
P+2°+3=36=6"=(1+2+3)%
1°+ 22+ 3 +4°=100=10°=(1 + 2 + 8 + 4)%,

BHJIBHHBM THIIOTE3Y, ITO
1P+ 22 +8+4°+ ... +n=(1+2+3+4+...+nd
HDOBepHM e OJIA MATH H IIeCTH CaaraeMbix:
P+24+43+4+5°=225=15"=(1+2+3+4+5)
1P+20+ 3 +4%3+5°+6°=441=21°=(1+2+3+ 4+ 5+ 6)%
I'unotesa moaTeepamnack. Ha camMoM aexe chopMyIHDOBAEHOE

yTBEp:IcHHE BEPHO, MEL NOKAXKEM ero moaxHee.
3) PaceMaTpupaerca nocaefoBaTeibkHOCTR ¥, = nZ +n + 17T:

Vi1=19; ¥ = 28; 13 = 29; y, = 37T;
Ys =47; ys = 89; yr = 73.

Bee nonyueBHbLIe YHCIA HPOCTHE. Bo3HAKAET MPEAMONOXKeRHE: BCA
MOCIeNOBATENLHOCTE COCTOMT M3 TIPOCTRIX uucen, IIpopepEm »To ana
CIeAYIIONX TPpeX WIEHOB IIOCAeNOBATENLHOCTH: Y = 89; y, = 107;
o = 127. Yncna 89, 107, 127 — npocThie, rAnOTe3a NOATBEPANIACE.
H meM Be MeHee OHA HEBepPH&: eCTh B MOCTEROBATENLHOCTH YiA€HH, HE
ABINAKIMecH NPOCTHIMHA YHCAAMU, BaNpUMep, Wil

vie=16+16+17=16(16 + 1) + 17=17(16 + 1) = 17 - 17 —
COCTABHOE YMCJIIO.

Hrak, yreep:sAeHNe, NonyvdeHHOP BenoXHoW MHayrnmell, ocraer-
€A NHIIL PAMOTE30H, NIOKA He ZOKASAHO TOUHEIM MATeMATAYECKHM DAC-
CcysAeHNeM, OXBATHBAKINHM Bce YACTHRIe cydal. HEEIMHY clloBaMy,
EeNOJHAA HEIYKINA He CUHTAETCA B MATEMATHKEe BAKOHHLIM MeTo-
JIOM CTPOTOro AOKAIATEXHCTBA, MOCKONEKY MOJKET NMPHBECTH K ommOKe.
OnHaKO 3AMEYATeILHO TO, YTO OHA KHOrAA NMPHBOAMT K HCTHEE. MoykHO
OXAPAKTEPH3OBATh HENOJIHYIO HHAVKIHNIO KAK 9BPHCTHYECKHAH (0T rped.
heurigsko — OTRICKMEAI0) METOH OTKPLITHA FOBEIX HCTHH.

1. MeToR MATEMATHUECKON MHAYNIMM

MeToz moXHOH HEAYKOAYK HMeeT B MATEMATHKE OrDAHAYCHHOE
NPEMEHPHAE, IOCKONBKEY OXBATHIBAST JHMb CHTYAIMH C KOHEUHEIM
9BACAOM YaCTHHIX CIyuaeB, Uame Bcero MaTeMaTHuUeCKOe YTBEDIKIeHNE
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4. II NPOIPECCHA

OXBATHBAET DeCcKOHEUMHOe MHOMECTBO HACTEHX CAy4YaeR, CAeNaTh
NpOBEPKY AJNA BCEX CHYYAEB HeBOAMOKHO. ONMUpATHCSA IDH 5TOM HA
HeNnoJAEYI HHAVKIIAK OHACHO, MOMKHO CAeJATL BEeHPABEABEERIA BRIBOJT,.
Bo MHOTHX CIYYAaAX BHIXOA 3aKAI0UaeTcs B ofpameHuu X ocoboMy
MeTOAY DACCYKACHHH, KOTOPHH HASHBAIOT MemodoM MameMamu-
vecKoii undyryuu. OB 3AKII0OU4ETCA B CNEAYIOIICM.

IIycTh EYKHO AOKASATH COPABEANHEOCTE EEKOTOPOTC VTBEpXMIe-
Hua A(n) nns a060re BATYDAILHOrO YHCAA i (HanpaMep, HyMHO Zo-
Ka3aTh, ITO CYMM& NepBHX 71 BeYeTHHX wTHcex pasHa n?). CHauana
[pPOBEPHIOT CHPABCANABOCTE YTBE[HACENA Ang n = 1 (Oasuc umdyx-
yuu ), 3aTeM AOKASKIBAKIOT, YTO AJIA JXIOGOr0 BATYPAIBEOrO 3HAYCHMA
k BepHo cAeayioljee yTEepHAeHHEe: eclH cIpapeZnuBo A(R), To
cupasegaueBo 4 A(k + 1) (undyxyuonnsiii waez). Toraa yreepixaeHne
A(n) cuETARTCA ZOKAIAHHKEIM Aad M0Goro n.

B camMonM aene, yTBep:AeHHe cpapefjupo a1a n = 1 (3To npose-
panock otaeasHo). Hamee xoxasaHo, aTo M3 A(k) caexyer A(k + 1);
SHAYUT, ecaHd BepHO A(l), To BepHO U A(2); ecnu BepHo A(2), TO BepEO
H A(3); eciu BepHO A(3), TO BepHO B A(4) B T. Z. B KOHOE KOHIOB MH
polimeM po m050T0 HATYDANLHOTO THCAA, A HOTOMY YTBEpXRIeHHe c4H-
TaeTCH AOKASAHHRIM XA JA060T0Q 7.

Stor MeTon yie ncnoabsopancd B § 23. Ilpn nonyvesun dopmy-
JH 7i-P0 4ieHa apupMeTHMIecKod NPOrpeccHd a, = gy + d(n — 1) Mu
OpUMeHANH pPACCY:KAeHHA, OCHOBAEHEIE Ha HemonHo#t MERYyROUH, &
3aTeM 00OCEOBANIH 2Ty GOPMYIY METOAOM MATEMATINECKOH HEAYKIHNH.
O6o6man ckasaHEoe, chopMyanpyeM caenyompil odmmit NpUEIHIT.

IIpEEnMn MATeMATHISCKOM MHIYKIHR N
YmeepxOenie, 3a6UcCAULLE OM HAMYPAILHOZC SUCAG N,
cnpacedauso 0as aw6d0z0 N, ecAli GLNOAHEHb: 068G YCAOBUA:

a) ymeepaOenue sepro das n = 1;

0) 13 enpasednueocmit ymaepwdenus drn n = k, ede k — mo-
foe HamypaivHoe uucCRe, Ebimexaem CcRpagedausocms
Gmeepox@euua u dna credyrowezo HamyparbHozo vucran=k +1 - )

-

Npumep 1. Joxasars, 4TO
1P+22+3+42+ ., +n0=(1+2+8+4+..+n) )
(3T0 PaBeECTEC MK YTAZANA B NyEKTe 1).

Pemenune, 1) Copasegnurocts pasencrea (1) ana n = 1 (1 xa:re
aian =2, 3, 4, 5, 6) paHee nposepena.
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4. MPOTPECCHU

2) llpeanono:umM, aTo papeAcTdo (1) BLIIOXHAEeTCATIpU N =K, T, €.
OPeANOJOMKEM, YT BEPDHO PABEHCTRO

PP+ 22+ 3+ 48+ +R=(1+2+3+4+ ..+ k. 2)

JoxaxeM, uTo TOrAa IpoBepAeMoe paBeEcTBO (1) BepHO H IpH
n=~k+ 1, 7. e. ZOKAKEM, YTO BEDEO PABEHCTBO
1P+2°+ 8+ 4+ +BE+E+)P=(1+2+8+4+
+..+tk+(k+ 1))
HIH, MTO TO e CAMOe,
A+2+8+4+ .. +E+ G+ -(1P+2°+38+4+
+ ...+ E)=(k+ 1), (3)
Ocofo nogvepxHeM: paseHCTEO (3) HHTepeCyeT HAC He caMo 1o cebe.
IIpeacTaprser WHTEpEC TOABKO OAMH BONPOC — cXefyeT OHO H3
paBeEcTBa (2) MIH Her.
3aMeHUB cyMMy kKy(OB B JNeBoil 4acTH paneHcrBa (3) xBagparom
CyMMEI U3 HPABOH YACTH PaBeECTEA (2), mONyIHM:
A+2+83+4+..+k+R+DF-1+2+3+4+..+kF=
=({(1+2+3+4+..+k+k+1NY-(1+2+3+4+..+R)x
x((1+2+3+4+..+E2+(R+1P+ (A1 +2+3+4+..+E)=
=k+1)- 21 +2+3+ ...+ B+ k+1)=

=(k+1)-(2-l+k-k+(k+1))=(k+1}-(k(k+1)+(k+1}}=

2
=(k+ 1Xk+ 1) = (k + 1),

Hrax, ua pasencrea (2) caeayer paseEcTBO (3).

06a ycnopusa (6a3uc MBEAYKOME M HELYKITHOHKAIN IOAT) IPMHNATIA
MATEMATHIECKON HHAVKOMH BRIODOAHAKTCH, SHAYAT, paBeHCTBO (1)
BEPHO ANA MOGOro HATYPAILAOTC 3HAYCHHA Ti. [ |

Meron MaTeMATERYECKOR MHAYRIHM HCIONb3yeTCA B DASAHYHBIX
caryanmax. Tak, s npuMepe 1 MLl NPEMEHEHIH 5TOT METOA IJAA A0KA3a-
TeJRCTBA TOAECTBA, & B § 23 — naA BHBoga GODPMYIEI R-TO YAeHA
apudMeTHIecKol NporpeccHd. PaccMoTpuM ewe paa mpumepor. Ho cHa-
yana 3aMeTHM, YTO HMHOrAA TpebyeTcA AOKABATH HEKOTODOe YTBEDHK-
JeHHe Be AJIA BceX HATYDPAABHHIX 3HAYeHHH n, xak Osl/I0 A0 cHX IOp,
a ana n » p. Toraa HEAa HepBOM IHIATe NPOBEPAIOT CIPABEATHBOCTH
yTBep:AeHNA He ANA N = 1, a AAA n = p, & B OCTANBHOM CXeMa
HpHMeHEeHMA MeTOlA MATEeMATAYECKOH MEAVKIIMHM Ta e.
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4. u MPOPECCUM

ODpamep 2. Hoxasars, yTo Ana n # 2 n x > ( cupasegaHBo
HEPABEHCTEO
1+x)">1+nx

(ero HASWEBAKT HepaseHcmEoM Bepryaru B 4eCThb IUBeHLADCKOTO Ma-
TemaTuRa Axoba Bepryamu (1654—1705)).

Pemernne. 1) IIpu n = 2 HepaBeHCTBO BRINONHAGTCA:
l+xP>1+2x—
BEPHOE HEPABEHCTBO.

2) IlpennonoxuM, YTO HepaBeHCTBO BepHyanu BepHO gna n = k
(k> 2)

1+ x)>1+ k. 4)
JloxaKeM, UTO TOrZa OHO BEDHO H mjaA n = k + 1, T. e. JOKAKeM,
4yTo
A+x*"'>1+ &+ Dx.

B camomM ZJeme, YMHOKHKB 00¢ 4acTH HepapeHECTRa (4) HA 0ZHO H TO
e OPMEMMANIee TOALKO NOJOKATeILHLEIe 3BAYeBHS BLIPAKEHUe
1 + x, moayamEm:

A+ '>Q+kxl+x)=1+E+Dx+kx2>1+(k+ Dx,
r.e.(1+2)"'>1+ &+ Da.

Ilo npuEnuny MaTeMaTH4ecKO# MEAVKOMH AexaeM BLIEOA, ITO
BepaseHcTEO BepHYAIH cIpaBef/IMEO ANA Beex i = 2. ]

IIpumep 3. HoxasaTs, 4TO 4aA 1 2 2 cIPABEAJABO HEPABLHCTEO:
1 1 1
- < H
a)1+T2+TS+ +JH 2Jn

6)1+%+%+...+%>J£.

Pemenue. a) 1) Ilpu n = 2 npopepAeMoe HepaBeHCTBO IIPHHH-
MaeT BHj

1+71§<2J§.

2T0 BepHOE HEPAREHCTEO, MMOCKOABKY €ro JeBAfl IACTh MeHbIme 2,
a npasag — Goasie 2.
2) IlpeanonoxuM, YTo OpH 7 = k (k # 2) BMNOJIAAETCA HEPABEHCTBO

1 1 1
1+7§+7§+...+7;<2JE. (5)
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MPOTPECCMA

HOR&)R&M, YTO TOrAs BRINOJIHACTCA HEPABEHCTBO

1 1 1 1
I+E+7§+...+72+7m42\/k+1. (6)
IIprbasap k ofeM gacTAM HepaseHCTB4 (5) OAHO M TO JKe BEIpa-
aeHue —E==r, HOTYTHM:

1
A R e s SN vt

Ecnu MH A0oKAMKeM, UTO
1
2\/5 + ﬁ <24k + 1,
TO T€M CAMBM OyAeT IoXydueHO HepaseHCTBO (6).

PaccMoTpHM pasHoCTh NpPaEoif U JeBolt yacTell HepapeHcTBa (T) H
BLITIONTHAM HEKOTOPHIe Ipeo0pasoBaHHA:

"

2h+2- Mk r1vk -1 _
2k + _(ZJ_+'Jk+1) N TSl

k+1-2Vk+ivE+k  (VEel-VB)
B JE+1 N JE+1
IToayuennoe BHIpaieERe MOTOKATENBHO, SHAYAT, HepaBeECTBO (7)
BEpHOQ, A DIOTOMY BEDHO M BepaBeHCTEO (6).
Hrak, 068 ycroBMA NPAHIHNA MATEMATAYECKOH AHAYKIAH BEI-
NOJHEEL. 3Ea4YdT, TpefyeMoe HepPABEHCTEO JOKARAHO
6) OTO HepAaBeHCTBO TAK:Ke MOMKHO ZOKAJATH METOAOM MATEMATH-

YecKON MHAYKLHH, HO IeJjecoofpasHee HCIOAb3IOBATH SJIEMEHTAPHHE
OpHEML — MBI 3TO CHEJIAIH BuINe, B § 22 (cM. mpumep 1)

[ |
Npamep 4. Haiita cymmy
1 1 1 1
122334ttt amin:
Pemenue. O603HAUMM CYMMY CHMBOJOM S, H RalieM ee 3HA-
wvesMa npu n =1, 2, 3, 4, ...:
-1 _1 =1 L_g.
Si=y3=3 S=3tz 33
2 1 _3, 3, 1 _4,
S$s=3+3.4=7 Se=3+t7T5=%
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APOTPECCIAM

Mxu1 noxyuans nocneaoBaTeIbEOCTD %, g, %, %, ... . BoagaKaeT

n -
runoreaa, 4o S, = = 7. JloKaxKeM CNpaBE/TUBOCTE 3TOH (HOPMYILI
MeTOAOM MATEMATHIEeCKOH HWHAYKIHH.

Jdasa n = 1 dopMyaa cnpasegansa. Ilpegnonosxam, uro S, = 3 f_ 1
k+1
HoxasxemM, uTo Toroa 8, ., = P

B camomM Jerne,

_ 1k 1
Si=St eIy " k1t G DR D -

_kE+D+1 _ (k+1)’ k41
TRFDE+DDT R+ DRE+D T R+ 2

IIo OpUBLHNY MATEMATHUECKOH HEAYKIHH AenaeM BLIBOA, UTO
38lABHAA CYMMA DABEA

n+l'

BameTHM, OAHAKO, YTO B ITOM IpHMepe, KAK H B MpuMepe 306, me-
necoobpasHee OuL0 ofoliTHCh 863 MeTOZA MATEMATHYECKON HEIYKIIHHA:

1
T3T23v3 4t tamen "
_2-1 3-2 4-3 (n+l)—-n _
*TztzssVv3a vt amen -
=(l_l)+(l_1)+(l_.l)+.“+(l_ 1 ):
2) " \z2 3/ \3 1 " nm+l
1 n
- s 1= ns1 »

Opumep 5. Hoxasars, uro (11°*2 + 12™*") : 133 ana moGoro

EBATYPAJIBHOTO 3HAYCHEHA N (HaODOMHAM, YTO 3HAK ! 0BHAYAET «ZeTHTCA
Ha»).

Pemenue. Ilpy n = 1 yreepikeEne NpHEUMAET BHA

(11° + 12% : 133.
310 BEPHO, DOCKOILKY

112+ 123 = (11 + 12)(11% - 11 - 12 + 129 = (23 - 133) i 133.

TIpeAmonoX KM, YTO YTBep:KJeEHe BEepPHO IpH n = K, T.e.
npepnonoaxum, ure (11**% + 12%*) : 133,
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4. " MPOTPECCHM

HoxakeM, 910 TOTAA YTBEP;KACHAE BepEO B npE n =k + 1, r. e,
AOKAKEM, YTO

(11**3 + 12%+% : 133,
B cadom gene,
0+ 12% 0= 11 110 e 12t 12M 0 =
= 11(11**% + 12**Y) + 133 - 12%*1,

Cormnacto mpeamonoxenmo (11**% + 122**1) : 133, Torza m cymma
11 (112 + 121 + 133 . 12**! genmrca Ha 133, 1. e.

(11%*3 + 12%**% : 133.

IIo opmEnAENY MareMaTHdeckKoli MEZYKIMEA NelaeM BhIBOA, 4TO
rpefyeMoe yTRepKACHNEe AOKAZAHO, [ |

IIpumep 6. Mana mocrezobaTenbHOCTs DuboHauyH:

=L =1l p.=Ye-s+ Yo-neciun=3, 4, 5, ...

(cM. npumep 5 B3 § 21). Joxazars, uro:

B Yusz=h1 t it Pt oot Yoy

6) Yia — Vabtasz = (C1)"

Pemesnne. a) IIpr n = 1 yreepsspgennie OpUEHMAET BHL

b=ttt

910 BepHOE PABEHCTBO, IOCKOABKY I, = 1, o =1, Ja= 2, yu = 38.
TIpeanoackEM, 9TO YTBEKAeHAEe BEPHO gna n = k, T. e,

Una=h T+t ¥+ oo+ Yuure
JoxaxeM, UTO TOTAA YTBEDMeEWe BepHO Ana n =k + 1, T. e,

Vo= tHhtmt ot Paat Vnea
C moMOmBI0 PEKYDPPEHTHOr0 COOTHOMIEHMSA, JAZAIONIEro MOcJemoBa-
TeAbuocT: DHOOHAYYA, HAXQOIAM, 9YTO Yirra = Fm+z + Yiers- BOC-
TOME3OBABINECE JAA o+ CACAAHHELIM NPEANOIOMEHHEM, NMONYTAM:
Vara=Varat Pna=@h tHat ¥t o+ Puod T Yara =
sttt oot Yua T Yorrae
SHAYHT, yTBepsiAeAre BEPHO AnA modoro n.
6) IIpr n = 1 yTBep KACHAE NPHHUMAET BHJ
¥i — = (DL
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4. NPOTPECCIM

Tockoneky g = 1, ¥ = 1, ¥ = 2, moaydasem 1* - 1. 2 = ~1 — BepHOe
PABeHCTED.
IIpeanonosuM, YT0 YTBEPACHEE BEPHO AIA = &, T. €.

B~ W= 1Y
AOKAMCEM, YTO TOTAA VTEEDKACHNE BepHO Zna n =k + 1, T. e,
Yiee ~ Yevilirsn = G D2
B camom pene,
Yiee ~Wiebaes = P — Waetlthsr + Mad) =

=gl — Pa— Perbhez = UersWhez — Pred) — Y2 =

= Yoeath — Yia= (P o1 — Ualhed) = (D = D
BnaunT, yTREpMAeHERE BEPHO AnA JIOGOrO n. ]



TNABA

NEMEHTbl KOMBMHATOPUKM,
CTATUCTMKM M TEOPMM BEPOSTHOCTEM

§26. Kombunaropseie 3agaum

§127. Cratmctuna — gu3ahiH MHPOPMALIM

§28. [Mpocrefilume BEPORATHOCTHLIE 33Aa4H

§29. JSucnepumeHTansHbie AaHHbie M BEPOATHOCTH
cobbiTHi

§ 26. KOMEMHATOPHBIE 3AZIAMM

TIpocTeiimue KOMGHEATODHEIE 38A8YH HECKONBKO HAIOMH-
HAT AETCKYIO HIPy B KyOmKH. HMeeTcs rOHeuHOe WHCAO KYOHKOB,
HIH SJEMEHTOB HEKOTOPOr0 KOHEUHOr0 MHOMKECTBA, & HY:KHO NOCYH-
TaTh KOJUILCTEO T€X BJIH HMHRIX KoMOMHAOWH, cOCTABASHHEIX M3 3THX
KYOHEOB (31eMeRTOB). Ecay HyXHHX KoMOMHANWHN He CHHIIKOM MEO-
ro, TO Bce HX MOMKHO IMPOCTO NEPEeYHCHHTE HAM, KAK N'OBOPAT, Iepe-
fpaTe BCe BOSMOMKHOCTH. B aTOM M cocTORT Memod nepefopa sapuan-
mog. Hanpumep, ecan w3 oudp 1, 5, 9 cregyer coCTABHThL TPEX3HAY-
HOe YHCI0 663 MOBTOPANIIHXCA IU(P, TO BCe BOIMOKHBIE EAPHAHTEHI
HeTpyAHO BMHOucaTs. 9ro 159, 195, 519, 591, 915 » 951. 3uaunr,
BCETD MOMXHO COCTABHTD INECTh TAKHAX YHCEN,

TloaggepkaeM, 4TO yie B 2TOM NPOCTOM NPHMepDe ME! IDHBEIH He
CAYYAMBEIA, a PAsyMHO Opzanusosariuii nepebop. CHavaxa ma nep-
BOM MecTe sadmrcupopann 1 ¥ yBuAeaAn, YTO TEKKX BADPHAHTOB BCETo
aea: 159 ® 195, 3ateM Ha DepBOe MeCTO MOCTABHAM 5 M YBHAEIH, YTO
HOJYYUHJIOCH emle ABa BapHaHTa: 519 u 591, Haxkomen, TaxnM e 06-
PA3OM COCTABMIM YMCJJA, HAYMHalompecs ¢ 9, — ato 915 m 951,

Xopomo nogobpamHu nepefop BapEaHTOR Kpafine BamxeH B 60-
Jee CHOMKHEIY CUTYAIHAX, KOUJA B KOMHYECTBO BOZMOMKEBIX ROMOGH-
HAImil XOCTATOMHO BeJMKO, H IOACYET IPHXOAMTCA BECTH, DPACCMAaT-
pMBAH PA3NHYERIE CAYYAM.

NMpumep 1. Uz audp 2, 4, 7 cregyer COCTABATE TPEX3HAYHOR
YHCJI0, B KOTOPOM HY oaHa Indpa He MOMKeT HOBTOPATLCA GoJlee ABYX pas.

a) Hailite nauMeHBllIee TAKOE THCIO.

6) Hailru manbonpimee Takoe 4aciao.
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s. ” 3MEMEHTH KOMBMHATOPMKM, CTATHUCTMKM M TEOPYM BEPOATHOCTEN

B) CKOJILKO TAKHX 9YACEN, HAYAHAKIUXCA ¢ 2, MOYKHO COCTABMTH?
r) CKOJIBKO BCErO TAKMX YHCeJ MOMKEO COCTABHTHT

Peme H u e. a) Hanvensmam auciaom Gyzer 224, pegs ecam Ha
mepBO¢ MK Ha BTOROE MecTO BMecTo nHdpw 2 mocrapnTs mudpy 4
HIH oEdppy 7, TO YBEe/MYHTCA AJA IMCJA0 COTEH, WJIH YHACKO XeCHT-
KOB. A pa3 nudpa 2 y:xe DOBTOPUNACE, TO HA HOCHSNHEM MeCTe HOJIK-
Ha croare oudpa 4 (a Be T).

6) Paccy:xaan aHanorHaIE0, HafigeM Banfonsmee gacno — 310 774.

B) CHagANa HazoBeM umncia Oes nosropesnit mudp. dro 247 1 274,
IToToM HasoBeM WHCAA, B ROTOPHIX HoBTOpAeTca 2. Sro 224, 227, 242,
272. Yueno, B KOTOPOM NOBTOpeHa nudpa 4, TONEKO OREO, 9T0 244,
Ymcno, B KOTOPOM NOBTOpeHA mMdpa 7, TaKxke ogBEO, 310 277, Beero
noayuraock 2 + 4 + 1 + 1 = 8 wcen,

r)} KonwaecTso wices, HATHHAIOIAXCA ¢ qAbGpH 4, MOMHO ITOCYH-
TATh TAK JKe, KAK B NIYHKTe B); HX BCero BoceMb. PasyMeercs, TO e
BEPHO H AXA YNCe], HAYARAIMAXCA ¢ HAGPH 7, HX TOXMEe BOCEMb.
Beero moyryunm 24 umcaa,

OrBenr a) 224, 6) 774; B) 8; r) 24.

dopMaTBEHO, AJIA OTBETA B NVHKTE I') MOXKHO ObuIc 6Ll M He pe-
mars a) u §). OxEaKo B Kammoil 3ajade Ba nepefop BapuaHTOB GHBAET
HOJIe3HO BEIMMCATE HECKOJBK(O THORYHREIX KOMOMHADHN, KOMIIECTBO
KOTOPRIX MHEI COGMpaeMCH IOACYNTATE,

Kax 1 muore MATeMATHMECKFe 3agaqr, TpeEMep 1 r) gonyckaer apyro¥
cnocob peurenes. Bor on, Haligem cmauana KOAMYECTBO 6CeX TPeXBHAYHHIX
YACeN, KOTODble MOKHO COCTABMTE M3 muadp 2, 4, 7. Ilo rpasuay ymrowuce-
HUA, ¢ KOTODKIM MB TOSHAKOMEMCS YyThH MO3Ke, HX Gyaer 3 - 3 - 8 = 27.
A Temeph BRIYTEM KOJNMYECTBO YHCEJ ¢ TPORHEIMH DOBTOPeHHAAME madp. Ta-
KEX gucesn peero Tpu: 222, 444, 777, 8mauur, orBer: 27 — 8 = 24,

Pemexrne npuMepa 1 B) Takme MOXHO 0POPMATE COBCEM IO-APY-
roMy, 3aIIHCAB MOCTPOSEHE TPEX3HAYHOrO YMCTE, MIAT 34 MaroM, B BH-
Jle HeROTOPOro <IOdTAaXKHOro» niasa. ITomMecTuM mepeyw nudpy 2
B BEpXHMIH NPAMOYLOALHMK, OT KOTOPOTO NPOBEAEM TPH «JOPOTH»
(pmc. 169). OBU coorBeTcTEYOT BRGODY Bropoid mubpal, Jto mam 2,
une 4, ane 7. llonyauM Tpu HpAMOYrONBHAKA HA BTOPOM YPOBHE H
mepelineM k Bufopy Tperweil madpr. Ecoy vropoil nmpdpoi okasanacs 2,
TO HO YCAOBHIO TpeTheil nudpoli moxer GmTe uau 4, unu 7. 3ea-
YHT, TYT BOSMOMCHE BCEr0 ABA BAPHAHTA, B PesyAbTATe KOTOPHIX INO-
JYYATCA TpeXsHAauEHRe yHeaa 224 u 227, Ecan sxe sTopas nudpa pas-
Ha 4 mm 7, 1o AnA TpeThed NAPPH OrpAHMYEEHI HET, H 5TO MOMET
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5. SNEMEHTBl KOMEBMHATOPKM, CTATMCTMKM M TEOPMM BEPOATHOCTEA

AN
S N A B B O B
[ 224 || 227 | | 242 | [ 244 || 247 | [ 272 | | 274 | | 277
Beero: B wmcex
Pac. 169

ORITE WU 2, Ay 4, WM 7. 3HAYNT, B KAMKAOM A3 9THX ABYX CAY4AcE
BOBMOKHAL 10 TPH BAPHAHTA COCTABJACHHA TPEX3HAYBKIX uncen, Iloxy-
garca uncaa 242, 244, 247 u 272, 274, 277.

Mul cocTAaBENH TaK HAOLIBAEMOe JEpeso B03MONCHBLX 8UpUAHMOS,
TIpermymecTBo 2ror0 chocofia paccy:RAeHHA COCTOMT B €ro BAarisaa-
HOCTH: BCe BADHAHTHI BHAHK HA KapTHHKe (cM. puc. 169), u noHsTHO,
KaKk EMeHHO OPraHHN30BAH HMepeffop BCeX BOSMOMKHOCTEIR.

Ipumep 2, «3Tor peuep CBOGOMHRIIT MOXKHO TAK HPOBECTH...+%:
HORTH NMPOTYNATECA K peKe, HA IJIONIAAE HJIH B HapK H OOTOM OOHTH
B rocTH K BrATe mam K Buke. A MOKHO OCTATBCA AOMA, CHAYANA IIO-
CMOTPETE TeJeBN30D N MOYUTATE KEIMMKKY, 4 NOTOM IOUrpaTh ¢ bpa-
TOM WIH pasofpaThcd, HAKOHeN, vy cefda Ha nmuchbMeBHOM crone. Ha-
PHCOBATH JepeBO BO3MOMCHLIX BAPHAHTOR.

Pem e B ¥ e. [lepeso BapHAHTOR MpeACTARIeHO BEa puc, 170,

IHpumep 3. B ypHe NeXKAT TPH HepadIHYHMEX EA OIYOb [UADA:
Apa Geanix u ogmH depHEINR. IIpH BHITACKMBAHAH YEePHOTO IIAPA €ro
BO3BpAImAIOT OGDATHO, 4 BHITAILEHEHIT OeJinlil map OTKIagLBAIOT B
cropoRy. TARYK ONepanHio IIPONSBOLAT TPH Pasa MOADPAL.

a) HapucoBaTs AepeB0 BOIMOXMCHEIX BAPHAHTOB.

6) B cxoabKnx cAyYadX TPH BHTAIIEHHHX Imapa GYAYT OXHOTO
nsera?

B) B cKOABKHX cAYIAAX cpeZH BRITAICHHRIX mapoe Gennx Gygmer
Gosnbime?

r) HapucopaTs AepeBO BO3IMOMKHEIX BAPHAHTOB AJA 4YeTHIpeX
BHITACKHBAHMIT MIAPOB.

Peme s de a)depero BOSMOKHEIX BAPDHAHTOB LIPEACTABICHO
HA puc. 171.

* ¢«3ror Beuep cBofommuni / Momno Tak opoBect: / 3a TyManmrii O6-
poaublif / Hepamaua#l saldpectn...» (A. Kymuep).
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Beuep
l'IPOI'Ymca /J.lou
Pexa ITapx Krmxra

/\ /\ AN

Bura Buka Bura Buxa Bura Beka Bpar Crox Bpar Crox
Beero: 10 papHanTOB

Pre. 170

Caydali BRITACKHBAaHMA ABYX Oenmix mapos ocofenHmil, B arom
CIy4sae OCTAETCA ONMH YepHLIH Map M TOABKO €ro HOTOM M MOMKEO
Gyaer OpaTs.

0) Ilo pepepy BAPHAHTOB BHIHO, UTO 2TO BOIMOMKHO B €QUH-
CTBCHEOM cllyuae, KOTAA TPH pasa NOAPAA BRITACKMBAGTCA map 4ep-
HOTO IBETA.

B) Tpex Geanrx mapop GHMTE He MOXKET. SHAYHT, peub HAET O ABYX
GeNnix H OZHOM YE€PHOM IIApPe. DTO BOBMOMKHO B TPeX cayiaax (cM.
aepero sapuanTos: BBY, BYB, YBB).

/\
/\

LL J\ A

Beero: T BapmaHTOB

Pae. 171

215



5. SAEMEHTEI KOMBMHATOPYHM, CTATUCTMHMA M TEOPMM BEPOATHOCTEA

BY
BBY BY BY BY 9 BY Y v q
Beero: 11 papuaETOB
Puc, 172
r) Tyr Kk nocieaneit cTpoke M3 a) ZOOABHTCH elle OAHH YDOBEHD,
COOTBeTCTBYIOMHUA YeTBepTOMY BLIGOpY (pHe. 172). [ |

Takxoro poaa AMATPAMMH B IOAPOGHOCTAX YA0OHO PHCOBATH TOJb-
KO AAA CPABHHTENBHO HeGONBIIOre uHMCJA BADHAHTOB, A, HANDHMEp,
AnA cOTeH KOMOHHAIAA Aepepd BADHAHTOB HNEJAKOM He HAPACYEIb,
Torza npaxoaETCA AeMCTBOBATE MO-APYroMy. Bo MEOIHEX cAyuaAX ODH
OOACYETAX HCOONLIVIOT RPAGUI0 YMHONEHUX.

IOPABHJIO ¥MHOXEHHA

Jag mozo vmobst HailMii YUCRO BCEX BOIMONNHBIX UCX0B08 Hesa-
SucuM0z0 npogedenun deyx ucnwmanuil A u B, cre@yem nepemmo-
HCUMB RUCRO BCEX UCX0D08 UCNBIMAKUA A t HucCA0 acex ucxodos
ucnsimanus B.

Jna o0wpacHeHNA NpasHIa YMHEOKEHAS HapAcyeM AePeBO BAPHAH-
To8. Ha nepeoM ypoBHe y Hac 6YZYT NepeyHCNeHR BCe NCXOARL 4y, O,
@3y ey p_ 1, G, HCOBITARHA A. IToCNIe KaXAoro U3 yie BHIMACAHHEBIX
HCXOJOB BO3MOXKHLL BCe Hexoaw by, by, bgy ouvy Uy -1, b, HeTIBITARHA B —
Befih MCILITAHNSA OPeANOAAraloTCA HesaBHCHMLIMH. B pesyaeraTe oo
AyMHTCA R+ R+ R + ... + B = nk ucxozos (pue. 173).

n

= TS
\WAVARAVA

b, by .. by b, by .. By By byl b, B b, B, by,
Beero: n pas oo k, T. e. nk HeX0OZOB
Pnc. 173

216



5. 3JEMEHTb KOMBUHATOPMKW, CTATUCTIKA M TEOPUM BEPOATHOCTEA

IIpumep 4. Ha sasrpar Bosa Moxer subpars nnmomuy, 6y-
TepGpoAl, NPAHAK HJIH KeKC, A 3aNHTh HX OH MOKeT Kode, COROM MIH
Ketbupow. CKOXLKO BAPHMAHTOB 33BTPAKA €CTh ¥ BOBH?

P e m e H 7 e. ColepeM Bce BAapHARTHL B Tabauiy.

Huowra BymepOpod | Hpanux Kexc
Koge | Kope, mmomra | Kode, Kode, npaeur | Kobde, Keke
Gyrepbpon
Cox Cox, mIIOmKA Cok, Cok, ODpAHAK Cox, Kekc
Gyrepfipoz
Kegup | Kedup, nmomka | Kepup, Kednp, npanuk | Kepnrp, kekc
GyTepbpog,

Tax Kax BRIGOD €Kl K BANNTKA NPOACXOJAT HEE3ABACAMO, TO BCETO
BAPHAHTOB 3aBTPAKA CTOJBKO JKe, CKONbKO H KJAeTOK, T. ¢, 12 (xaerkn
¢ BASBAHHAMH CTPDOK M CTONOLOB He CUMTHEM).

Oreem 12,

3amevarue 1. He 06aA3aTEABEC PHCOBATE TAOIHILY H SANONHATE €€,
B npuMepe 4 pelneHHe MOMeT BRITMIAJETh TAK: HCHHTaEAe A —
BHIGOp egkl, ¥ Hero 4 Hcxopaa, a HcoeiTaHEe B — Bmb6op BanwTKa,
y Hero 3 ucxoas. BriGop egnt M BHOOpP HAIMTKE HE3ABHCHMHE ApPYT
ot apyra. Ilo mpasuny yMHOMERHA moxydaeM oTBeT: 4 - 3 = 12,

Bamevanue 2, IIpaBUI0 YMHOMEHHA BEPHO M AJXA TPEX, U AXA Ye-
THIDEX H T. . B€3ABHCAMMNX HcnuTaEwl, Ina offeAcEeHAA OOCTATOI-
HO HAPDHCOBATH HY)KHOE AcpEeBO BAPHAHTOB M MOACUMTATE KOJIHYLCTBO
BOSMOYKHBIX BAaPHAHTOR.

Bamevanue 3. Bepsemca K puc. 173 nepepa EAPHAHTOB, KOTOPOE 00B-
ACHAET IPABAJNO YMEOKCHHNA, 3aMeTHM, UTO 00IIee KOJIHISCTBO 12 X k
ECEX ABYX3BeEHEIX BeTBell TAKOro fepepa He HIMEHHTCA M B TeX CAy-
Yafgx, KOrZa, HAIIpHMED, b, cTodAlee mocie puGopa a,, He COBIALAET
¢ TeM b,, KoTopoe cTOMT nocae BrIdopa a4, HIH b,, cTOAIIEE NOCAE BhI-
6opa @, He COBIAAAET C TeM b,, KOTOpOe CTOMT Tockxe BLiGopa a, # T. A.
TTony4yaerca Gosee obimee KOMOUKAMOPOE NPABUNC YMHONEHUR,

KOMBHHATOPHOE ITIPABHJIO ¥MHOXKEHHA

Ecnu nepeviii npedmem A momno svifpams n cnocobamis 4 npu
aboxm evifope npedmema A amopoii npedmem B moxcro svibpams k
cnocobaxic, me napy npedmemos (A; B) MoxHo sufpamb n X R
cnocobamit.
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Ina creayiomere npuMepa MR OPHBEAEM TPH cmocofa perme-

HHA: nepefopoM, ¢ DOMOLILE) JePeBs BAPMAKTOB M [0 NPABMITY YMHO-
HEeHHA.

Dpxmep 5. B ropunope — tpu damnouxu. CROJBRO HMeeTes
PASRUYBRX cuocoBoB OCBeleRNA, BKAIOYAA cay4ali, korga Bce JaMm-
OOYKH Be ropaT?

P ¢ m ¢ B ¥ e. Ilepanrji ¢coocod (nepefiop rapaanTon). IIporymepyeM
RAMIOOMKH B GyZeM NHCATH + HAH — B 3ABHCAMOCTH OT TOr0, TODHT
HAH He MOPHT odepeaHad daMnouxa. Torza Bee cmocolnl ocBelleHHA
MOKHO [IPOCTO IepeduciInTs. Boronm: + + +, ++ —, + -+, + — -,
-++,~-+ -, - =+, = = =, Beero BoceMb cnocoboB.

Bropoii cnocof (aepepo sapuanTos). Ha pue. 174 HarnanHo npen-
CTABJIEHH BOCEMBb CHOCOOOB OCBEIICHHA KOPHAODA.

Tpernii cnocob (npapuac yMEo:keana). [leppada NaMmouYra MoMKer
HAH T'OpeTh, HJH HE I'OPeTh, T.€. HMEETCH ABA BOZMOMKHEIX MCXOAA.
Ho To e caMoe OTHOCHTCA KO BTOPOd H K Tperbelf naMmouxam. Mu
OpegnonaraeM, MTo JAMIOUKH FOPAT HIH HET HE3aeUCUMO APYT OT

apyra. Ilo mpasury yMHOMKEHAA NOMy9aeM, 9T0 YHCIO Beex clocobos
ocBellleEnda passo 2+ 22 =8,

OrpeT 8.
Ilepeaa naMmouka
+ -
Bropaa aaMnouka Bropasa naMnouka
Tpersa Tpetsa Tperesa Tpersa
NAMIOYKA JAMIIOUKA JAMIOYKA JAMIIOYKA
A A + - + -
+++ ++- -+4+ -+- -—+ ---

Pue. 174

218



5. INEMEHT KOMBUHATOPMKM, CTATHCTIAMM M TEOPMM BEPOSTHOCTEN

¥V KamAOro M3 3THMX Tpex cHocob0B pellleBMA B KAaMAOM HOH-
KPEeTHOM CAydae eCTh M HpeHMylecTsa, i HeflocTaTkn. Brifop cnoco-
6a peruerua — 3a Bamml OTMeTHM BCe JKe, YTO NPABHIO YMHOKEHUA
(RIH KOMOHHATOPHO? DPABMAO YMEOMKEEHAA) NO3BOJACT HDAKTHUYESCKHN
onENM crocofoM pemarhk caMile pasHOOGpasBErie 3agayu. Haopamep,
OHO MPHMBOZHT K KpaiiAe BAJKHOMY B MATEMATHKe HOHATHIO (Harmo-
puaaa.

IIpumep 6. Bcempe — mIecTs YelOBeK, 94 CTOIOM B KyXHe —
[UECTE CTYALEE. BEIMO pemeHo xamARA peyep nepex y:KMHOMI, pPAC-
CAXXEBATELCS Ha 3TH LIECTh CTYJILEB O-HOBOMY. CKOJNBKO gHed 4leHH
CeMBH CMOTYT AeNaTh 3T0 Bes moBTOpeRMi?

P e m e H 7 e. OTBeT OKA3KIBAETCA HEORHAAHEOC GONBIINM: NOITH
Apa roga!l Ofsacumm ero, g yaodcTeBa paccy:cAeHUE npoByMepyeMm
cryapa Ne 1, Ne 2, Ne 3, No 4, Ne 5, Ne 6 | GymeMm cumTarh, 9TO WJIEHE
cembl (6a0yiuka, Zenymka, MamMa, NAIA, J04b, CHIH) 3AEHMAKT MECTA
1o ouepenH. Hac HHTEpecyeT, CKOMBKO BCETO CYMIECTBYET PASITHUYHEIX
cnocob0B pACCAYKHBAHHA.

TIpeanonoxkAM, qTO neppoii caguTca 6abymka. ¥V Hee mMeerca
MIeCTh BAPHAHTOR BRIGOpA CTYA4. BropnmM caamTca AeAYIIKA H BLIOH-
paeT CTYJA H3 HATH ocTasunxca. MamMa gemaer cBoH EmIflop TpeTkeil,
1 BH0Op v Hee GyAeT U3 YeTHIPEX CTYJbEeB. ¥ Nanu fyger y:xe TpH
BAPHAHTA, ¥ JOUKH — ABa, HY 4 CHIH cANET HA eIMHCTBEHHLIE Hesa-
HATEOE cTya. Ilo xoMOMHATOPHOMY MpABMAY YMHOMEHHSA NOIYYAeM,
uyTe Beero nMeeTca 6 + 5 -4 -3 - 2 - 1 = T20 pasauuHnx cnocoboB
paccasknBanva, a 720 AHedl — 370 U eCTH MOMTH JEA TOAA.

OrpeT: 720.

Onpedeaenye, Tlpousseenne NOAPsAA MAYIIHX MepPBLIX N HATY-
pasBERIX uucen O003HAYAIOT 1] M HASLIBAIOT «3H (PAKTOPHAJS:

mM=12-3-..."(n-1)"n.

To-agrauiickn oFHO M3 sHAYEHHH cloBa facltor — «MHOKHTED? .
Tax 4TO «3H axmopuans IPHMEPHO HNEPEeBOZHUTCH KAK <«COCTOH-
IHHE M3 i MHOKEATexeis>. IIpapeseM HecKONBKO NepBEIX 3HAYEHUI
ana nl,

n|l 2 3 4 & 6 7

n11(1-2=2(2!-3=6|31-4=24|41-5=120(5!-6="720| 6!-7 = 5040
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3HaueRuA 1! oyeHs GLICTPO BO3PACTAIOT ¢ yBenwdyeHeM n. Hanpu-
mep, 10! 6oabme, yem 3,5 Muanona, a 15! npumepso passo 1,3 Tpua-
JIMOHA.

Jas nopcueroB, cBA3AHHEIX ¢ i, 6niBaeT yA00HO HCOONLIOBATD TA-

Kyio GopMyay:

Dopmryna O6nacHenEe

al=(n-1)-n n=1-2-3-..."(n—-1)-n=
=(1:2'3-...-(a-1)'n=(n-1-'n

7. 41
HanpuMep, Ans BLIYACACEUA SHAYCHHS ol 51 coBceM He 00saa-

TeJLHC BEAXOAMTH Bee TeThpe GaKTOPHAJA H NOTOM ITPOH3BOAHTEH BH-

yHCIeHNA. YAo0Hee CHAYAJA TIPOBECTH COKPAICHMS:
714161741 7,

6] - 51 61-41-5 5

ODpumep 7.

a) CROALKUMM cnocoDAMM YeThipe BEOPA MOT'YT IO OAHOMY paadbe-
JKaThcH HA BCE TUeThIpe CTOPOHM T

6) B 9 «A» KIACCe B cpeXy CeMb YPOKOE: ajredpa, reOMeTpHA, JIH-
TEPATYPA, PYCCKHH AWK, AATAANCKHA A3LK, OCHoJOrAA ¥ GHIKYIL-
Typa. CKOIBKO BADHMAHATOR PACOMCAHHA HA CDEAY MOMKHO COCTABHTE?

Pemenne,

a) Iyeres BOpM pasGeralores moodepeaHo. Toraa y mepBoro ecThb
YeTHpe BAPHAHTA BHMOOpA HANIDABJCHHA, ¥ BTOPOr0 — TPH BAPHAHTA,
¥ TPEThEro — fBA B y NocleaHero — oAMH BapuanT. Ilo npasuny yM-
HOXKeEHA nonyyaem oTeer: 4 - 32+ 1= 4]

) Ina anrefpul €CTh CeMb BAPMAHTOB PACIOIOMEHHAA B pacImuca-
Huu, Ecan ana anrebpu Baibop caenaH, To Ang reoMerpnu Oyaer yixe
mecTs BApMAHTOR. Eean anrefpa ¥ reoMeTpHA 3AHANH B PACHHCAHHME
CBOE MECTO, TO AAA JUTEPaTYDH OCTAETCH NATEH BAPHAHTOE H T. 1.
Tlo mpaBuay yMHOMEHHA DOoXydaeM oTBeT: ( *6-5+-4-3-2-1=17

OTBeT:a)24=45; 6&)5040="T

MH BEAAM, YTO YCAOBHA 38784 BHIVIAAAT NO-PASEOMY, & pella-
10TCA OEHM IMOYTH ONEHM H TeM :Ke ciocofoM. 3HAYHT, €CTh KAKOe-TO
oflee MpaBHIO ANA PeIIeHNS TAKOrO THNHA 3agad. Maul chopMyaupy-
€M €r0 B BHJIe TeOPEMEI O IePecTAROBKAX 3JIeMEHTON KOHeTHOro MEO-
JECTBA.
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TeopeMa. B PEIAULHBIX INEMEHLMOE NONCHO DACCMASLMb RO 00-
HOMY HG N DAIRUNHWX Mecm pPogHo r! cnocobamu.

Heropuiecks 6oslee IPHEAT He TEPMHH «PACCTAHOBRAY, A TEDMHA
«HepPecTAROBKA®, M [IO3TOMY STY TeopeMy uallle QOPMyIMPYIOT TAK:
«Hueno scex nepecmano8or MHONECTIBA U3 N S2ACMEHMOB paaHo nis.
CoxpameEHO 2T0 3ANUCLIBAIOT B BHAE QOPMYJILI

B aToM corpamenun 6yxBa P cooTBercTBYeT mepBoil OykBe amr-
IEHCKOTO raaroixs (CYIIecTBHTeAbHOro) permuie (permutation}, ro-
TODRI H ITePEBOAUTCA KAK «IIepecTABIATE» («nepecTaHoBKA»). Hanpu-
Mep, Pp=31=6, P,=T=5040n1. 8.

§27. CTATHCTHKA —
OM3AMH MHOOPMALIMA

HauHeM ¢ KOHKpeTHoro npumepa. Jonycrum, €To B

9-x kaaceax «A» H «B» maMepunm pocT (B caATHMeTpAaX) 50 yueHH-
koB. [lonyunnca saGop us 50 umcen, HEKOTOPEIE H3 KOTOPHIX MOITH
HOBTOPETLCA. Bpaa au caMoe MaleHbKOe H3 HEUX Oyzer MeHnine 140,
a camoe Gonsmoe — BGoneme 200. Mo:xHo, coba0aaa oYepeHOCTh H3-
MeDEeHMIT, BRIIHCATE BCe NEHHLIE B CTPOUKY depe3 SAmATyio. MoxHO pac-
ITOJIOKHTE HX B AIBE KOJIOHKH B COOTBETCTBHH C KAACCEHMH CIHCKAMH.
MOXKHO KAK-TO BANHCATh MX B Bupe Tabamue 5x 10 @ T. o,
B ntore 6yaer cobpana mosraa uEdOpMANMSa O NPOBeAEHEOM H3MEpe-
Hau. K copxanenmio, nparTHueckn npu modoM coocoGe pacHonoxeBRns
adconIoMmHK0 8ceX NAHABLIX HTA MHGOPMAUNNA TPYABO «4YHTEETCHA®: OHA
He HarJAJEa, 3aHAMAeT MHOTO MecTa, HUKAK HEe YIGPAZOUYEHA ML T, J.
A TpepcTAaBETe PE3YNBTATHI, cocTommue He @3 50, a ma 500, 5000
AIH H3 MUJIIAOHOB pasnmuenx yncen! Hanpumep, Yuciao B pasMepsl
BKAanoR B COepbaHke 3a Tekymuil rog miAH JAHHHE O NPOH3BOAH-
TeNBHOCTE TPyAa HA NpeAnpHATHAX KaKoi-HHOyabL oTpacad mo Beeii
CTpaHE, pesyJIbTATHI M'oJIOCOBAHASA IO BCeM HabMpAaTeNIbHBIM VIaCT-
KAM H T. 0. EnnECcTBeHHBI pasyMHBIH BHIXOA — KAKHM-TO ofpa-
30M npeolpascedmy NePBOHAUANLELIE NAHHLIE H3MEDEBHA, B nep-
EYI0 O9epeAb 3AMEeTHO YMeHLIDEE X ofmee xonmgecTso. OaHa na
OCHOBHEIX 38/aY CTATHCTHKH KAK pa3d ¥ COCTOMT B Haajemamei
ofpatomice ungopmauuu. Komeuno, ¥y CTATHCTAKH €CTh MHOrO IpY-
THX 3aJa9: ODONyIeHHe U XpaHeHne HEGopManuy, BHpatoTka pasmmd-
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HREIX OPOrHO30B, ONEHKA HX AOCTOBEDHOCTH ¥ T, X, Hu ofHA M3 »THX
neneit He gocTICEEMA Ge3 ofpaGOTKHE JAHHRIX.

Hrak, B mepay) ouepenh 3aiiMeMCcH CTATHCTHMIECKHMM METOXAMH
ofpaorkn uahopmanmn, Kax nparuno, nopanox npecOpa’oBaHH
NepBROBAYANFEO NONYIeHHOX HHPOPMANEH TAKOB:

1) cravana ASEHKE H3MEDEEHHA ynopadovueaom W ZpyRRUDYIOM;

2) saTeM cOCTABJAIOT Maliulbl pacnpedeneHus JGHKbIX;

3) Tabauum pacupene/seHHA IePEBOAAT B 2paduru pacnpedeneris;

4) HEaKOHeI, IIOAYYAIOT CBOETO DOAS RACROpM JaKHbix HAMEpPEHNd,

B KOTOPOM co0paHO HeSONBIIOE KOAWYECTBO OCHOBEEIX “UCI(-
8ux xapaikmepucmuy NolydeHEON mEdoOpManuH.

BaduKcHDYEM OZHO KOHKDETHOE H3IMEPEEHEe M NPOCAeIHM IIAT 34
IUaroM, KaK ero JaHHHEe MpeoOpasyioTcd B npouecce o00paGoOTKH HH-
dopuMannn.

HsmepeHne (H). ¥ 50 paboTHHKOB FOPOACKOTO IIPEAMIPHUATHR
OOIpOCIIA OUSHHTEH BpeMs, KOTOpOe OHH B CpeaHeM TPATAT Ha IIpo-
eax oT aoma Jo paborm. Ilonyuynnuce cregyioIEe AAHHRE B MUHYTAX
(c TousocThIC A0 10 MEBRYT),

20 100 20 30 40 550 30 80 90 40
30 &0 20 50 30 30 50 60 60 50
30 40 60 50 100 60 90 10 20 50
90 80 20 40 50 10 50 40 30 40
60 120 30 40 60 20 60 10 50 60

1. I'pymmuposka uagopmMannn. [leproe, 9T0 creayer oneENTs, —
9TC pAMKH, B KOTOPHIX BOOGIIE MOTYT HAXOZHTHCA HAHHEIE H3Mepe-
HHA. MeHee 10 MEBYT (T. . (0 MUHYT) EMKTO He 38dBRJI (TeppUTODH-
ansHO oM H pafora — 3T0 He OAHO H TO Xe), a Gomee 180 MuuyT
(Gonee Tpex uacoB) HAa MPOe3A 10 MOPoAY B OOHY CTOPORY BDHA MH KT0-
TO OyAeT TPATHTH KeKIb#l AeHb. 3BAYHT, B ODUHNUNE B 3TOM H3Me:
PEeHAH MOIJIA TONYyUNTRCA uucAa 10, 20, 30, ..., 160, 170, 180. Mu
COCTABHIM ofwyiti: pad danrvix. JlaHERE PACIIONATANT, KAK NPABHIO,
6 nopaAdxe 6O3PACMANUR.

Hrak:

Hameperme OQ6nmnit pax naEELRIX

Bpema npoeaza (B MHHYTaX) 10, 20, 30, ..., 170, 180
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Il pxMep l. Bunucats odmvil pAL A2EHEIX CASAYIOIIEX HIMe-
peHHIL:

a) MecHAl POMIAELBHA YUeHHKOB bamrell mxonm; 6) rog pomaeBmEa
BAIOHX POJCTBEEHMKOB M BHAKOMEX; B) rofioBoli MpOmeHT BEAYHCHE-
B 0o BeaajgaM B faBxe; r) HavaneHue GYKBE B NepBO# CTDOKE CTH-
XOTBODEHHA,

Peme E u e. a) Beero MokeT NOAYYHTECA 12 Mecanes. Ecau
OepeuncAATE X He 00 HASBAHHAAM, 8 00 HOMEpaM, TO DONYYAM
ofmuii pAag JaHABIX:

1,2,8,4,5,6, 7, 8,9, 10, 11, 12,

6) Bpag am y Bac ecTh POACTBEHHMKM HIH 3HAKOMEIE, KOTODRIM
mHOro Goaeime 100 ser, a BoT HOBODOMKAEHHEIE BIOAHE MOTYT BCTpe-
TETECA. 3Haumr, OSINA pAx AAEELIX BraageTr Tak: 1900, 1901,
1902, ..., 2005, 2006, 2007.

E) Harakoil yBaxawiumi cefa 6aHr 6onee 15% rogoBHIX Be ZacT.
Y10 xacaeTcH HIMMKHEH OoUeEKH, To TYT MeHee (,1%, KoTopnlie naer
Coepbanx PoccuH no BrIajgaM Ao BocTpeboBaEMA, HEBO3MOMKEO Hpes-
CTABHTL, 3HATAT, B 3TOM cixydae OQIAN pAX AAHERIX BRITIAZHT TAK:
0,1; 0,2; ...; 0,9; 1; 2; 8; ...; 14; 15.

r) B nepeoii ¢TpOKe CTHXOTBOPEHUA B HDMHI[ANE MOTYT BCTPETHTLCH
Bce OyRBEI pyccroro andasura oT A 1o f. Caexzyer HCKMOUNTEL Hepe-
aneBRe caxydan (b, b, bl). OcrapmBeca GyKBR MOMKEO, BEanpHMep,
nepeHyYMepPOBaTh O MOPANKY d nepeiiTu kX uncropoMy ofilleMy paAxy:
1, 2, 3, ..., 29, 30, [ ]

IoauepkReM, 4TO OUpeAeleHNus B CTATHCTHKe He BCeraa HOCHAT
CTONB e TOMHMM xapakTep, KAK, CKAXXeM, ONpefleleBEHA B reoMeT-
pun pan aaredpe, Hanpumep, B oyaxTe §) npaMepa 1 or gofaeneHns
1899 k mocaemoBaTensrOCTH 1900, 1901, 1902, ..., 2007 oma He me-
pecraHer OHTEL 0OIHUM pAROM AAHHLX, B OVEKTe B) BCe rOACRLIE IMpO-
HEHTH MOMKEO OLIO, B NpPUHIMIOE, H3AMEPATHL ¢ TOMHOCTHIO A0 AecH-
THX W TOTZA OOINKIl pan JeEHHIX cocTasmiau Owi wuena 0,1; 0,2; ...;
0,9; 1; 1,1; ...; 14,9; 15,

B KOHKpeTHOM M3MEDeEUM ENO/JAHe MOXeT CIAYYHTBhCA TAK, YMTO
KakHe-TO AaHHEIe M3 ofmero paja Boofie He BCTPETAANCH, SHA-
YMT, HAZO OTHYATE PeAJIGHO HOJYYEEHBIE Pe3VAbTATE AIMEPEeEHd OT
obmero paga AaHHMX. Hanpumep, B HaMepeHuwn (M) EaM peanbEo
BCTPETIIHCE TOABKO TAKHe pesyarratmi: 10, 20, 30, 40, 50, 60, 80,
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90, 100, 120. Ka:kaoe HM3 3THX THCEJI HASHIBAIT 60pUANMOil H3Mepe-
HAA.

BapuaATa H3MepeBHA — oJUR U3 De3yALMAMOS IMOZ0 U3Me-
perua.

Heckonbko HEOPHBHYEO, HO B CTATHCTHEES HCOONB3YIOT CAOBO
HMeHEO KeHCKOI¢o poja.

Ecmu Bce BAPMAHTH M3MepPeHHUA HepeMHCIUTE 0 nopagky (u Oea
OOBTOpPEHHiT), TO DOXYIRTCH pAd dannbix usmeperus. B Bammen mamepe-
Hun (H) pap paaunix — a0 10, 20, 30, 40, 50, 60, 80, 90, 100, 120,

Hrak:

Pap JaRHEIX
ROERPETHOTO MAMEPSRHS

Bpems mpoeagza | 10, 20, 30, ..., 170, 180 10, 20, 30, 40, 50, &0,
80, 90, 100, 120

Hanepenue Ofmmit pag gaERRX

Il pu M e p 2. BumucaTh paj ZeHHBX AIMEpPeHHA, COCTOAIIErO H3
BCEX PABHHEIX OYKE HEDEHIX ABYX CTPOK CTHXOTBODEHMHIl:

a) «He rosopu HuxoMmy / Beé, 4TO Th BHAEN, 3a0yAb..»";

6) «310 Aepeno cocHa, / M cyabba COCEB ACHA..»" .

Pemernne.a)a, 0,6,2 3,6, 3,u, %, 1, M,N80p, 0 MY, %0,
b. Tyr ucnonesosara 21 Gyxsa Ha 33 MecTax M noeTopeHuit GYKB oveHb
MAJTO.

6)a, 0,80 e u x0p c my, b, b, 3 4 3iech HCIOALIOBAHH
16 6yke Ha 30 MecTax, mopTopenuit Gosbine, B B 0COGEHHOCTH 9TO OT-
HOCUTCA K GyrBe «Cs. DTO Tak HALIBAEMAA ARAUMEPALUA. |

Kak Mu BUAMM, He BCe BAPMAHTHI KOHKDETHOIO H3MEPEEHA BAX0-
ZATCA B OAHHAKOBOM NOJO0xeBHH. KaKHe-TO BCTPeqYaloTCd MHOrO pa3,
KAKAS-TO PeiKe, 4 HEKOTOPLIE BCTPEYRAIOTCA IO OAHOMY pasy.

Onpedeaenue. Ecana cpean BceX AAHHRX KOHKPETHOIO H3MepeHHA
OOHA H3 BAPDHAHT BCTPETHJAACE DOBHO k pas, TO IHCIO & BazRBaIOT
KPATHOCTRH) aToH BAPDHAHTEI HIMEDEHHHA.

Hanpumep, B u3Mepenun (H) spemsa B 60 MAHYT BCTPEeTRIOCE BO-
ceMb pas, 4 BpeMa B 120 MUBYT BCTpeTHAOCH ONEAKALI, SHAYHT, KpaT-

* Ha cruxorsopenns Q. Maspemsmrrana,
* W3 cTexoreopenma 10, MuBepamosa.
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5. || IJEMEHTH KOMBUHATOPMKM, CTATMCTIAM M TEOPMM BEPOATHOCTEM

BOCTE BapuaaTu 60 pasHa BOCEMH, & KDATEOCTh BapuadTh 120 pasHa
exuHnme. Ilepen aanvrefintelt o6paborrolt nanERIe MaMepeHUA yxob-
HO cepynnupoeams. Tenaerca ato Tax. [na yxofcTea samAmemM AaH-
Hble raMepeRnd (M) B pecATKAX MHAHYT.

g W £ 3 4
3 5 2 5 8
3 4 6 5 10
9 8 2 4 5
6 12 3 4 6 2 6 1

ITeparie Tpr pesyasTaTa 2, 10, 2 B mepeoil cTpoKe NepeuepKHYTH
B BHEK TOr'0, 9YTO ME HX YIK¢ COCYHTANH. JIHHMM, KOTODRIMM 3TH
pea3yAbTATH MepeYePKHYTH, HOBTOPHAM B BHINHCAHEOM 3ApDAHEe DAXY
OAHHBIX:

T 2 3 4 5 6 T 8 9 10 11 12
7 /

ByaeM gBAraThca mo CTROYKAM Aaeée H MepedePKMBATE Odepen-
HEIE DE3YVABTATHI, & HKAXNAOe JAYeDHKHEAHHAEe KOIOHDOBATE HHMEEe COOT-
BETCTBYIOIeH BapMaHTHL B PAARY JAHHEIX. BoT uTo moayumurca mochae
NPOX0AACHUA NMePBOH CTPOKH: B Heil mo JBA pasa BCTPETHANCH EapH-
aHTH 2, 3, 4 4 110 OAHOMY pasy — BAapHMeETH 5, 8, 9, 10.

1 2 3 4 5 6 7 8 9 10 11 12

oo /I

PeayneTaT 1ocjie TPOXO:EACHRA NEPBLX JBYX CTPOK BRITJIALHT TAK:
1 2 3 4 5 7 8 9 10 11 12

6
111 T 1 TR /)

Yro6u HEe COHTHCA CO CUETY, EMECTO KaXKA0H mATOH YyepTOYKH
IPOBOAAT AHHAI ¢ APDYTHM HAKJIOHOM, KOTOPAA INepedYepKHBAET de-
THIPe NpeALAvIIye Zeprouki. Ha opaxTHKe, KOEEUHO, Bee IMOACUETH
ITPON3BOAAT B OAHOM MECTe: Beahb NDOMeXXYTOUHRIe Pe3yLTATEH He Hy M-
HEL. Bor kaxk B mTOre GyAeT BRIPISAETEH PE3YNBLTAT NOACYETA KDATHO-
cTell B HaNleM OpPHMepe:

- O W N
oW W
o= O 00
= - R =
O o N R

1 2 3 4 5 ;] 8 9 10 12
117 T T T 11744 11 T A TR 11 77 10 1 7

Temeps MOKHO COCTABUTEL £2pynnuposannbiil pad dannvix. B HeM
Kamaas BAPDHAETA IOBTOPDEHA HMEHEEO CTOJBKO pad, CKOJLHKO OEA
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5. ﬂ INEMEHTb! KOMBMHATOPMKHM, CTATUCTHN M TEOPMM BEPOATHOCTEN

BCTPETHNIACH B H3MEDEeHHH, T. €, YHCAO0 NOBTOPeBHH Ka:xAciH BapHaH-
TLl PABHO KPATHOCTH 9TOH BADHAHTEI:
L1, 2..,2 3,..3, 4,...4, §,..,5, 6,..,6,
e e — et N — —— ——
8 & 8 7 10 8
8, 8, 9,9,9, 10, 11, 12
3
Ha sToM sakaEYMEBAeTCA NepBhiil mar obpaboTHy nHpopMAINY —
¢ YOOpAZOUYABAHWE M IPYHNHPOBKA.
2. Ta6awunoe npeacTaeienne wHpopmanun. CocTasum Tabauoy
H3 ABYX CTPOK, B nepeoli Ha koTophix OGyaeT pAA JAHHELIX H3MepeHHd.
Bo BTOpYyIO cTPORY TAGAMILI MOCTABHM KPATHOCTH COOTBETCTBYOIIHX
papuaHT. Iloxyumm mabauyy pacnpedenenus ZaHRHEIX., Bor Kak »To
BHITTATUT B HaMepeRHH (H).

BapuaeTa

Cymmia
1 2 3 4 5 6 8 9 10 | 12

Kpargoers | 3 | 6 | 8 | 7 20| 8 | 23| 2 1 50

Ecu CNOMKUATL BCe KPATHOCTH, TO HNOJYINTCH KOMHEUECTBO BCEX
HeHHEIX MaMepeHHAa — o0sem usmepexur. Taxk Kak onpamaBanu
50 paBorunrrop, To ofnem mameperus (M) pasen mmerno 50, Ha opaxk-
THKE JAA KOHTPOJA BCerfa CKNAALIEAIOT HAWJEHEBIe KPaTROCTH
BAPHAHT: CYMMA AOJNKHA DABHATLCA O0LeMy HIMepeHHA.

Damee, mpn ofmel oneHKe pacHpeAeJeHHA JAEHLIX HE OUYeHBb Baj-
HO, IT0, HROPHMED, BAapuaETA 10 MMeeT KpPaTHOCTE 3 cpeil EBCeX

50 paHHEIX. Tax Kak 3% = 0,06, To yzofuee ckazars, YTO ITA BApH-

8HTA 3aHHMAET mecTh COTHIX ofimero odnreMa H3MepenuA. Tar u
MOCTYIIaI0T, T. €. FEeJIAT KPATHOCTE BADHMAHTHL HA ofrpeM HIMeEDEHHA
H DOAYYAKT MACTOTY BADHAHTLIL.

Kpamuocmb aapuanmaol

YacToTa BAPHABTHL =
obzem UIMEPEHUR

YacTOTH BCceX BADHAHT YAOGHO MpUNHCATh TPEThel CTPOKOH K yaKe
cocTaBaeHHo Ta6nune. Hoeyo TpexcTpouHyio Tabimmy HEaLBAIOT
mabnulieit pacnpederenus wacmom NaMepeEHA. BoT xax aT0 BRTRA-

AuT B usMeperun (H).
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5. ll SNEMEHTDE KOMBMHATOPMM, CTATUCTMKM M TEOPVYM BEPOSTHOCTEW

Bapuamra

Cymma
1| 2| 3| 4|56 ]| 8|9 |10]12

Kpataocte | 3 i 8 7T 110 8 2 3 2 1 50

Yacrora |0,0610,12(0,16|0,14|0,2)0,16(0,04!0,06(0,04/0,02( 1

CyMmMa Bcex uaCTOT BCerAa paBHa 1 — Befis 3T0 cyMma gpobeii ¢
OAMBAKOBBIM SHAMEHATE/IEM, Y KOTOPEIX CYMMA Beex drcauTenelt rax
pas M PAEHA 9TOMY 3EaMeHaTemo. [Ina yaobeTea cueta H HOCTPOSHHUA
rpaAKOB YACTOTHI NEPEBOAAT B HPONEHTH OT o0BeMA MIMEPEeHHA.
Torga Tabauny pacopelefeHHA JONOJHAIT eIme CTPOKOH YACTOT B
nponenTtax., OHa MOAYYAeTCHA M3 NPeARIAVINEH CTPOKH YMHOKEHHEM
ga 100% . Hrak, axa usMepennda () mosyuaeM ciegyouyio Tabauy
yiKe H3 “eTHPex CTDOK.

BapuasTa

CymmMa
1 2 3 4 5 6 8 9 10 | 12

Kparuoers | 3 ] 8 7T |10] 8 2 3 2 1 60

Hacrota 0,06(0,12{0,16/|0,14| 0,2 |0,16(0,04/0,06/|0,04(0,02| 1

Yaerora, % | 6 [ 12 | 16 | 14 | 20 ) 16 | 4 6 4 2 100

CyMmMa BCex 4acTOT B NPOIEHTaX, KOHeYHO e, pasaa 100 — negs
3TA CYMMAa B ¢TO pa3 (oJeIoeé CYMMH B IpemhAymeil cTpoKe.

3. I'padmueckoe npencrasneune uudopmanuu. Frtak, pacnpene-
JeHHe JaBAKX H3MepeEHA YAOOHO 3aAaBaThH ¢ moMousio Tadaui. Ho
MEI 3HaeM, UTO B Ixa GYEKOHENA ecTh Mabiuvkviil criocod BX aafaHBd,
Tabaunur oSpasyioT «MOCTHK», 0 KOTOPOMY OT pacmpeieieHus JaR-
HEIX MOXKHO HepeHTH K QYEKNHAM M rpadpuKam.

OrnoxHEM o ocH abcopcec JHAYEHHA H3 TepBO CTPOKA TaGJHILI
pacopefieNeHus, & IO OCH OPAMHAT — FHAYCHMSA H3 e¢ BTODOH CTPOKH,
TlocTpouM COOTBETCTBYIOIMHE TOYKH B KOOPAMHATHOK miockocTH. Ilo-
JyaHEM rpadmdeckoe H3oGparkenHe AMeloleiica nAGOpMAIME — Zpa-
Qux pacnpedeaenus svifopiu. IlocTpoeHERE TOUKY A1d BATIATEOCTH
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COeAHHAIOT oTpeakaMi. Bor xax 1o BurnagueT B HeMepeBurH (H), nan-
HEI¢ KOTOPOro MhI y:Ke HpefcTaBMIM B TabaudaoM Buge.

Tlo ocwm abemmec | 1 2 3 4 b ] 8 91|10 |12

Ilo ocu opaumear | 3 6 8 T 10 8 2 3 2 1

¥l
10+

-}

4
T

[l - - T - S - N B - ]

5 6 7 8 9 110 1 12 *
Pac. 175

Ha xoopauHaTHOd NIOCKOCTH ME HOJXYMHIM JOMAHYIO JHHAK
(pmc. 175), koTOpaa ABNAETCA rpadHKOM EEKOTOPOR KycouHO-IUHEIH-
EOH QYHKOUA, ITY JOMARYIO HASLIBAIOT MHOZOYZORDHUKOM BIH ROAU-
20nOM pacnpedenenus DAaHHHX. CoDCTEBEHEO polygon W NepPeBOAUTCA
KAK «MHOTOYTOJILHHKS.

TouHO Tak e COCTABAcHHLIE TAGIMIL PACIpefeneBud YacToT H
pacHpefieieEHA YACTOT B HPOLEHTAX NO3BOJNAIOT LIOCTPOMTE MHOZ0-
YZ20RBHUK ¥ACMOM H MHOZOYZ0RbHUK tacmom 6 npoyenmax. llna Ha-
MIAAHOCTH B MPAKTHYECKHX NPHAOKEHHAX YA00GHee MCHOJAR3OEATH
MHOTOYTOJIBHHKH YACTOT B NPONEHTAX: B HHX H3MeHeHHS IO OCH op-
aaaat ot 1 xo 100 puayansHo GoNiee 3aMeTHH, YeM H3MeHeHud ot 0
zo 1. IlocTpou MEOrOYTOJIBHHE TACTOT B IPONEHTAX AiA uamepennd (H)
(puc. 176).

Mo ocu afenuee | 1 2 3 4 5 6 B 9| 10|12

T

Q
P I
b
o

No ocut opammar | 6 | 12 | 16 | 14 | 20 | 16 4 6 4 2

228
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ot - = - - - - - - A e e = e A - -

bt o = o o - —

i T 8 9 10 11 12
Puc. 176

h

MH BHAMM, TTO ZaxKe Oasa AeGoaemoro oGneMa HIMEPeHHH aKKy-
PaTHOE «IpPHYeCKIBAHNE» UHDOPMANAE — AOBOMBHO KDPOIOT/ANBAH
rems. Ilpu pafore ¢ GoabmuMy 00beMAMH UEQOPMAIIHE HCIOIB3VIOT
MeTOoAR TpAGARKeHBOi IPYNINNPOBKHE NAaRBRX. B Takax cayussax Ba-
pHAHTOH H3MeDeHHA ABAACTCA He OAHO YHCAO, & YMCIOBOH NMpOMexRy-
TOK.

Hanpuwmep, B namepesrn () Becex paGoTHHKOB NpealPHATHA MOM.-
BO pasfennTh Ha TPH rpyunmnsl. Bo-nepBeIX, 3T0 T€, KTO SKMEET GIH3KO
or paboret. OHM TpaTAaT Ha gopory 10, 20 nau 30 Mueyr. Bo-Broprix,
BTO Te, KTO KHBeT Hepameko. Ux myTe sauAaMaer ot 40 go 60 Mugyr.
Bce ocTANBHEIE FKHBYT JANEKO M OPOBOZAT B aopore Gomxee uaca. Tem
CAMEIM MEI Pas(HaIn NHPOMeRYTOR Me:Ay caMoll MalreHbroit M camoil
Gonpmioll papuaATOi Ha mpomexytkm 1—3; 4—6; 8—12 (B gecar-
KaX MHEHYT). B aTore BMecTo JlecATH HePBOHAYANLHRIX BADMAHT NOJY-
YUJAOCH BCErQ TDH HOERIE BAPHAHTH; (/H3KQ, HefalleKo, ZAJIEKO,
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5. || 3MEMEHTbl KOMBMHATOPMKM, CTATMCTIHM M TEOPMM BEPOSTHOCTEN

Jna Kamaoro HPOMEXYTKAE MOMKHO BAHTH KOMWYECTBO pPesysIbTa-
TOE ASMEPEHHA, NONABIINX B 3TOT OpoMe:RyToK. Ifoayuum xpaTtHo-
CTH ; Tabaunoy pacupefgeleBRs HOBEIX BAPHAHT.

Bapsaara
Cymma
GAH3RO HOTATOKD BATIRKD
KparsocTs 17 25 8 50

PasyMeeTcs, MOYKHO COCTABHTH M TaBJMNK pacupefeleHES 4dac-
TOT U MPOUEHTHHX YACTOT HOBHIX BapHAHT. BoT 4TO MOJAYUHTCA.

Bapuanra
Cymma
GMHIKO HOXAACKY JARJICKO
KparsocTs 17 25 8 50
YacroTa, % 34 60 16 100

IIpu Taxoii rpyGoii omeHKe MLI KOe-4TO yTe-
PAIH B3 NePBOHAYANLHON HAJopManuu. Hanpu-
Mep, Teneps HeH3BeCTHO KOJU4YecTBO paGoTHH-
KOB, TYTh KOTODBIX COCTABJAdAeT HMeHHO 60 wmm-
ByT. Ho MK uT0-TO B mpuobpenn: mEGQCpMAnHA
noxyuyuna Gonee AcHoe ¥ yaobHOe AnA ofbAcHe-
HHA OpeAcTapleBEHe. BoT KAK 3TO BHIMIAAMT,
HANDHMEp, H& KPYyroBou puarpamme (puc. 177).

Puc. 177 Ipu rpadMueckoM NpeacTapaeHny GOmBIIHX

ofbeMOR EH{OpDMAINE MHOTOYIOIBEEKH DaC-

npeAefcHAs 36MEHAT 2UCMOZPAMMAMY, HIH cmoadvambimu dua-
zpammamu. BH mMo3HAKOMMTeCh ¢ HUME B cTapmell mxone.

60%
TATEKO

4. YucaoBme xapakTepHCTHKH JAHHBIX HamepeHus. Kaxaril ve-
JOBEK, KPOoMe CBOHX GOpPMANBHEIX, ODACHOPTHRIX, HAHHHX, obiaagaer
PAAOM APYTHX CBOICTB B KavecTB. KTo-To mydme Bcex pemraer safa-
UM, KTO-TO — GpPIEeT, KTO-TO 3aMEeUATEIEHO HIPAST HA METAPE M T. 1.
OzHaKo CPABHUTETEHO Hefoabman nacnopTraa aHdopManus ($.1.0.,
JaTa POKACEHA, HOMED M JATA BHAAYM NACIIOPTA) DO3BOJAET OAHO-
BHAYEO ONPEeACJMTh YeNOBEKA, BHAEANTh €r0 CpedH APYTHX. ¥ AgH-
HEIX HM3MepeHui TOMe eCTH CBOero poaa Kparkmit nacnoopr, cocTosd-
e 13 Babopa OCHOBHBIX %icio6bix xapakmepucmur. IodcEumM He-
KOTOPHIE H3 HUX He y)Ke BHAKOMOM HAM IDpHMepe naMeperna (H).

PaarocTs Mexay MAKCHMMANBEON M MUHMMANBEOH BADUAHTONR
HASRIBAIOT pasmaxom uimepenir. B mamepernnn (M) pasmax paBeH
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5. LIBJ'EMEHTI:I KOMBMHATOPMMM, CTATUCTHHM M TEOPMM BEPOATHOCTEA

120 — 10 = 110 musyram. Ha rpadure (cM. prc. 175, 176) sTo anaua
o0JacTH OMpeAeJeHNA MHOTOVTOJABHHKA PacnpefeleEud AAHENX AIH
pacnpeaeseRus YACTOT.

Ty BapHaHTY, KOTODAS B M3MEDPEHHH BCTPETIJIACH Yallle APYruX, Ha-
BRIBAKIT MOO0% uimeperus. Ecnm gannarie M3MepeRHd yike coUpaHn B JBY-
CTPOYRYIO TAOJANIY DacTIpeAeieHHA, TO AIA HAXOMIEHNA MOABI CIEAYeT:

— Bo BTOpO#t cTpoKe (KpaTHOCTE) BHOpaTs HanGoabitee YHUCIO;

— QT HRHAEHHOr) YHCAA MOFHATECA HA KJISTKY BRI HOJTYYEH-
HO& YHCJIo H GyaeT Mozoii.

Ecan aaHHele HaMepeHRSA NPEACTABIEHE rpadaecky B BHAS MHOTO-
YrONBHUKA pacHpefelleHUd, TO MOAA — 9TO TOYKA, B XKoTopoil mo-
CTHTAETCA MAKCHMYM MHOTOYTOJBHMKA pacnpeaeneHnd. Hanpumep,
B uaMeperus (M) Moz paBua 50 MmaryTaMm — mHauGoasmree 9ucao pa-
6oTHHKOE (10) HMeHED TaK OLEEHBAIOT BpeMA CBOETD JIpoe3ia.

Samerum, YTO BoIMOKHE Gomlee CHOMHEIE DacmpeseseHns gamenix. Ha-
UpHMep:

MOza Moga)
Bapusara (-3|-1]| O 214]|5 6 (10 |11 ] 12 | Beero: 10

Kparmoers | 5 | 7 (25 (11| 3 |8 | 20 (10| 7 | 4 | O6pem: 100

¥ sToro pacopezeneHmna rBe Mopasl. Kax ropopar, 310 Gumodanvioe pac-
npeaenenme.

Hanfonee BakHON XAPAKTEPHCTHKON YHCIOBOIO PAAA JAHALIX ABAA-
eTcA cpediee anaienue (cpediee apupMemuiecioe, WM NPOCTO cpedHee).

Jas naxomdenusn cpednezo sHaveHus credyem:

1) npocymmuposame sce GEHHbBIE USMEPCHUA;
2) noayuenny0 cymmy pasderimsv Ha KOIUNECTNBO JaHHbLY.

Jna moacdera cpeaEero 3HAYCHHA yAOOHO HCIOONLIOBATH CrpPyII-
NMHPOBAHHKWH pAN AAHHBX. BOoT XaK 2T0 BHIrAAONT B usMepeRnn (H):

LL1, 2,..,2, 3,.,8, 4,..,4, 5,...,5, 6,...,6,
3 L] g 7 10 L]
8,8, 9,9,9, 10, 11, 12

S e

3
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Haiizem cpegHee 3EadYeHHe:

1-3+2-6+3-8+4-7T+5-10+6-8+8-2+9-3+10-2+12-1 _
o =
- 3+12+24 +28+50+48 +16 + 27 + 20 + 12
50
HYT). 3HAYHT, CPeJiHEE BPeMA [IPOe3Aa AAd ONPOlLIeHAMX PAGOTHHKOB
cocTapager 48 MHEYT.
Ecau tabnune pacopefeieHHs ZaCTOT AAHHLIX YK€ M3BeCTHA, TO

cpepHee 3HAYCHHS MOMKHO BRIYHCAATH OpAMO mO Heil, CMoTpuTe:
1-3+2-6+3-8+...+12-1 _

50
1.3 4,2.8,3. 8, 4+12.1.
50 50 50 50

= 4,8 (aecATxoB Mu-

Bee gpofu B mocaeaHeil cyMmMe — 3TO MACTOTEL BAPMAHT, KOTOPEIE
CTOAT Nepef 9THMH APoOAMH B KAYUECTBe MHOKHUTeNell. 3HaUHT, B TAG-
JIHIOE PACHPeNeNeHHA YACTOT MOMKHC IIPOCTO NMEPEMHOMKMTH YHCHIA B
KaRIoM cronfe B 3aTeM CIOKHTL BCe MONYICHHEe TPOM3BeACHHS.

BapuanTa
1 2 3 4 5 6 8 9 10 12
Yacrora|0,06)0,12|0,16|0,14( 0,2 |0,16|0,04 0,06 (0,04 0,02 1

Cymma

CoopmynnpyeM oflliee npaBnio.

(ﬂm Haxondenun cpednezo IHAYCHUR FORHBIX USMEPEHUR HOXCHO:)
1) xaxcdywo sapuanmy YMHONKUMS HE €€ YACTOMY;
\_2} CRONCUME 6CE NOAYICHRBE NPOUIGETEHUA,

J

Mui 38KOHYHM 2TOT naparpad eimte OZHHM KOHKPETHHIM NpHMe-
poM H3MepeHHSA, KPATKO DOBTOPHB AMA Hero mare 1)—4) ofpaorkn
JAHHEIX (cM. ¢. 222).

II pxMep4 Ha seTynuTeaIbHOM DIHCEMEHHOM 2K3aMeHe IO Ma-
TeMATHKEe MOMKHO NoXy4HTE oT O a0 10 6annoB. Copok aGHTYpHERTOB
MOAYINAN TAKHe OMEeHKH:

6 7 7 8 9 2 10 &6 5 6
7 3 7 9 9 2 3 2 6 6
6 7 8 8 2 6 7 9 7 5
9 8 2 6 6 3 7 7 6 6
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1) CocramuTs ofmuail pap JAHHKX; YOOPAACIMTS H CIPYIIMPOBATE
HoaydeHHEIe OLEeHKH,

2) CocraBuTh TAGIMIOH pACTIPeAeIeHAA AAHHAIX M DACHPEeAeNCHAA
YACTOT.

3) TlocTpouts rpatdMKn pacnpeneaeHHA.

4) HaitTi pasmMax, MOAY H cpefiHee M3MepeHHA.

Peme H ¥ e. 1) B npraname BO3MOKHK Takae onesru: 0, 1, 2,
3,4,5,6, 7, 8,9, 10. OTo obwyuii pad danxsix. B ROEHKpeTHO npeaio-
JKeHHOM M3MepeHHMH BCTPeTHIIHChH TOJBKOC TakHe oneHku: 2, 3, 5, 6,
7, 8, 9, 10. 9710 prd Oanubix, BCe TNCAA B HEM — 8APUAHMbL UIMeDe-
#ta. Hakowen, 2,...,2, 3, 3, 3, 5, 5, 6,....6, 7,...,7, 8,...,, 8,

e i’ —_—

M — S et
b 11 9 4

9,...,9, 10 — 3TO CePYRRUDOBAKHYLEL PAD DAHHLIX.

—
5

2) Beero 65110 BricTabiieso 40 oneHox. 3uauut, 40 — a10 offsem nan-
HOTO u3MepeHua. KpaTeocTH BCeX BOCEMH BADHAHT YaHe NOCIMTAHEI, Co-
OepeM Mx B Tafnuny u B 5rol 2e TalIHIE MOCYHTAEM BECE SACTOTLL

BapxaaTa

Cyuma
2 3 3 6 7 8 9 10

KparaocTs 5 3 2 11 9 4 b 1 40

Yacrora 0,12510,076( 0,05 |0,276(0,225, 0,1 (0,125|0,025 1

Yacrora, % | 12,5 | 7,5 5 !275|22,5| 10 [12,5] 2,6 100

3) IloayaenHasa rabarna pacapeneleERs NO3B0IAET NOCTPONTE TPH
MHOTOYTOJALEHKA DACHpeNeNeHHA: AAHHEIX, YACTOT H 9aCTOT B IpO-
meHTrax (pme. 178—180).

Ilo cylecTBy pasiuvMMA B 3THX rpadHMKAX COCTOAT TOJBLKO B BRI-
fope efAHAn H3MepeENa M MacmTaba MO OCH ODAMHAT,

4) BepHeMcA K IepBOHAYANBLHEIM AAEHHIM. Pazaax A3MepeHHdA pa-
BeH 10 — 2 = 8, Moda paBua 6 — ora oleHKA BCTPETHJIACH YAllle ADV-
rux., Haxoren, ¢pednee anaieHue PABHEO

2:5+43-3+5-2+6-11+7-9+8-4+9-5+10-1 _
40
10+9+10+66+63+32+45+10 _ 245 _
= 40 =0 6,125,
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5.

"
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&
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2
3
2 &

11+

10+

1+

MEHEOrOyTONIBEME pACHpeIcHeEHA YACTOT

Yacrora
BAPHARTEL

-

0,21

0,1+
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MEOTOYTONLEME PACTPENCAeHMS JACTOT, %
YacroTa
BAPHAHTH, %

i

30 1

25 4

204

15 4

104

+ X

10 Bapuaura

T
7 W,

1
|
|
|
'
|
|
I
I
I
I
I
I
I

6

4= — - =

Pre. 180

§ 28. NPOCTEALLME BEPOATHOCTHBIE
3ANAYM

C BHeKOTOPHMM KOMOMHATOPDHEIMH 3a4898MH MKl YiKe
BeTpedamuch B § 26. B xakgoil M3 HMX MH DOACYATHIBANH KOJIHYe-
CTBO BCEBO3ZMOMKHEX KOMOMBAIH#, KOTOPHIE TEM HJIH HERM crnocobom
MOKHO COCTABUTH, HCXOAS] H3 YCAOBHA ROHKpeTHON sagauu. Hanpnu-
Mep, nz3 oudp 1, 5, 9 MOXKHO COCTABHTE POBHO INECTh TPEX3HAMHEIX
ancen Oes noproparomuxcs nadp: 159, 195, 519, 591, 915 n 951.
A KAKYI0 Y8CTH M3 HMX COCTABAAKT, HAIIPHMep, YHCJAA, KPATHEIE
naTe? BugHO, YTO M3 2TUX MIECTH YHCES TOJBKO ABA HHUCAA AHATCA
Ba oATe: 195 1 915, 3uaunT, yncaa, KpaTHHE IATH, COCTABILIOT 0OHY
mpemb 0BIEro YHUCAA BCeX COCTABICHHRIX yHcel. B Teopuu BepodATt-
HOCTEH TOBOPAT B HTOM CAYyYae Tak:

1
§ — 3MOo eepogMROCMs MOZ0, LMo mpex3nainoe wucao, cocmaa-

AeHHOE U3 Henosmopsiowuxcr yupp 1, 5 u 9, 6ydem kpamuo nami,
PaccMoTpHM emie HecKOJEKO NOROOGHEIX OPHMEPOB.
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NDNpumepl Haaudp 1, 5, 9 cnyqafinnm 06pa3oM cOCTABIAICT
TpexsBEauHOoe YHCA0 Oes nosTopamuxca nudp. Kakopa BepoATHOCTD
TOro, 9T0 HOMYUNTCA MHCIO:

a) Goapmee 500; §) KPAAPATHRIA KODEEE H3 KOTOpOro Be Goanime
24; B) xpaTHOE TpeM; I') KPATHOE JEBATH?

Peme mue a) H3 mectn BosMoRBHEX uncen 159, 195, 519,
591, 915, 951 nepsrie ABa yncaa 159, 195 menswe 500, a nocnexsne

geTHpe Iucaa 519, 591, 915, 951 6oapme 500. Tax xax % = g-, TO

yuena, Goasmme 500, cocTapnaoT aBe Tperm oflllero 4UCAa ECXOA0B

2
H HCKOMAasA B€POATHOCTH paBHA "3'-

6) Tax xax 24% = 576, TO KRAADATHRIC KOPHM H3 YAcen 159, 195,
519 meBeIme 24, a KBagpaTHHE KOPEH B3 9acen 591, 915, 951 Gonp-
mte 24, BHAYNT, BEyMHLe HAM YHMCJIA COCTABIAIT MOAOBHEY o0imiero

1
THCHA HCXOAOB H HCKOMAaA BEPOATHOCTE pABHA '5-

B) CymmMa mudp KakIZoro H3 mecTH yHceax 159, 195, 519, 591,
915, 951 pasga 15, T. e, zeautca na 3. TlosToMy KaKkaoe HI BOSMOM-

HEIX TIecTH 9HCceN KpaTHo 3. Tak kak % =1, TO MCKOMaA BEPOAT-

HOCTE paeHa 1.
r) Cymma npudp xaxaorce uMa umcen papHa 15, T.e. He ZeawTca
Ha 9. [looToMy cpegn THX IllecTH YACE] Boo0Ine HeT YHCeI, KPATHRIX 9.

Tak Kak % = (), To HCKOMAA BepOSTHOCTH pasHa 0.
. 2 1
OTpeT a) -5; a) E; B) 1; 0 0.

IIpoaHanusHpyeM pemeHne opuMepa 1. B nyHKTe B) 0TBET MOKEO
OBLI0 NONYINTL, He BRINACKIBAS H AAXKEe He MOACYHTLIBAA BCE BOIMOMK-
Hble TPeX3HAYHbIE yucaa us uudp 1, 5, 9. Tlpocto npx nepecTaEORKAX
oudp HX cyMMa 15 He MeEAeTcHd, T. €. Bee 9nucia OVAYT KPATHE TDEM.
3aeck MK HMEEM HeJIo ¢ docmogephbim coboimiiem. OBO IPoR30OHIET HPH
moGoM cnocobe COCTABIEHMA TPeXIBEaqHoro ynucia us nudp 1, 5, 9 Ges
noptTopmomuxcAa mubp. B nyHKTe r) HUKAKOe A3 YHCEN, KOTOPLIE BO-
obme MoxcHO cocTaBuTh M3 nudp 1, 5, 9, e AeauTea Ha 9. gech ME
BCTPETILTACH ¢ NEBOIMONCHBIM cobptmuen. OHO HHAKOTAA He HPOHUIOHAET
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OpPH COCTARIEEHH TPEX3HAUHOrO Jdcngs B3 nupp 1, 5, 9 Ges mosTope-
BHit, B nysrrax a) m 6) mETepecyomue Hac co0bITHA MOTAM KaK Ipo-
H3oHTH, TAK B He NPOHMIOHTH OpH CAVYAHOM COCTABJACHHH TPEX3HAY-
Boro uncia. Taxue coOBITAA HASHBAIOT CAYYAUNLINU COOLITMUAMIL

IIpocreiftunil 1, HaBepHOe, HanGoNee MSBECTHRIH MCTOUHMK CIy-
yaliALix cobuTu#i — 570 Hrpa «OpAAHKA»: MOHETKY NOAOPACEIBAIOT
H CMOTDAT, KaKaA M3 e¢ CTOPOH, «OPels HIH «PellKas, BRINALeT.

II puwmep 2 Monery nogdpacupaior Tpe pasa. Kakoea sepoar-
HOCTB TOTO, YTO!

a) Bce TPH pasa BRINAJET «PEeIIKas; () «pelmKas BROAAET B ABA
Pasa Jale, 9eM <«0peis; B) «Opels BHIAJET B TPM pasa yale, YeM
«pelrKas; T) 1PN HepBOM H TPeTheM NOAOpPACLIEAHWH Pe3yAbTATH OV-
AYT pasauTIHBI?

Pe e ue, CocrapEM aepeso BapuanTos, ofoagaune 0 — BHI-
nageHve «opaas ¥ P — prinagenue «pemins (puc. 181). Mu uaum,
uTO BCEro BO3MOMKHEI BOoceMb Mcxogmos: 000, 00P, OPO, OPP, POO,
POP, PFO, PPP.

a) «Pemikas BHINAAET TPH PA3A TOJBKO B OAHOM M3 BOCHBMH HCXO-

ZOB. 3BAYAT, HCKOMAA BEPOATHOCTH PABHA % = 0,125,

6) Ha BocEMM BOSMOMHLIX HCXOHOB TOABKO B TPEX CAYUAAX <pell-
KA» BEUIAJIET B JBA pasa uame, 4eM «opens: PPO, POP, PPO. 3na-

YHT, ACKOMAA BEPOATEOCTh DABHA -g— = 0,375.

/\P

PN
ANVANVANVAN
o

000 O0P OPO OPP POO POP PPO PPP
Puc. 181
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B) Ecam «pemias BEINAAA XOTE Pa3, TO «OPAOBe AOMKHO OmITE
Be menee Tpex. Ho rorma noabpacrnsannit ymeTr BUKAK He MeHEBIIe
YeTHIPeX, & X 10 YCIOBMIO BCerc TpH. 3BAYHUT, yKAasanHoe cobniTue
HEBOSMOMKEO. BipoueM, MOXHO HpocTO NepefpaTs Bee BOCEMb BOIMOXK-
HEIX HCXOAOB M YBHUMETh, YTO HHU OAHMH H3 EMX He moaxoaut. Hrak,
MCKOMAA BEPOATHOCTL papHa ().

r) Ha BoCEMH BO3IMOMKEHEIX HCXOAOB MHTEpecyomiee Hac coSmTne
NpOR30HAeT B CACAVIOIMUX YeTHpex caydaax: OOP, OPP, POO, PPO.

3HauYNT, ICKOMAaA BePOATHOCTE PABHA % = 0,5,

OrserT a)0,125; 6)0,375; ») 0; ) 0,5.

B peasbHOCTH MOHETKS MOMKET YOACTL He TOMBKO Ha OJHY H3 CBO-
HX CTODOH, HO H «NPHCJAOHATLCA» K CTEHe HIM HOMKKe CTYA4, MOIKET
YEKATHTECA AOBOJBHO XANMEKO, €€ MOMKET KTO-TO CXBATHTH H yOE:KATH
u T. n, dcHo, 9TO HpA DOACYETAX BEPOATHOCTEH HEBOSMOMKHO WIH, 110
KpaiiHell Mepe, 0UeHE CAOKHO YUecTh noxodHmIe cayaan. IlosroMy aa-
paHee ZOTOBAPHBAKTCA, UTO IpH NOAGPACHIBAHAH MOHETHKH BOGMOIK-
ELl TOMLKO ABA CAYVUAS — «ODeJi» HIH «pelIKa» |, Gojiee TOro, 4To
BTH CIYIAH DASHOB0IMONCHLI Me Ay cobofi. OTo 03HAYAET, 9TO BEpo-
ATHOCTDH BHIAAEHUA «OPJas NMPHE OAHOM MOACPACKIBAHWH MOHETKH 3a-

1
paHee npeanomaaemc.u paeuoﬁ "é' H, COOTBETCTBEHHO, BEDOATHOCTE
BHIIOATCHEAA <«DEIIKA» INPH OAHOM I[OI[GD&CLI‘B&BHH MOHETHKH TaKxe

npednorazaemcs pasHoi % . Ilonyuaerca EeKOTOPAA ¢ MACANBLHATL® MO-

HeTKA, WA TIpocTellliag 8€pOAMHOCMHAR MOJeAb DEATEHREIX MOEET.
Pagnwaue TYT NpUMEPHO TAKOE JKe, KAK MEXKAY PeaJbHRIM ABTOMOGH-
JleM H MAIIHAEOM, KOTOpadA, KaK 370 ORBAET B TEKCTOBRIX 38/1a94X, HA
NPOTA)HEERE HeCKOJBKHX YACOB efAeT ¢ MOCTOAHHOH CKOPOCTHIO IO
npsiMoaurelizoMy mocce. Koseuno e, H IpAMOAHHeHHOCTh ImoCCe,
H PAPEOMEDHOCTb ABHMKEHHA, AA H IIPOCTO «PACCTOAHHNE MEKIY IIyHK-
TamMi A 1 B» — 3T0 ToabKO Modexru PeaNbHEIX cHTyanuii. OxHako
ANA NpocTeHITNX, NePBOEATAALHEIX NOACYETOB KAK PA3 M EYMKHLI
[IPOCTEHE MOASJH: Befib JelCTBOBETh B CAOKHEBIX MOTEAAX HAMHOIO
caoxHee!

Hrakx, MH IPHXOOHM K cleayiomeii cxeMe IOACIETA E@POSTHOCTH
cayuaiiHoro coGhITHA MDA NPOBEeeEHH HEKOTOpOro BmcnmTaanga, Iloa-
YepPKHEM, YTO MPUMEHATE 3TY CXEMY MOJKHO MOAbKO B TeX CIy4asx,
KOTAA BCe MCXOARl 3TOTO HCOLITAHAA DPAGHOS0IMONCHL Mexay coboil.
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4 '
KIACCHYECKASA BEPOATHOCTHAA CXEMA

HnR naxondenus eeposmuocmu caydaitioze cobimua A npu npo-
8edenuu HeKOMmOopoz0 UCHLIMAHUR CRedyem:
1) naitmu wucro N acex e03MOncHbX UCx0006 0aHH0Z0 UCRBIMAKUR,

2) naitmu roauvecmso N(A) mex ucxodoe ucnbtmaniis, 8 Komo-
puix Hacmynaem cofvimiue A;

)
3) naiimu vacmruoe } OHO u Oydem pasno sepoamHoCTU

N

cofvimus A,

>

TpunaTo BepoATHOCTE coOMTHA A 0603HaTaTE P(A). O6LicHEHHE
TaKoro 0003HAYEBHA OUYEHL IPOCTOE: «BEePOATHOCTL OO-GpaHmy3-
ckH — probabilité, no-arauiickn «BepoarHos — probably. Ucnoonn-
3yda 370 0603Ea9eHAEe, BEPOATHOCTE COORITHA A MOEREO BHAlTH ¢ HoMO-

N(4A
w0 dopmyas P{A) = fv ) .

Joronkro wacTo nyHKTH 1)—3) npurefeHHEOH KiaccHueckod Be-
POATHOCTHON cXeMBl BLIDAMCAIOT OAHON AOBONBHC AMRHHOH dpasoii.
-~ ™\

KJIACCHAYECKOE OIIPENEJEHHE BEPOATHOCTH

Bepoamuocmuvio cofvimus A npu nposedeniils HeKOMOPOZO UCNbE-
MAKUA HAFLEAIOM OMHKOWEHUe YUCRA MmeX ucxodos, 6 pesyrbma-
me KOMOpbiX Hacmynaem cobuimue A, ¥ ofuiemy vucay (pasHo-
BOIMONHBLX Mexdy coboil) ucxodos amozo UCRbLMAHUR.

\ v,

B gacTBOCTH, eClH COGRITHE A HeeO3MONHO HIPH HpOBedeHHH

HEKOTOPOTO HCHHTAERA, To N(A) = 0 n mosromy P(A4) = NI(VA) -
= % = 0. Hanpotus, docmogeprocmb coGLITHA A NpH NpoBefileHHH

HeKOTODOro HCNEITAHHA O03Ha4daeT, 4To N(A) = N m nosromy P(A) =

IIpumMep 3. B npasunbHOM gerATHYroJbHHKe ABCDEFGKL
cayIaiiHEIM ofpasoM npoBexH ofHY B3 gmaroHaneil. Kakosa Bepoart-
HOCTE TOT'O, ITO.
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6)

Pre. 182

a) mo obe CTOPOHKL 0T Hee NeKHT OAMHAKOBOE KOJUYSCTEO BePIINE;

0) oo OZAY CTOPOHY OT AHATOBAAH Gyaer Je)RaTh GoJiee ABYX Bep-
IIHH;

B) THATOHAJE OTPESEET OT JeBATHYTONLHHEA KAKOR-TO TPeYTOJLHUK;

I) OOMH M3 KOEIOB IHATOHANMHM — BepmimrHAa L MiIu pepmmHa D7

P e m e B u e. ) Bae anarogam gesxuT ceMb BepimuE. Tak kax 7 —
YHCEJIO HEeTIeTHOR, TO 0O 00 CTOPOHBL Ee MOMKET JCKATH OQHHAKOBOE HO-
JIKYECTBO BEPIIHHA. 3HAYHT, 3TC BEB0IMOKHOe COOBITHE, €0 BEPOATHOCTE
paera 0.

6) Ecam mo ogHY CTOPOHY OT JUATOHAMM JEKHUT OAHA BEpIIMHA, TO
o APYI'YIO CTOPORY — IIECTh BEPIINH; €CAH IO OAHY CTOPOHY JICIKAT
ABe BEPIIMHH, TO IO APYIVIO CTODOEY — NATH BePIUHE (puc. 182, a);
HAKOHETl, eCJIH TI0 OTHY CTOPOHY JIEXKAT TPH BEPITAHH, TO IO ADYTYIO —
yereipe (pHe. 182, 6). Mu BuauM, uTo B JOOOM caydae XOTH OH ¢
OOHOH CTOPOEKL JeXXHT 00Jee ABYX BePIIME. 3HAMHT, Mhl BMeeM HeJo
¢ AOCTOBEPHMIM cOOLITHEM, er0 BepOATHOCTE paBHa 1.

B) CEavana npuaeTcs HOCYUTATE KOIHYECTBO N BCexX TUATOHANE.
Havano araroHann MoxcHO BHOpPATE HeBATHIO cnocobaMi, a KoEern —
MeCTLI0 CHOCOGAMM: Befh OPH YiKe BHIOPAEHOM HAYANE AHATOHAND
Helb3d OPOBECTH HH B 9TY BepIINAY, EH B ABe COCENHHE BEPIIHHEL.
Ilo mpaBuay yMHOMeHHA mojdyuaerca 9 - 6 = 54 amaroranm.
Ho npu TaxkoM noacueTe HAXAYIO AHATOEAAb, HanpuMep DG, MH mo-
CYHTAAH ABAKAHR: KaK AHATOHANL ¢ EAYAJOM BE D H KoBmoM B G 1
KAK AMaroHaNbs ¢ HAYAJM0M B G H KoHOoM B D (pmc, 182, a), 3raunT,
Bcero npoeefieAo N = 54 : 2 = 27 nmaronaneii.

Juaronanm, oTpesaiolee TpeyrolbEEKE, — 10 AC, BD, CE, DF,
EG, FK, GL, KA, BL (puc. 183). Hx paeBaTs — CTOABKO, CKOJABKQ BEP-

9 1

muH v ABCDEFGKL. 3raunT, HCKOMAS BepOATHOCTE PABHA re = re
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B

K G K G
Pue. 183 Puc. 184

r) Uz pepmusn D MOKHO OpoBeCTH mMeCTEH AAaroRasel (puc, 184)

H H3 BepimAHE L — croapko xe. Hoayuaerca 12 guarosanei, 50 ogHy

H3 BHHX, & MMEEHO AHEAroEaas LD, M nocumramm apasxanl. Ocrann-

EHE JeCATh JHATOHANSH DOCYATAHEI OO OGHOMY Pasy. JEAYHAT, METE-

pecyomee Bac cobriTHe npomsoiifer B 11 cayyasx, a DOTOMY HCKO-
11

Mas BEPOATHOCTS PABHA —_.

. ) O .y l. 12
Oreer:a)0; 6)1; B) 3 Y] R

Hmeerca TecBaA cBASHL MeXAY, C OABON CTOPOHEI, MHOMGCCTBAMM, X
ICMEHTAMH H OOZMHOKECTBAMM M, ¢ ADYTQIl CTOPOHRI, MCHRITAHWAME
(oIEITAMH, SKCIOCPHMERTAMH), HX HCXOZAMHA H CHVYAHELIMEA COOBITIIMIL

JonycTHM, BRI KaKUM-TO 08pa30M NepedHCIEIA Bee N BOZMOMXK-
HEIX ACXOAOB HEKOTOPOro OIKITA, HCOKTAHAA, SKCIepaMenTa. Moxer
ORLITh, BBl BRIOIHCANH ITH HCXOAW B OAHY CTPOKY, Yeped 3amATY.
MoxeT GWTE, KAKARLL HCXOH SAHCANTH B OTACJIBHYIO CTPOKY H CTPO-
KK npoHymepopand. Mo:rer 6mITh, B H300pasHAN HCXONE KAKMMU-
TO SHAYKAMH H& AuCcTe OYMATrm MAH pasMecTHIM MX IOA PASHBIMH
«SApABMMKAMA» HA SKPAHEe MOHMTOPA M T. n. BaxkHo, uto Bce N mcxo-
AOB BBl PACCMOTpENH KaK eAMEOe MHOMKECTBO, HepeuMcJeHHOe [oaJjie-
merTHO (puc. 185, a).

Teneps BAC HHTEPECYET BEPOATHOCTE HEKOTOPOTO CHYYARHOrO CO-
OHTHA A, KOTOpOe MOKET NOPOH30MTH, 4 MOKET H Be HIPON30HTH B pe-
SYJLTATE IPOBEeHHOrO UCNKWTABMA, JTO 03BauseT, 9T0 cobmrHe A
OpOHCXOIUT HPH HACTYHJICHUM MORLKC HEKOMOpPbiX M3 BCEX BOIMOMK-
HEIX N Mcxonos. Ormerum ux speagouxamu (puc. 185, 6). Torza
B BAIIEM COHCKE BeeX MCXOAOB BOJHMKAET BeKOTOpOe NOAMHOMKEeCTEO,
cocrofigee n3 N(A) sneMeHTOB.
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a) 6)
Pue. 185

Tlonyuserca, uro cnyuafinoe cofmTHe A — 3T0 NPOCTO HONMHO-
JKECTBO MHOJKECTBA BCEX MCXOIOB, A BEPOATHOCTH COOLITHA A — 3T0
AONA MCXOUOB, OAdzonpuamcmeyiowux A, cpein MHOMKecTBa Bcex N
BO3MOJKHBIX HCXO0n0B. B YACTHOCTH, BEPOATHOCTD KANMKAOTNO OTAEIBHO-

1

ro HCXOfla paBHA | .
aa p N

B HRmikenpuBeaeHEOH TaG/HIle MH DOKASHBAEM CEASh MeKIY Tep-
MHHAMA TEOPEH BEPOATHOCTEH M TEOPHM MHOMKECTB.

Henparamme ¢ N wexogamu Mnaoxecrso w3 N anemenTon
OrgenbsHE MexXom HCOMTABHRA DneMenT MHOKECTEA
Cayuaiinoe cobrTHe IToaMuOKECTBO
Herosmoxuoe coSpiTHE IIycToe mOAMHOMKECTBO
Jocropepnoe cobrrTHe IlogMHOXeCTED, COBLIATANIOINEE
O BCEM MHOMRECTBOM
BepoaTHOcTs CODRITHA Jlosng 3NEMEHTOB HOAMEGMECTRA
cpesy BCEX 3JIeMEHTOB MHOMKeCTBa

0O6a ctonfna B sro#t Tabnuite MOryT ORITE HPOZONIKEHEBI: HOBBIX
NOHATHH H B TEOPHH BEePOATHOCTeH, H B TEOPHE MHEOJKECTE XBATAET.
Kakx mpu 9TOM <«IOE€PEeXOfHTh» 110 CTPOYKAM — BeChMA CIOMHMI Bo-
npoc. Mu1 orpapEguMcs TONBKO EeSoabIIAM NPOgBH:KeHHEM M HaY-
HeM, K&K O0LIYHO, ¢ IpHMepa.

IIpunmep4. 17 Touer u3 50 cuHero npeTa, a 13 ToUeK H3 OCTAB-
MHUXcA — opaEXeBoro. KaKoBa BepOATHOCTH TOrO, YTO CAYIAHAHEIM
ofpasoM BRIGDAHHAS TOUKA ORAMETCA: a) cHHell; 0) He opaEMmeBoii;
B) OKpAIOeHHOH; I') Be OKpAIeHHOHT
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Pemerne.
N(cunue mouxu) 17

a) P = = .

) N 50 0,34
6) P = N{ne opanwesan mouxa) _50-13 _ 0,74.

N 50
N(cunar unu opanwesan
_ moxxa) _ 17 +13 _

B)P= N = =20 0,6.
ppp=0"CQT+13) 44 s

60

Onpedenenue, CoOMTHe B HABLIBAIOT HPOTHEONOMOKHBIM COGBITHIO
A, ecnm cobnTie B OpPOMCXOAMT TOTAA H TOALKO TOrAa, KOTAa He Mpo-
HCXOAMT cobnTHe A; obosHayaioT: B = A. CobniTHA A ¥ B HaswBaior
HOCOBMECTHBIMH, eCJIM OHH Ee MOIYT [POHCXOINTE OAHOBPEMEHHO.

HeconMecTHEe cOOBITHA H3o0paxaloTeA HemepeceKamIAMHCT
DOAMHOMCECTEAMHE MHOMKECTBA BCeX MCXOAOB ACOHTAHEA (pac. 186).

Tunraaeii TpuMep EecOBMecTHREIX cobnrTiit: aoboe cofmrne A M
OpOTHECIOJIO/MKHEOE COORITHE A.

JokxazareascTBO CleAYIOLel TEOPEMH IO CYIECTBY NOBTODAET pe-
meHne nIpEMepa 48).

Teopema. Ecau cobumun A u B necosmecmuni, mo sepoamuocms
mozo, wmo racmynum uau A, uau B, pasna P(A) + P(B).

JlorazatenpcTe, ObosHaguM Gyieoit C HETepecyloillee Hac cobkI-
Tne. CobriTie C HacTynaer Torga M TONBKO TOTA8, KOTAA NPOUCXORHAT
xoma Ovt 00HO U3 cobvimuii A uau B. Tar Kax A ¥ B EeCOBMECTHLL, TO

1

A u B BHecoBMeCTHH

Pne. 186
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N(C) = N(4) + N(B). Ilogeaum »r0 paBeHCTBO Ea N — umca0 Beex
BOSMOYKERIX HCXOA0B HenouTaEEA. Ilosayama:

N(C) - N(A) + N(B) - N(A) + N(B)
N N N N

Hxa Toro, TTo0H TeopeMy 1 3aMHCATE ¢ HCITIONB3OBAEHEM QOPMYI,
HYXKHO KaK-TO BA43BATE M 0003HAUNTL COOLITHE, COCTOAINEe B BACTYI-
JeHMA X0TA (R ONEOT0 M3 ABVX AAaHHKX colmTHi A m B, Takoe colnl-
THe HAZHWBAWT cyxmoii coburuit A u B m ofosEazaor A + B, Ilpm
mepeBoje onepany CROKeHNA cAYIAdHEIX cOORTHII HA ALK TEOPHH
MEOKECTB IOJYYAETCA omepanus o0befHEEENA MEOMECTE: Befb CO-
oTHOIIEeHAe X € A U B Kak pas ¥ O3HAYAET, YTO HIH X € A, HAH
x € B.

Hrar, por kpaTrafg GOpMyIHpOBKA TeopeMhl 1.

P(C) =

= P(A) + P(B).

Ecau A u B necosmecmnw, mo P(A + B) = P(A) + P(B).

Teopema. AR HaAX0OMOCHUR GePORMHOCIU NPOMIULGORONONCHO-
20 cobpimus caedyem uz edUHULB EbINECb GEPOAMHOCING CAMOZ0
cobuimusn:

P(A) =1 — P(A).
Hoxasateancreo. CobriTe A + A AOcTOBepHO: NpH JI0GOM HCXO-

Je MCIOLITAHHA OpOMCXoART Janbo coburue A, aufic cobrrme A, Bua-
unr, P(A + A) = 1. Cobritne A u NPOTHEONCNOXHOE COOLITHE A no
ompeae/eBNI0 HecOBMeCcTHR. 3HaunT, P4 + Z) = PA) + P(Z ). Ilo-
aromy 1 =P(A+ A)=P(A) + P(A) u P(A) =1 — P(4).

HMoeoasEe wacTo yaoSHEO MCOONB3I0BATE H CHMMETPHYHYIO (GOpMY-
xy P(A) = 1 — P(A). Dro GuBaeT B TexX CAYYAAX, KOIAA IIOCIATATH
BepOATHOCTh DPOTEBONOJIOMEOrO ¢oOLITHA Npolle, YeM HAKTH Bepo-
ATHOCTE caMOro cobuiTHA. Tunuvuoit cuTyanueil Apadgorcda cobRITHA,
ONMNCAaHHE KOTOPRIX NCIONB3YeT 000pOT «X0TaA ORI OAME Da3» MY aHa-
noraqaEni emy.

IIpumMmep 5. KakoBa BepOATHOCTh TOTO, UTO IPH TPEX MOCAEA0BA-
TeJIbHHX OpOCAHMAX MrpPaJbHOTC KyOmKa XoTaA Oh OIME pas BHnager 67
Pemenue. IIpu ognom GpoceENA KYOHKA PABHOBOZMOXMCHE

prumagesnd 1, 2, 3, 4, § uaun 6 ouxop. IIpn BTOpOM GpocaHmu, BHe
SaBHCHMOCTH OT HCXO0JA IpeAmMaymero Gpocammnsa, BOSMOJKHBL Te Ke
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pesyabTaTal. Jlna Tpex GpocaHmil mo DpaBHNY YMHOMEEHA MOJYYAEM,
Y10 BCcero BoSMOKHO N = 6 + 6 - 6 mcxogos. O6o3EaTHM GyKBOI A
HATepecyowee Hac cofmTHe, T. €. BRINgfeHHAE XOTA (R OOHON MIec-

TepKH. B ueM jKe COCTOMT IPOTHBONOJOXMHOE COOBITHE A ? OHO 03HA-
yger, ITO MecTepKa Boodiue He BEITAAET HH B IEpPBLIA, EH BO BTODOH,
BY B TpeTni#i pas. Ho Toraa Bee TpH pass BEa Ry0HKe BrIIafeT OZHA H3
namu uadp 1, 2, 3, 4 win 5. TIpuMeRnM eme pas NPABHIC YMHOME-
HMsA B HaltgeM, ato N(A) =5+ 5+ 5. BHauur, P(A) = % = 0,5787
n P(A)=1 - P(A) = 0,4213. |

Mz D0SHAKOMHINCEH ¢ BEePOATEOCTHRIMH 38JA4YAMH, B KOTOPHX
MHOJKECTBO HCXOJI0B MOKHO TEM HJIH HHRIM CHOCOGOM Rodcyumame.
JpyruMH CAOBAMH, KOMNYecTBO N BreX BOIMOMEEIX HCXOROB KOMHEY-
#o0. Ho BCTpedaloTCA UCHLTAHMA M ¢ SeCKOHEtHbIM YHCIOM MCXOAOB.
K uuM rIacCHYeCKAA BEPOATHOCTHAS CXeMA yiKe He IpHMeHMMA.
PaccMorpaM mpuMep.

IHpramep 8. Cryualiunim ofpasom BRIGHPAIOT OXHO H3 PEIIeHMHA
mepapenctsa |x — 1| € 3, Kaxosa BepoaTmOCTH TOTO, UTO OHO OKa-
JeTCA U pelnreHHeM HePABeHCTEA lx-2]| > 32

P e m e B ¥ e. PasyMmeeTca, ciexyeT Ans HAYANA PemmuTs ofia He-
paBeHcTBA. BCOOMEUM re0MeTpHYeCKMIl CMEIC] MOZYAS DPAIHOCTH
fa -] — aro0 PACCTOSHAE MeKIY TOYKAMH d H b UHCHO0BOIf MpAMOIA.
IlosTOMY HEpaABeHCTBO lx-1l<38 03EGYAET, UYTO PACCTOAHHNE MEKIY
TouKeMH X B 1 He Goabmre 3. 3naunT, [-2; 4] — pewresne aToro Bepa-
BeHCeTBAa. OTMETHM 3TOT anuHoit 6 mrTpuxosroii (puc. 187, a).

Bropoe HepasencTeo |x — 2 | >3 O3HAYAET, YTO PACCTOAHHE MEK-
AY TOYKAMH X H 2 He MeBbme 3. 3BauuT, (-o°; —1] U [5; +o0) —
peliteBie aToro EepaseHersa (pme. 187, 6). OTMeTHM 2TO MHOMKECTBO
Zpyroif mrpuxobkoii. B mepeceyeAHH moayuYHTCR OoTpesok [-2; —1]
{(puc. 187, B).

a) 4 6 ——""28H
— UYLy NNy NNy
-2 0 4 x -1 0 5 x
B) 0
M s S e FE
-2 -1 0 4 %
Pue. 187
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Mul BUAMM, ITO H3 BCEX PEINCHHH HEpPABEBCTBA |2~ 1< 8 romsxo
00Ky Wwecmyio Yacmyb COCTABIAIOT PEINCHAA HePABEHCTBA lx-2]>3.

1
SJBAYUT, ACKOMAS BEPOATHOCTE PABHA rk a1

Ipamep 7. I'pabunueckuil pegarTop, YCTAEOBICHERIT HA KOM-
OeIOTEpe, CAVYIAEO OTMeuaeT OZAEY TOYKY HA MOEHTOpE — KBANDATE
ABCD co croponoit 12 cq. Kaxoss BepOATHOCTE TOI'O, 9TO 3TA TOMKA:

a) oxaxeTrca B BepxHeill HONMOBMHe MOHHTOpDA;

6) oraskeTeda oqHOEPeMeRBHO M B HHRHeH, U B JeBol NOJIOBEHe MO~
HHUTOpA;

B) Oyaer yganeBa or sepmunsl D He Gonee, veMm Ha 11 cm;

r) Gyner 6MiKe K NeETDY MOHUTODA, YeM K BepmmHe C?

PemeHue. a)Iyvere § — mnomans MmorurTopa. Toraa mwiomaas

€ro EepxBeif monoprAL! pasga 0,55 (puc. 188, a). 3aunT, ECKOMAA Be-
0,58

POATHOCT PaBHA —g— = 0,5.
6) B aTOoM caydae DPeIAKTODP MOXET OTMETHTH IX00yI0 TOUKY M3
neBoil HUKEe yeTBepTH MOHATODA (pHc. 188, 6). Ee naomaas paeHa

0,258, BHAYHT, BePOATROCTE YKA3SAHHOIO COOGEITHA paRHA % =0,25.

B) Hapacyem kpyr pagaycom 11 cm ¢ neATpoM B Touke D). B nepe-
CeYeHHH €0 BeeM KBaapaToM ABCD moiayIATCA TONEKO 4eTBEPTH 3TO-

ro kpyra (puc. 188, n). IInomangs 2TOIl YeTBEPTH pPaABHA im’z =

= -1% = 30,257, BeiacHAM, KaKkyl0 9aCTh IJIOMAb 3TOH GUrYDRL CO-

CTABNAET OT OAOCIIAAN BCErd MOHMTODA:
30,2b6n - 30,25 - 3,14 _ 94,985 -

144 144 144
OrBomenNe mWACMIAZEH KaK pa3d M JaeT HYKHYI0 BEPOATHOCTE,

r) CoeguHAM OTpesKoM BepmuEy C ¢ nesTpoM O mosuTopa. K aTo-
MY OTPe3KY HOCTPOMM CepeZuHHHN nepmeHAExyaap m. Ero Touxknm
paBHOYAaneHH oT ToueK C B O, a TOYKH, JeKalljpe BRIINe 71, HAXO-
aarca 6nmaxe K C, veM K nenTpy O. llyere K=m N BC,L=m N CD
HM=mn OC. Toraa AKCL cocToMT B3 BCEX TOYEK MOHHMTOPA, KOTO-
phle yaateER oT C He JaJbIle, YeM OT NEHTPpa MOHNTOPA (puc. 188, r).

0,66.
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) B ¢ r)
11
A D
12

Puc. 188

Tak xax MC = 0,50C = 0,254C = 0,25 * V2 + 4B, 10
2
Secw= 2Smc= 20,5 MC? = Mc? = ($2) - 4B? = 0,1955.

BHAYHT, BePOATHOCTH BLIGOpA ToukM M3 AKCL pasma ST‘C" = 0,125.

IIo ycroBnio HaMm caepyeT HAHTH BEPOATHOCTE COORITHSA, OPOTHBO-
nonosxEore nonagarmo 8 AKCL. Tlo gopmyae P(A) = 1 — P(A ) noxy-
yaeM HCKOMYK BepoaTHOocTh: 1 — 0,125 = 0,875,

Oreenra)l,5 6)0,25; B)=0,66; r)0,875.

CoopmynepyeM ofimee mpaBmJO AJMA HAXOKACHHA zeoMempliie-
cxux seposmuocmeii., Ecau naowade S(A) uzypst A paszdenumdv Ha
naowade S(X) gueypwe X, xomopas ueauxom codeprcum guzypy A,
Mo ROAYHUMCA GEPOAMKOCMD MO20, YMO MOYKA, CRYUQILHe 8bilpan-
S(4)

Haxm us puzypw X, oxamxemen e duzype A: P = 5(X) °
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5. SMEMEHTBI KOMBMHATOPIM, CTATHCTMKM M TEOPHMW BEPOATHOCTEH

AHAIOTHYHO DOCTYIAIOT H C MEOKECTBAMM Ha YHMCIORBOIL NpAMol,
H ¢ TpOCTPAHCTBEeHHRIMM Tename. Ho B aTHX cayuadx niomagy cie-
AyeT BAMeHHTh MIH Ha JJNMHY YACAOBEIX MHOXKECTB, HIH Ha 00beMH
OPOCTPAHCTBEHHBIX TeJ.

§ 29. 3KCNEPUMEHTANBHBIE JAHHBIE
M BEPOSTHOCTM COBbITHH

B 3ax/IOMHTeNBHOM naparpade rIaBH b MEI pacCKAMKEM ¢ CBASH MEesmAy
BEPOATHOCTAMA cayualiaerx coluirnit (§ 28) ¥ sKHCOIepMMEETANEHBEIMA CTATH-
cTHHeCKUME JaERGIME (§ 27). HanoMBENM, 4TO CTATHCTHYECKMEe BAHHLIE, KaK
IPABHAQ, OPeACTARAAIT coloil AaHHEIE KAKOrO-JHOO KOHKDPETHOTO HiMepe-
NHHs, NPOBELCHAQOT) 8 PEeaAbHOCMU, & TIPH BRYNCIGHHH BEPOATHOCTeH Ciy-
gaifHEx cOBHTHI MBI HMMeeM AeI0 ¢ TOH HIA HHOH MOOeabl pearsHOCMU.
Kaxk e caasann mesxay coboll peankrocTs M Mojenb peanrsnocTH? Hackomk-
KO TOME(Q HAITH TeopeTHJYecKHe IDefcTaBeHAS 00 OKPYIXAIIIEM MHDE COOT-
BETCTBYIOT TOMY, YTO OPOMCXOAHT HA NPAKTAKE?

PaccMOTPHM KOEKDETHRIN DpEMep, cBAfaHHEN ¢ HaHGO/ee M3BeCTHHIM
HCTOUHMKOM chyualimmx cofmrmit — noaSpachiPaEmeM MOHETHH.

IMpurmep 1. Ha DpakTHYECKAX 3aHATHAX no ob6paloTKe JAHHERIX HAK-
aeii w3 20 mronssHKOB mozlpocHn pyGaeByio MoseTRY D0 pas, mogcumTan
KOJHYeCcTBO ® BRIMAJEHHN «ODNA® M 3QMHCAT 3TC KOIHYECTBO B OPOIEHTAX
ot obinero unens Gpocanuit. Ilosyuesuse ganstie OHAR cofpaBRl B TAGMMITY.

MN|(112(3(415|6(7(819(10111(12{13(14(15|16({17|18(19|20

k |24;27|23(|26)28|25(24)|25)26(22]23(23|22(26(27{24)|23)29(30|21

% |48|b4(46|52|56|60(48)|560152(44{46|46(44(52|54}48|46(58|60|42

Maza1 BRgHM, YTO BCTPETHINCE AOCTATOYHO PAIOPOCAHHEE PeSYJILTATHI: OT
21 po 30. Ecan 4acToTy NOABIEHEHA +0DJAs IEePEBeCTH B NPOMERTRI, TO HOIY-
waTca pesynbTaTel oT 42 go 60% . C oznoil croposH, poeHo noaosuna (25)
oT amncsa Beex Gpocanmit monyumiack TONBKO B ABYX cayzaax. Ho, ¢ gpyroi
CTODOHB], OTKJIOHEHHSA OCTAJLHEX PEIYALTATOB OT 25 He Tak YK W BeJHKH:
camoe GoXpIIOEe OTKAORERME paEso 5, T. e. cocraBnaer 10% or obmero koan-
vecTBa Opocanmit MoseTkn. O0LeAHMAAM IOJYIEHHELIE De3YALTATH B Gojee
KpynEHe Ipynnel. ByfeM cuUMTATH, UTO CYMM2 pesyabTaToB M1l m Ne2 —
310 0fuE peayawTar zna 100 Gpocanmit, cymMMa pesyasTatoB Ne3 m Ned —
aTo BTOpol pesyawrar gaa 100 Gpocamnit ¥ 7. o. ITomyauM BoRyo Tabmumy.

248



5. || 3EMEHTH KOMEMHATOPMIM, CTATUCTHKM M TEOPVM BEPOSTHOCTEA

N {1-2 |34 |5-6|7-8|9-10|11-12(13-14|15-16(17-18]19-20
k |61 |49 | §3 | 48 | 48 46 48 bl 62 51

ITeperoa B DpOOEHTH TYT MOMKHO He ZENATH: BeAh nOABAeHEE 31 «opna»
npu 100 GpocaEmax KAK pas M OJEAYAET DOABAEHHE <opiaa» B 51% cayuaen
or ofmero uncaa Gpocarmii. Teneps posro noroeuna or 100 Gpocammit Bocbine
HE BCTPETHJAACH, HO 38TO OTHICHEHHA OT 3TOH HOJOBHHEI B NPOMEHTHOM
HIMEpPEeHAH YMEBBITAINCE H COCTABIAIT yKe He Oosaee 4% . IMpomonsam
yepyneesre. [locmorpEM, uTO BEIiZeT DpH rpynurpoeke no 200 Gpocanmi.

Ne 1-4 6-8 9-12 13-16 | 17-20
k 100 102 94 99 103
% 50 b 47 19,5 51,6

Mu BEZAM, 9TO IPH YREJIHICHAH KOJMTeCTEA GpOoCAHNN MOHETKH YacTO-
TH IOABIEHHA <OpiAas NpHOMHMXKAETCH K NOAoBMHE OT obmero umcia Gpoca-
uni, OcofeHHO 3TO 3AMETHO, €CJH PACCMOTDETE BCe OPOBEAEHHBIC (POCAHMA
MOHETKH — BCe IIOBTOPeHHA OfHOTO H TOI0 e IpocTeiimero sKcmepHMeHTa
€0 CAYYaifHEIM HcXofoM. Beero B 20 - 50 = 1000 npoBegennnix OGpocaHmi
MOHETKH «Opejl» MoABHICH B 498 cayuaax:

100 + 102 + 94 + 99 +1083 =500+ (0 + 2 - 6 — 1 + 3) = 498.

ITIponeBTHAR YSCTOTA OABRICHNA «Opaas, TAakuM ofpasom, panea 49,8%,
# OTHJIOHeHHe OT MOJOBMHEL, T. €. 0T 50% , cocTaBnaseT Tonbro 0,2% . [ ]

Boofme mpopesenne 3aMeTHOrO HCAA PKCIEPHMEHTOB MOKASHIBAET, MTO
YACTOTA BEHIOAJEHNA «ODJAA» IDH AOCTATOUHO BOMBIIOM umene SPOCAHMI IIDAK-
THYeCKH HeorTauumMa or 0.5, umu or 50% . Hanpumep, B SonbmuacTBe yued-
HMKOB [0 CTATHCTHKe MJIHM TI¢ TEODHH BepPOATHOCTel OpHBOAAT DesyJLTATEH
sKcOepuMeRTOB dpaHnysckoro yyenoro K. Bioddora (XVIII B.) ¥ amrmmii-
ckoro maremaTHia K. ITupeossa (komen XIX B.). Opu Gpocanm MOmETY coOT-
petrcrBeHED 4040 u 24 000 pa3, H «open» Brman 2048 m 12 012 pas. Ecan

TOCHUHMTATE YACTOTY BLIMAACHHA <0pJiA*, TO NOIYYHTCSH % = 0,50693...

12012
y Bioddona n 22000

= 0,5005 y ITupcoHa.

Qnpedeaenye, 1IpH BeorparMuYeEHOM YBEAHYCHHH YUCHA HEJABMCHMEIX
TOBTOPEHANH OFHOTO H TOT0 K€ ODKTA B HEHAMEHHEIX YCJOBHAX IPaKTHYE-
CKH ZOCTOBEPH(, ITO Y4CTOTA NOABNEHEA (PAKCHPORANHOIC CAVYAHAOTO cOOLI-
TAA cOMMXKAETCA ¢ HEKOTOPHM NOCTOAHELRIM YHCIOM, 3T0 SBJIEHRE HAILIRAKT
CTATHCTHYECKOH YCTOHYHBOCTLIO, A YKAZAHHOE YHMCA0 — CTATHCTAYECKOI Be-
PORATHOCTEI0 COORITHSA.
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NogueprreM, MT0 AAA KAMAOTO KOHKPETHOTO YHCIA MOBTODEHH ONBITA
YACTOTA NMOABJEHMA COGLITHA CKOpee BCEr0 OTAHYAETCA OT BEPOATHOCTH
cofuTasa. fIBneRMe cTATHCTHYECKOH YCTOHYMBOCTH TADANTHPYET JHNIL, ITO
¢ YBEJIHYEHHMEM YHACJIA TOBTOPEHHI ONLITA BEPOSTHOCTH JAMETHOTO OTIMYHA
YACTOTH COBLITEA 0T €10 BEPOATHOCTH CTPEMHTCH K HYJO.

Taxan yCTOAYHBOCTE MMEET MECTQ He TONRKO And Spocarall MOHETHH, HO
H OAA RLRITACKHBAHHA KAPT, BRIIANERHA ONpPEeZeNeHHOT(O YHCAA OYKOB HA M-
PANBHEIX KyOHKAX, DOJ8 HOBOPOXKASHHEIX, CPEHECYTOIHON TemMIepaTyphel u
Boo0Ie A GoNeNrHECTBA cAyTafiEnix cobmTmit, flBnenme craTECTHYECKOf
YCTOHYHBOCTH COSAHEACT DEAJbHEO NDOBONHMEIE, 3MNUDLYecKie, HCITLITAHNA
¢ TEOPETHIECHAMY MOJENAMM DTHX HACITLITAHMHA.

Il pamep 2. CrarucTHuecKne necleZoBAHMA GONBLINOrO KOMMYECTBA
JHTEPATYDHHX TEKCTOB NOKAILIM, WTO YACTOTH MOABAeHHMA ToH mau HHoi
OyEBH (W mpofesa MeXIy CI0BAMH) CTPEMATCH IPHM VBEJAYEHHH ObeMi
TEKCTA K HEKOTOPEIM ONPEAENeHNHEIM KORCTAHTAM. Tabamnsl, B HOTOPHX co-
GpaHu GYKBRI TOTO HAWM HHOTO S3RIKA H COOTBETCTBYIONIHE KOHCTAHTEHI, HAJK-
BAIOT acmomibimu mabauyasxu asuxa. Ilpaseaem Tabmany scTpedaeMocTn
6YKB PYycCKOTO AJRIKA (YACTOTH NPHEBEAEHE B MPOUEHTAX).

Byxsa A B B r A E |X |8 [n|hA

Yacrora 6214|3811 |26]72]|07(16]6,2]|1,0

Byrpa K|XI | M|H|O|ITI|P|C|T |V |D@

Yaerora |2,8]8,5(2,6]5.,39,0]2,8]4,0(4,56)5,3]|2,1](0,2
Bykea X|O|Yy | | |BI|(B |9 |WO|d] -

Yaerora |0,9 (0,4 10,4 (0,603 (1,6 |1,4}0,3|0,6|1,8]|17,5

910 3payMT, a0 B3 1000 cayuaitno BROPAEAERIX B TEKCTE OYKE MM OpPo-
Genop Oyxea «d» Gyger B cpeZHEM CTOHTE HA ABYX MecTax, GYKBA «O» — Ha
JAeBAHOCTA MeCTAX, NpoGen OKKeTcA B cpeAHeM Ha 176 MecTax u T. 4. [ |

¥ Kaxaoro asTopa ecTh CBOA UACTOTHAA TAONHIDA HMCIOAB3OBaEAA GyKE,
CJIOB, crenu(pHecKAX JHTEPATYPHEIX 00OpOTOR H T, . Ilo 3To# wacToTHOR
TalHOe MOKHO ONPEAEIHTE ABTODA NDHMMEDHO TAK Ke, KAK B [0 OTIeYAT-
KaM nanbles. Bor fpa mpeMepa H3 Hamel mezasneil ucropnw. Mo cerogasm-
HETO JHA He YTHXAIT cOOpH b aBTopeTee «Taxoro Homas. Muorme camra-
KT, 910 B 23 rofa Takyo rayGoKyo @ BOHCTHNY Be/mKyo KEHEry M. A, Illo-
JIDXOB BAMMCATE TPOCTO He MOT, BRIIBMTAJHACE PASHLIE APIYMEHTH A DAIHEE
HAHZUAATH B ABTOPHL. OcoBeHHO MAPKMME GHEAM CHOPHI B MOMEHT HIPHCYH-
meEna emy HoGeneeckoli npemuE mo narteparype (1865), Crarncreaecknii
AHAHZ TEKCTOB M cIHMUEHMEe ¢ TeHCTAMM, rae aBToperso M. A. Illosoxosa He
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BHISEIBAJI0 COMHEEUH, IOATBEPAMIA BCE K€ TAIOTE3Y O HEM KaK 00 McTHH-
BOM aBTOpe «Tuxoro JloHas,

Bropaa HcTOpmA HOCHT OoJlee HOAMTHYMecKHE xapakTep. B mauane
80-x rogoB «Ha 3amages, Kak ropopri: torga B CCCP, onyGaMKoBAME JIH-
TepaTyYpHLIe NPOHABELeHNA, +0MePHAIONMe NPOrPeCcCHBHENT XApAKTeD COLMANH-
CTHZECKOH CHCTEMEL...». ABTOpoM aAenaica A, Tepn, m oTo GLLI, BHE BCAKOTO
COMHEHNSA, NCEBIOHMM, B COOTRETCTBYIINAX OPTAHAX NPOBENH CPABHHTEIL-
HEIl AHANH3 OMYOIHKOBAHHEIX ¢BPEAHTENLCKHEX s TEKCTOB H DEIYIBLTATEI £JTH-
YA ¢ AMEIOMHEMHUCA TEKCTAMM PAAA BOSMOSKHEIX KAHANASTOR B ABTOPH. Tak
GBIMO YCTAHOBNEHO, YTO HACTOAIHM ABTODOM ABIAETCHA JHTEPATYDOBen Anj-
pett Jomarorry CuRapckuill, OH, B 001ieM-TO, B HTOIe U He OTIHPAICH, U HA
cyde B 1966 roay («IIpomecc CunaBckoro H JaHHIAA»*) MOIYYHA C8MEB JIeT
HAKA3AHUA B KOJOHME 00mero pe)XuMa. BoT Taxad CTATHCTHKA.

IIpuBeseM OpHEMep HMCOONLIOBAHMA CTATHCTHKH OpPH pacmudpoBKe Jaxo-
OVPOBAHHBIX TEHCTOB. OQMH M3 DepBhlX M3BeCTHHIX ¢cOocofOB NIM(POBKH TeK-
CTOBBIX coobmeHHE COCTOMT B caexyiomeM. Kamayio BykBy andasnTa A3si-
K&, HA KOTODOM nmHmeTcna coodmenHe, jaMeEAIOT KAKOH-TO ZpyroM BykBoi
atoro ke andasuTa. Ilonyuaerca nepecrmanocsxa Syxs andasura. Hanpamep:

A|B|Bir|o|le|EBlk|(3|u|(k|n(M|H|O|..| A
Ab|(Bi|3(M|(o|I;D|Oo(|P|T|C}Y|ln A

Torga cIOBOCOYETANHHE «MHJIAA MaMas mocie mMHEQpPOBKH OyneT BuIrad-
HeTh TAK: «CIOTAA cACAs. AJDecaT MociIaHMA, ¥ KOTOPOro €cTh Tabanuna mepe-
cTasoBKE Oyis, Oes TPYAA CMOXKeT TIPOBecTH O0DATHEIN HepeBol 3ATANOMHOTO
CIOBA +TODXIOpA». ECAHE e mociaaHMe NepexpavyeHo, A MNGPOBANBHEL KO
HeM3RECTeH, TO NPH paciindpOBKe MOMeT MOMOYbL CTATMCTEKA. JomycTHM,
¥TO TEKCT HOCNANHHA A0cTATOYHO Goxbmiol. Hanpumep, 0KON0 CTPAHHMIEI MA-
OIMHECOHCHOrO TeKcTa. [Tonywrca 30—40 crpouex no 60—70 Gyks, T. e. Bee-
ro okono 2000 «mmdppopaHAkIxs Gyxe, COCTABMM Jig HMX YACTOTHYIO Tal-
JHNDY BCTPEYAEMOCTH B TEKCTe NMAQPORKHM B CPABHMM ee ¢ Tabamnoedt BoeTpe-
JAEMOCTH ¢HACTOAIMAXs OYKB pyccroro airdasmra (cMm. Bume). Ecam aaa
RaKo#-T0 GyEBEI, cKaxenm ana «M», moscumransas gacToTa npesricHT 9%,
T0 ¢ 3aMeTHON 7oJell yBepeHHOCTH MOMHO YTBEPIRAATH, YTO 3Toi OGyKBoil sa-
nmdpopads Gyxsa «0» NeppOHAYANBHOTO TeKCTa. Ecam ke uactora GyKBmI,
cxaxkem «M», B nmdpoBKe OKASANACH PABHON npeMepHo 7%, TO CKOpee Bee-
ro aro mudp 6yeenl «Es. Komeuno, Tak DOIyYNTCE TONBKO MPAGIESHTE/L-
Has paciidpoBKA, HOTOMY YTO, cKaMeM, ByRBEI «A» U «H» mam «I1s u «Us»
HepAZIMYMMEL DO YACTOTe BeTpeusemocTn. Ho morom moxac Syger yuecTs
rPAMMATHKY DYCCHROTO A3nIKA, TAGAMIE BCTPEMACMOCTH HE TONLKO BYKB, HO
¥ yeroituusux coderanuii 6yus (CT, ITPO), comosul, mpeanorH, o6l cMEICK
IOCHAHHUA ¥ T. . H B HTOTe ycHemHAo pacnmbpOBATh MMEIOU[HECH TeKCT.
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5. INEMEHTHI KOMEMHATOPYEM, CTATACTMKM W TEOPMM BEPOSTHOCTEA

Takoit craTEcTEYecKHE MeToa paloTaeT M OpH 3aMeHe OykB ambasuTa
NPONSBOJIBHEIMA JHAYKAME, HATDPHMED:

A|B| B (r|a|e |R([(xx|[3]|.. |4
W| { |opoBen| ' | Q@ | @ | ; |© | @ §

fBneHHe, CTATHCTHYECKOH YCTONYMBOCTH MOZBONSET NpPHEOIHIHTENBHO
ONEeHHBATh BEPOATHOCTH cOOLITHE Afke B TeX ciayuadx, KOIZa 9TH BepOATHO-
CTH MH 3apaHee He 3HaeM. HeiicTBuTeasH0, OycTE: TpedyeTca HAITH HAH ome-
HHTB BEPOATHOCTh COBKITAA A npH IpoBefeHHMH HEKOTOPOro McnnrTamHda. By-
AeM IPOBOAATL He3ABMCHMEIe MOBTODSHWUA ATOPOD HCILITAHAA B HEHIMEHHREIX
yeaoeuax. OTMETHM Te B3 TOBTOPeHMIi, B KOTOPRIX HACTYNHIO MHTEDECYI-
imee Hac co0nITHe A, ¥ TOACYATAEM YACTOTY HACTYILICHHMA coORITHS A.

CrarTHcTHueckas YCeToUMBOCTE 0FHAYAET, UTO OPH OPOBeleHHME 0OMBLIOTC
YHM(AA TORTOPCHHH MCOLITAEHA TONCYMTAHHAS MACTOTA NPAKTHHECKH COBIAIET
¢ HeH3BeCcTHOlI HAM BePOATHOCTHIO HACTYILIEHMA cobrTHa A. BHaumT, Haligen-
HAS YACTOTA NPHGTHIHTENLHO PABHA BEDOATHOCTH cobBITHA A. Clemyer TOMBKO
TOYHO DOEHMMATH, YTO YACTOTY HACTYILIEHHMA MKl MOACUMTHIBACM NS PEGALHBIY
coOLITHIN, & BEPOATHOCTE — LA meopemuveckoil Moderl 9THX coOHTHIL

Opumep 3. Kamauis ug aecars mrpoxos 50 pas mogpazg nosTopan
OAHOBPEMEHHLIE GPOCARNA TPEX ArpAJLHBIX KOCTEH PasNHYHONG LBETa B IOA:-
cunTal KONHYeCTBO & Tex GpocanAHi, B KOTODHX He BHnaia IIecTepKa.
IMoayunnuck TakHe PeaynbTaThHL:

N 1 2 3 4 5 6 T 8 9 10
k 28 (32 | 24 |30 |31 |25 |29 (29 | 27 | 28

a) CocTaBuTE TabAKIY 1acTOT (B OIDOLEHTAX) HeBHIAACHHAA LIeCTEPKH ANA
KAMAOr0 HrpoOKA.

6) CocrapHTe TAGIHIY YACTOT (B TPONEHTAX) HEBRIIANEHVA MECTEPKHE AN
pesyALTATOB Hrpoxos 1—2, 3—4, ..., 9—10.

B) Kakopa uacToTA HebRImafieHHMA MIecTepKH AnA Beex 500 mposezeREHX
Gpocammi?

r) HafiTH BepOATHOCT: HERHIIAJEHAA NIECTEPKH UpH OPOCAHMH TPeX HI-
PANBHEX KOCTell,

Pemenne.

a)

Nt 1 2 3 4 b 6 7 8 9] 10

k 28 32| 24| 30| 31| 25 29| 29| 27| 28

% b6 | 64| 48| 60| 62 ) HO| H8| 68| b4 | b6
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5. SMEMEHTBI KOMBMHATOPMION, CTATUCTMHM M TEOPMM BEPOATHOCTEA

6 N |1-2(3-4|6-6|7-8(9-10

% 60 54 56 b8 bb

B) Bcero m3 500 npopegenHnx SPOCAHHE IDeCTepKa OTCYTCTBOBAJA B

283 cnyguaAx. BHAYAT, 9ACTOTA DABHA % = 0,566, uam 56,6%.

r) IIpoBegem moacuer mo KiaccHYeckol BepOaTHOCTHOH cxeme. ITo mpa-
BHJIY YMHONEHHA NOPH GPOCAEWMHE TPEeX DASIAYHEIX HIPANBHBIX KocTeH Boa-
MOKHELI N = 6 - 6 - 6 = 216 papHOPOIMOKHBIX HCX0A0B. IIyeTe A — cobuITHe,
COCTOALIeE B HEPRINAJEHHH IIecTepDKH. OJT0 BHAYMHT, YTO AAA KAXAoH KocTH
ECTh TOJLKO TIATE PABHOBOZMOIKHEX Acx0zos: 1, 2, 3, 4, 5, Caopa no npasn-
JAY YMHEQ:KEHHA noayuaem, 4o N(A)Y =5 - 5 - b = 125. 3uwauur,

P4y = T4 128 _ ¢ grgy,
N 216
Hrax, Mbl BHIRM, ITO MEOPEMUNECKAA BEDOATHOCT: HeBHIANCHHA HTecTep-
KM, BLIYHCJICHHAA L0 KJIACCHYECKOH BEDOATHOCTHON MOJeAl, COCTABIAET TPH-
Mepuo 57,9%, a craTHCTHJYECKAS YACTOTA, BHUMCNEHHAA RPAKMUMNECKY, PABHA

56,6% . Pacxokaente, KOBEUHO, MMEETCH, HO HE COMIOKOM cyniecrsennoe, M
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